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بخش اول: روش شناسی علمی



چند کلیدواژه

علم (Science): کشف روابط میان پدیده ها در جهان طبیعت،  -
مجـموعـه ای از یـافـته هـای منسجـم و نـظام یـافـته شـامـل مـشاهـده؛ بـررسـی 
و طـبقه بـندی واقـعیات ذهـنی و عـینی و ارتـباطـات بـین پـدیـده هـا کـه منجـر بـه 

شناخت و درک طبیعت می شود. (چیستی و چرایی)
دانـــش فـــنی (Technology): دارای مـــاهـــیتی عـــلمی و بـــا هـــدف بـــکارگـــیری -

مســـــتقیم اصـــــول و قـــــوانـــــین عـــــلمی بـــــه مـــــنظور دســـــتیابـــــی بـــــه ثـــــروت و ارزش 
افزوده است. (چگونگی)

-(Big Science) (کالن) علم بزرگ
-(Convergence of Science & Technology) همگرایی علم و فناوری
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BIG Science 

    LHC: Large Hadron Collider 
     to search for Higgs particle 

 

 

     • LISA:  Laser    
 Interferometer Space Antenna    
 (gravity waves) 

 
 

            ITER: international  
          tokamak (fusion power) 
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LISA:  3 satellites  
 to detect gravity waves 

4,3 km 

Harry L. Swinney, ICTP 2013 5



1 TB disk memory 

Arduino 

$30 

webcam 

$60 

Hands-on table-top science 
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•  Inexpensive instrumentation  

   
 

 

•  Inexpensive computation 

 

 

    

1 TB 

$100 
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۱) مفهومی ورای مفهوم فعالیت های میان رشته ای
۲) به لحاظ تاریخی، در بازه طوالنی از تمدن بشریت تکنولوژی یا دانش فنی مبتنی بر 

تجربه بر دانش پیشی داشت. 
۳) برای مثال ترمودینامیک قوانین کامال تجربی بدون اینکه به لحاظ پایه ای بشر 

“چرایی” را در مورد آنها بررسی کند اما “چگونگی” با اهداف رفاهی پیشی گرفت.
البته در دوران طالیی اسالم شواهدی وجود دارد که این انسجام را بهتر نشان می   (۴

دهد!

Bainbridge, William Sims, and Mihail C. Roco, eds. Handbook of science and 
technology convergence. Switzerland: Springer International Publishing, 2016.

همگرایی علم و فناوری
Convergence of Science and Technology
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Bainbridge, William Sims, and Mihail C. Roco, eds. Handbook of science and 
technology convergence. Switzerland: Springer International Publishing, 2016.

همگرایی علم و فناوری
Convergence of Science and Technology
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 - علم شناخت و مطالعه کّمی جهان طبیعت (نه جهان خلقت) با کمک زبان ریاضی

(زبان علم و تجهیزات)


- به بیانی دیگر شناخت فرآیندها و سازوکارهای موجود در طبیعت


برخی از شاخصهای خروجی

علم فیزیک

علم فیزیک

بروندادها (فرآیندی پویا و خالق)

اثراتدستاوردها



مدلهای نظری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی



مدلهای نظریاندازه گیری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی

مبتنی بر انجام آزمایشها 
و اندازه گیری مشاهده پذیرها



مدلهای نظریمعیارهااندازه گیری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی

مبتنی بر انجام آزمایشها 
و اندازه گیری مشاهده پذیرها



معیارهااندازه گیری

مدلسازی داده

مدلهای نظری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی

مبتنی بر انجام آزمایشها 
و اندازه گیری مشاهده پذیرها



معیارهااندازه گیری

شبیه سازی

مدلسازی داده

مدلهای نظری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی

مبتنی بر انجام آزمایشها 
و اندازه گیری مشاهده پذیرها



معیارهااندازه گیری

شبیه سازی
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 گی
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مدلسازی داده

پیشنهاد خط مشی

مدلهای نظری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی

مبتنی بر انجام آزمایشها 
و اندازه گیری مشاهده پذیرها



معیارهااندازه گیری

شبیه سازی
ری
 گی
ازه
اند

ی 
برا

ید 
جد

ی 
مش

ط 
 خ
هاد
شن
پی

مدلسازی داده

پیشنهاد خط مشی
علم داده

(علم داده محور)

