
Date: 1402/09/23
In the name of God

Advanced Statistical Mechanics I, Second Midterm exam, (Time allowed: 3 hours)

1. We simulated the behavior of a thermodynamic system. Each time we ran the program, we obtained a
different energy for the energy of the whole system, which data can be seen in the list below. In the
simulation, we assumed the temperature of the system to be T = 27◦C. What is the approximate amount
of heat capacity in constant volume for this system? (10 points)

data = [−5,−4, 2, 1, 3, 4,−1,−3, 5,−2]

2. The molecule of an ideal gas consists of two atoms, of mass m, rigidly separated by a distance d. The atoms
of each molecule carry charges q and −q respectively, therefore have P as electric dipole, and the gas is
placed in an electric field ~E = E k̂.
A: Find the mean polarization as (10 points)

〈PN 〉 = N〈P 〉 = N

∫
dφ dθ sin(θ) ρcanonic(θ, φ) P

B: Compute the specific heat per molecule for kinetic and electric degrees of freedoms, namely
CV = CkineticV + CelectricV , if quantum effects can be neglected. (10 points)

3. Consider a system consisting of 3N ultra-relativistic particles moving in one dimension in the L which is the
length of the space available, whose Hamiltonian is given by H =

∑3N
i=1 |pi|c.

A: Show that the partition function in this case is given by: (10 points)

Z3N (L, β) =
1

(3N)!

[
2L

(
kBT

hc

)]3N
B: Consider β = β′ + iβ′′ = 1/kBT + iβ′′, show that the density of states of this system is given by: (5
points)

g(ε) =
1

2πi

∫ β′+i∞

β′−i∞
dβ eβε Z3N (L, β) =

[2Lε/(hc)]3N

εΓ(3N + 1)Γ(3N)

Hint:
∫ β′+i∞
β′−i∞ dβ eβε

βK
= 2πib−1(β = 0) = 1

(K−1)!

(
d
dβ

)K−1
β=0

[βKeβε/βK ]

4. For the Grand-Canonical ensemble show that the probability of finding a micro-state is given by: (10 points)

ρ(~q, ~p)d3Nqd3Np ∼ e−β(H−µN)d3Nqd3Np

5. Equipartition theorem: Suppose that for a system in D-dimension with N particles, the Hamiltonian is given
by:

H =

DN∑
i=1

(
pξi
2m

+mqγi

)
−

N∑
i=1

(Bmi + EPi)

here, B is an external magnetic field and m is intrinsic magnetic moment, also E is external electric field
and P is intrinsic dipole moment. Using equipartition theorem, show that: (5 points)

〈H〉 =
DN

ξ
kBT +

DN

γ
kBT −NB〈m〉 −NE〈P 〉

Good luck, Movahed
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