مدلهای نظری
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چرخه روش شناسی علمی

مبتنی بر اصول موضوعه 
و توصیف های پدیده شناختی

مبتنی بر انجام آزمایشها 
و اندازه گیری مشاهده پذیرها



کالن داده
Big Data (3V-model) 

به نظر می رسد که از جمله اولین مراکزی که عبارت Big Data را بکار 
سال ۱۹۹۷) برده است NASA است (

(Volume) ۱) کالن بودن از حیث کمیّت
(Velocity or Production rate) ۲) آهنگ تولید چشمگیر

(Variaty) ۳) تنوع زیاد

Cox M, Ellsworth D. Application-controlled de- mand paging for out-of-core visualization. In: Proceedings of the 8th 
Conference on Visualization ’97. Los Alamitos, CA: IEEE Computer Society Press; 1997:235.  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برخی از منابع تولید کالن داده

۱) رسانه های اجتماعی و تولیدات مربوطه
۲) منابع علمی برخط 

۳) تراکنش های مالی و سایر داده های مالی 
۴) ارتباطات مشتریان و درخواست های آنها

۵) داده های تولید شده از حسگرهای مختلف در حوزه های مختلف
۶) داده های تولید شده حاصل از اندازه گیری های مختلف توسط ابزارهای آزمایشگاهی

۷) داده های حوزه پزشکی و سالمت 
۸) حمل و نقل

۹) اینترنت
و …
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برخی از منابع تولید کالن داده
(3V model)

۱) گوگل هر حدود ۴ ثانیه در حدود یک پتابایت معادل حدود ۱/۵ میلیون دیسک داده 
معادل یک درصد حجم ترافیک اینترنت سال ۱۹۹۳) تحلیل می کند. (

۲) در یوتیوب هر دقیقه بالغ بر ۳۰۰ ساعت فیلم تولید می شود.
 (Structured and Unstructured) ۳) داده های ساختارمند و بدون ساختار

و …
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 دقت زاویه در حدود ۷ درجه یعنی

درحدود ۱۲ برابر اندازه زاویه ای ماه

در حدود ۸۶۰۰ داده

 دقت زاویه ای در حدود ۱۳
 دقیقه قوسی در حدود نصف


اندازه زاویه ای ماه
داده ۳۱۴۵۷۲۸

 دقت زاویه ای در

حدود ۵ دقیقه قوسی
داده ۵۰۳۳۱۶۴۸

20



Kremer, Jan, et al. "Big universe, big data: machine learning and image analysis for 
astronomy." IEEE Intelligent Systems 32.2 (2017): 16-22.

Figure 1: Increasing data volumes of existing and upcoming telescopes: Very
Large Telescope (VLT), Sloan Digital Sky Survey (SDSS), Visible and In-
frared Telescope for Astronomy (VISTA), Large Synoptic Survey Telescope
(LSST) and Thirty Meter Telescope (TMT).

been acquired, in which more than 200 million galaxies, and even more stars,
have been detected. Upcoming surveys will provide far greater data volumes.

Another promising future survey is the Large Synoptic Survey Telescope
(LSST). It will deliver wide-field images of the sky, exposing galaxies that are
too faint to be seen today. A main objective of LSST is to discover transients,
objects that change brightness over time-scales of seconds to months. These
changes are due to a plethora of reasons; some may be regarded as uninter-
esting while others will be extremely rare events, which cannot be missed.
LSST is expected to see millions of transients per night, which need to be
detected in real-time to allow for follow-up observations. With staggering 30
TB of images being produced per night, e�cient and accurate detection will
be a major challenge. Figure 1 shows how data rates have increased and will
continue to increase as new surveys are initiated.

What do the data look like? Surveys usually make either spectroscopic
or photometric observations, see Figure 2. Spectroscopy measures the pho-
ton count at thousands of wavelengths. The resulting spectrum allows for
identifying chemical components of the observed object and thus enables
determining many interesting properties. Photometry takes images using a

2

VLT: Very Large Telescope
SDSS: Sloan Digital Sky 

Survey
VISTA: Visible and Infrared 
Telescope for Astronomy

LSST: Large Synoptic 
Survey Telescope

TMT:  Thirty Meter 
Telescope 
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Square Kilometer Array (SKA) Radio Telescope
پروژه یک میلیارد دالری

تولید و بررسی ۴۰۰ گیگابایت داده در هر ثانیه

https://www.skatelescope.org/the-ska-project/



شناخت علمی و جایگاه داده ها
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مدلسازی داده ها: دیدگاه مرسوم
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دسته بندی مرسوم در تحلیل داده ها
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اهداف تحلیل داده ها: در نگرش مرسوم
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هرچند که قبال نیز در مشرب فکری 
وجود داشت اما با الهام از رفتارهای 
نوپدید و وجود کالن داده ها این بخش 

قابل دسترس تر شده است

اهداف تحلیل داده ها: در نگرش مرسوم



علم داده محور) علم داده (
Data science (Data-driven science)
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شناخت علمی و جایگاه داده ها
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شناخت علمی و جایگاه داده ها
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شناخت علمی و جایگاه داده ها



((Pipeline) ارایه خط مشی) مثال: آشکارسازی امواج گرانشی

سوال: رهیافت بهینه در آشکارسازی امواج گرانشی درصورتی که از پالسارها استفاده 
کنیم چیست؟

Last modified:  15:26

Irregular Data Interpolation Regular Data AD or SVD Detrended data 
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Eghdami, I., et al., APJ, 864:162 (18 pp), 2018
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n

scales

= 7 and n
angles

=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.

MNRAS 000, 1–10 (0000)

corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
Hajian & Movahed 2010).

(I) Construct a matrix whose elements are PTRs in the
following order,

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

# # # #

# # # #

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
( )

( )

( )

( )

PTR PTR ... PTR

PTR PTR ... PTR

PTR PTR ... PTR

, 25

N d

i i i N d

d d d N d

1 1 1 1 1

1 1

1 1

where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.

6
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((Pipeline) ارایه خط مشی) مثال: گذارفاز

سوال: به منظور یافنت ردپای گذارفازها در کیهان اولیه رویه قابل اعتماد و بهینه در 
صورتی که داده های تابش زمینه کیهانی در نظر گرفته شوند چیست؟

Encoder

Cosmic String Detection with Tree-Based Machine Learning 5

Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n

scales

= 7 and n
angles

=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 1. A schematic view of the feature vector generation. For
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(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
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low-pass filtered with a threshold of 3.
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our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
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Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.
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stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 4. Feature importance report: the average number of times each pre-processing tool appeared among the top ten features, for
each layer of the pre-processor, for the RF (top) and GB (bottom) learner.

minimum Gµ whose distribution can be distinguished, with
a maximum two-tail P-value of 0.0054, from all other Gµ
classes, including the null class. This minimum detection
states there is a significant deviation in the map from the
null hypothesis (with no string input). Note that this does
not necessarily imply an unbiased measurement of the CS
tension.

We therefore define the minimum measurable Gµ, or
Gµ

mes

, as the minimum Gµ above which the Gµ
pre

’s are
unbiased. More precisely, Gµ

mes

is the minimum Gµ whose
bias, defined as Gµ

bf

�Gµ
fid

is smaller than one sigma. Here
Gµ

bf

is the best-fit Gµ in the distribution of Gµ
pre

.
The next section presents the results of applying the

proposed strategy to simulated CMB maps corresponding
to several experimental cases (Vafaei Sadr et al. 2017).

6 RESULTS

In this work, we simulate CMB maps for five experimen-
tal setups: an ideal noise-free case, two CMB S4-like exper-
iments, an ACT-like and a Planck-like case. The Planck-
like simulations are smoothed with a Gaussian beam with
FWHM = 50, while for the other four cases the e↵ective
beam is FWHM = 0.90. The details of the experimental
settings are given in Vafaei Sadr et al. (2017). The feature
vector for each map is generated through its pre-processing,
which is then passed to the tree-based learning unit of the
algorithm (Figure 3).

Figure 4 compares the feature importance of the most

significant features in each of the three pre-processing layers
for noise-free, ACT-like and Planck-like cases, and for the
two tree-based algorithms considered in this work, namely
RF and GB. Among the 275 features, we choose the ten
most significant ones by comparing the number of their oc-
currences as the splitting feature in all trees of a MLM.
The plot shows the number of occurrences, averaged over
all MLMs, of the pre-processing tools among these top ten
features, separated by their parent layer, i.e., decomposers,
filters and statistical measures.

We find that the sixth and seventh curvelet components
of the input maps have the dominant role in the first pre-
processing layer for the noise-free case. That is expected
since these components contain the small-scale information
which is important for CS detection. On the other hand,
the instrumental noise mainly contaminates the small scales,
making part of the CS signal in these higher modes inacces-
sible. That explains the more important roles of C

5

and WL
for ACT-like and Planck-like setups. The middle panels of
Figure 4 indicate that the classifiers have no significant pref-
erence for the filters. However, the ACT-like scenario should
be excepted where Sobel seems to have a major impact on
the results if the RF classifier is used. In the third layer,
the second moment of the filtered maps is clearly the main
player in both RF and GB algorithms (right panels of Fig-
ure 4). The results from feature analysis could enormously
decrease the computational cost of future analysis by help-
ing to limit the training process to the feature subspace with
most significant impact on the classification.
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Hence the system passes from a second-order transition to a first-order transition
as A4 changes sign and becomes negative.

The stationary points are at M = 0 and at

M2 =

�A4 ±

⇣
A2

4 � 4A2A6

⌘ 1

2

�
/2A6 ⌘ M2

±.

The + sign gives the minima and the � sign the maxima.

T0 is determined by A(M) = 0 having a double root at M = ±M+ (note that A0

is set to zero so that A(0) = 0 is the minimum for T > T0). The solution is

A2 =
3

16

A2
4

A6
, (34)

and at the transition

⇣
�M2

⌘
= M2

+ = �3

4

A4

A6

Thus the point T = Tc, A4 = 0 separates the first-order line from the second-order
line: this is a tricritical point. To see the tricritical point these two parameters
have to take these special values and this requires tuning two external fields in
the phase diagram, although in the most general case, when odd powers of M are
included, up to four external fields must be tuned.

Using Eq. (34) we see that A2 = a2(T0(g) � Tc(g)) =
3
16

A2
4

A6
� 0 when A4(g)  0,

and so we find

T = T0(g) > Tc(g) : First order phase transition, A4 < 0
T = T0(g) = Tc(g) : Tricritical (TCP) phase transition, A4 = 0
T = Tc(g) : Continous phase transition, A4 > 0

where the space of external fields is denoted by T and g (e.g., g can be identified
with a chemical potential controlling the relative abundances in a two component
system). In terms of these variables the phase diagram has the form:



34

بخش دوم:  فرآیندها و مشاهده پذیرها 
در سیستم های پیچیده



Classification of  processes

• Deterministic processes 


• Chaotic processes


• Stochastic Processes  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- Probability distribution function تابع توزیع

-Correlation function تابع همبستگی

Scale dependency 
(Multifractal) ??? 

Self-similarity and  
Self-affinity 
Complexity 

t
25 50 75 100

Correlated signal

Random signal

Anti-correlated signal

.1 Deterministic processes فرآیندهای تعینی

.2 Chaotic processes فرآیندهای آشوبی

.3 Stochastic Processes فرآیندهای تصادفی



To know more see: http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations

Self-similar process

http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations
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Peak-Peak correlation function of CMB map in the presence of cosmic strings 3

Figure 1. A sketch for calculating two-point correlation of a
typical feature on a 2-Dimensional stochastic field. The filled cir-
cular symbols show the position of local maxima above a given
threshold value, ϑ. Two concentric circles have just been drawn
to show that in practice how the clustering of peaks is computed
(see text).

The number density of local extrema will be discussed
in section 2. In section 3 the simulation of a CMB map
using the most recent observation based on WMAP 7-year
mission+ Supernova type Ia + Large scale structures +
Baryonic acoustic oscillation will be explained. CMB map
making containing straight cosmic strings by means of
Kaiser-Stebbins phenomenon will be introduced in this
section. Section 4 will be devoted to our analysis and
discussion. Summary, conclusion and strategy of detecting
cosmic strings based on future surveys will be given in
section 5.

2 PEAK-PEAK CORRELATION FUNCTION

Generally, many systems on the nature behave in a stochas-
tic way. Therefore, to explore their relevant properties, we
have to rely on robust methods in statistical approaches. To
this end, there are many criteria proposed to discriminate
various stochastic fields from statistical point of view as well
as to quantify their nature.

The so-called two-point correlation function (TPCF) is
one of the powerful methods in statistical analysis of a de-
sired stochastic field. This method actually provides reliable
inference about clustering and excess probability of finding
typical features in the underlying stochastic field. Conse-
quently it became one of the most advantageous statistical
tools in cosmology and astronomy.

This quantity has been introduced in various references
from different approaches, so several estimators have been
provided (Peacock and Heavens 1985; Bardeen et al. 1986;
Peebles 1980; Bond and Efstathiou 1987; Lumsden et al.
1989; Davis and Peebles 1983; Hamilton 1993; Szapudi and

Szalay 1998; Hewett 1982; Landy and Szalay 1993; Fatemi-
Ghomi et al. 1999). This tool is also able to examine the
Non-Gaussianity of CMB (Tojeiro et al. 2006; Larson and
Wandelt 2005). Generally, estimators of TPCF is divided
in two main categories (Kerscher et al. 2000): I) estimators
based on counting pairs and II) geometric edge correction
approach. The central definition corresponding to the first
category which is used to define TPCF is as follows:

PDR(r) ≡
!

ri∈D

!

rj∈R

Φr(ri, rj) (1)

where ”D” means points coming from original data set. ”R”
stands for field in which the underlying features have been
distributed in completely random way with the same physi-
cal properties with respect to original one. Φr(ri, rj) ≡ [r !"

(xi − xj)2 + (yi − yj)2 + (zi − zj)2 < r+∆r]. In the case
of statistical isotropy and homogeneity violation, one should
write PDR(ri, rj). So the probability not only depends on
length scale of separation, r, but also on ri and rj as well. It
has been shown that all TPCF estimators give almost sim-
ilar results in small length scales and are encountered with
boundary effects at large scales (Kerscher et al. 2000). Here
to make it more obvious and for the sake of clarity, we are
going to present the mathematical frame work of TPCF and
then apply it to local maxima (peaks) of cosmic microwave
background fluctuations as a 2-Dimensional stochastic field.
According to probability of finding pair of desired features,
dP (r) in the underlaying field and that of in uniform or so-
called an un-clustered field distribution, dPR, one can define
TPCF as (Peacock and Heavens 1985):

dP (r) = [1 + ξ(r)]dPR (2)

In order to examine a 2-Dimensional feature space, consider
∆A to be an infinitesimal area element, consequently the
probability of finding a feature in this area is supposed to
be O(∆A). So we assume that the probability of finding a
feature (e.g. peak) in ∆A is ∆P = n∆A where n is the
surface number density of features. In addition ∆P12 is the
probability of finding a feature in ∆A1 and another in ∆A2

at a certain separation r and is written by:

∆P12(r) = n2∆A1∆A2[1 + ξ12(r)] (3)

If they are not spatially correlated, therefore ξ12(r) becomes
zero for all locations and separations. Therefore the mathe-
matical form of TPCF can be written as:

ξ(r) =
1

NpairsPR(r)

ND!

i=1

ND!

j>i

δDirac (r − |ri − rj |)− 1 (4)

where ND is the total number of features in underlying
stochastic field, Npairs is the total number of pairs. We note
that ri, i ∈ [1, ND] is the position of features and the double
summation over the Dirac delta here gives the number of
pairs Npairs(r) with separation r. Eq. (4) becomes:

ξ(r) =
Npairs(r)
nCrdr

− 1 (5)

where Cr is the circumference of the boundary of Ar and
dr is the bin size (see Fig. 1 to make more sense). Above
estimator is encountered with boundary effect in finite size
sample. One way to resolve the boundary effect problem is as
follows: one should use an extended window (see Fig. 2). To
this end, for each given map size, Θ1, an extended map with
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• Climates indices

• Disease:  Epilepsy, Heartbeat,

• Stock index, Econometric

• Petrophysical quantities: GR, STT, NP 

• Solar irradiance data sets

• Cosmic rays

• Earthquake dat
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where:

�2(h
xy

(q)) =
X

s

[F
obs.

(q; s)� F
fit

(s;h
xy

(q))]2

�2

obs.

(q; s)
(15)

Here F
fit

(s;h
xy

(q)) and F
obs.

(q; s) are fluctuation func-
tions determined by equation (8) and computed directly
from the data set by using DFA or DCCA, respectively.
Also, �

obs.

(q; s) is the mean standard deviation, associ-
ated to F

obs.

(q; s). Maximizing likelihood function cor-
responds to minimizing �2 for best value of h

xy

(q). The
value of error-bar at 1� confidence interval of h

xy

(q) is
computed by the likelihood function based on the follow-
ing condition:

68.3% =

Z
+�

+
(q)

��

�
(q)

L(Data|h
xy

(q))dh
xy

(q) (16)

The best fit value of scaling exponent at 1� confidence

interval will be reported according to h
xy

(q)+�

+
(q)

��

�
(q)

for
each moment, q’s. In the Gaussian case apparently,
��(q) = �+(q).

To make our results more sense and complete, we fol-
low approach introduced by G.F. Zebende [50] for so-
called cross-correlation coe�cient as:

�
DCCA

(q; s) ⌘
F2

xy

(q; s)

F
xx

(q; s)F
yy

(q; s)
(17)

and finally we report �
DCCA

= 1

s

P
s

i=1

�
DCCA

(q =
2; i). The �

DCCA

= +1 corresponds to prefect cross-
correlation and �

DCCA

= 0 indicates no cross-correlation
between underlying data sets.

III. DATA DESCRIPTION

The data used in this paper consists on adjusted mar-
ket capitalization stock market indices of 48 developed

and emerging markets, constructed by Morgan Stan-
ley Capital International (MSCI) and downloaded from
DataStream. We use daily index prices over the period
January 1995 to February 2014, corresponding to 4995
observations per index. The MSCI classification depends
on three criteria: economic development, size and liq-
uidity and market accessibility and divide markets on
developed, emerging and frontier markets (for more de-
tails, see http://www.msci.com). Our database includes
23 markets classified as developed, 21 markets classified
as emerging and 4 frontier markets. The developed mar-
kets are: Canada, United States (from America), Aus-
tria, Belgium, Denmark, Finland, France, Germany, Ire-
land, Israel, Italy, the Netherlands, Norway, Portugal,
Singapore, Spain, Sweden, Switzerland, United King-
dom (from Europe), Australia, Honk Kong, Japan, New
Zealand and Singapore (from the Pacific). The emerg-
ing markets are Brazil, Chile, Colombia, Mexico, Peru
(from Americas), the Czech Republic, Egypt, Greece,
Hungary, Poland, Russia, South Africa, Turkey (Europe,
Middle East & Africa), China, India, Indonesia, Ko-
rea, Malaysia, Philippines, Taiwan, and Thailand (Asia).
The frontier markets are Argentina (Americas), Morocco
(Africa), Jordan (Middle East) and Pakistan (Asia). The
data are the relative price indexes for these markets,
where the base 100 was set in the first observation. In
order to illustrate the behaviour of those markets, we
present the time evolution divided by type ok markets
(Figure 1). In a very simplistic way, we can observe some
similar behaviour between some stock markets, besides
the di↵erences of scale. For example, in the developed
markets group, the Europe shows some ”synchroniza-
tion”, such as some markets of Asia, namely Singapore
and Japan. The emerging markets also seem to show
high levels of ”synchronization” or similar behaviour, es-
pecially in Europe and South America. It is important
to note the higher values of the Turkish stock market,
which may induce that this market had strong increment
on the period under analysis. Of course, this kind of
analysis is merely preliminary. In order to evaluate the
relations between those markets, it is important to use
robust techniques in linear and nonlinear terms

IV. RESULTS OF STOCK MARKET
COMOVEMENTS

In the previous section the mathematical tools to ex-
tract reliable information regarding the underlying data
have been explained. In the section we are going to apply
mentioned method on series.

A. Evidence of cointegration and causality tests

We tested the stability of our time series by regress-
ing it on a nonsignificant constant. The results indi-
cate the presence of structural breaks for all the vari-

4944 S. Hajian, M.S. Movahed / Physica A 389 (2010) 4942–4957

Fig. 1. Upper panel corresponds to the monthly sunspot number data set. The secular trend, obtained with a low-pass Fourier filter is shown as a thick
line in the upper panel. Lower panels indicate observed flux fluctuations of Daugava, French Broad, Nolichucky and Holston rivers, respectively. The inset
plot shows river flow for small scales.

an approach for analyzing correlation properties of a series by decomposing the original signal into its positive and
negative fluctuation components [62]. Based on the previous study, Podobnik et al. havemodified thementioned correlation
method and improved it to explore the cross-correlation between two non-stationary fluctuations, namedDetrended Cross-
Correlation Analysis (DCCA) [48] and its generalized, theMultifractal Detrended Cross-Correlation Analysis (MF-DXA)which
also examine higher orders detrended covariance [49].

As mentioned before, trends in data set may influence the accuracy of results. For reliable detection of the cross-
correlations, it is essential to distinguish trends from the intrinsic fluctuations in data. Generally, trends embedded in
measurements are of two types: Polynomial and Sinusoidal trends. Although the MF-DFA and MF-DXA methods eliminate
the polynomial trends, the sinusoidal trends remain [46,47]. There are several robust methods to eliminate the sinusoidal
one such as Fourier Detrended Fluctuations Analysis (F-DFA) [61,63], which is actually a high-pass filter, and Singular
Value Decomposition (SVD) [64,65]. One of the most disadvantage of the F-DFA method is the reduction of the size of
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FIG. 2: Upper panels show three petrophysical quantities, Gamma ray (GR), sonic transient time (DT) and Neutron porosity
(NPHI), respectively, versus depth recorded every 15.4cm at depth interval 3504.5m to 3946.8m for well #2. In these panels
the gray line corresponds to original fluctuations while the dark solid line indicates the trend fluctuation constructed by setting
wadaptive = 101 and K = 2 for fitting polynomial in each segment. The lower panels illustrate fluctuation function as a function
of scale for different series of well #2. The filled circle symbol shows f(s) for original data set. The filled square symbols are
results for clean data by adaptive detrending method with K = 2. Up-triangle and down-triangle symbols correspond to clean
data with K = 4 and K = 5, respectively.

spond to clean data with K = 4 and K = 5, respec-
tively. Obviously, the f(s) for original fluctuations has
not unique scaling behavior. This situation gives rise for
other sets of data used throughout this paper. Subse-
quently, one can not determine associated Hurst expo-
nent, then essentially, adaptive detrending or every addi-
tional method to remove trend in data must be applied
in order to find reliable Hurst exponent. Table I con-
tains the Hurst exponent determined by Adaptive-DFA
method. Our results confirm that all series belong to the
nonstationary process soH = h−1. This Hurst exponent
is necessary to set up theoretical prediction represented
by Eqs. (9) and (23).

VI. DATA ANALYSIS

In this article we implement multifractal random walk
model to characterize a reservoir by describing some fea-
tures of petrophysical quantities. As mentioned before,
one reliable method for multifractal characteristic of a
typical data sets is determined by evaluation of scaling

H #1 #2 #3 #4

GR 0.65 ± 0.02 0.86± 0.02 0.84± 0.02 0.92± 0.02

NPHI 0.80 ± 0.02 0.84± 0.02 0.76± 0.02 0.77± 0.02

DT 0.79 ± 0.02 0.81± 0.02 0.73± 0.02 0.77± 0.02

TABLE I: The Hurst exponent, H , of data sets recorded for
four wells of the reservoir at 1σ confidence interval.

λ2
0 #1 #2 #3 #4

GR 0.042 ± 0.020 0.200 ± 0.002 0.077 ± 0.003 0.040 ± 0.002

NPHI 0.023 ± 0.003 0.045 ± 0.002 0.028 ± 0.002 0.029 ± 0.002

DT 0.002 ± 0.001 0.004 ± 0.001 0.004 ± 0.001 0.005 ± 0.001

TABLE II: The non-Gaussian parameter, λ2
0 of data sets

recorded for four wells of the reservoir at 1σ confidence in-
terval.

exponent ξq from the linear state. To this end, Eq. (1) is
computed for our data. Upper panels of Fig. 3 indicate
log-log plot of m(q, ℓ) versus ℓ for well #2 at different

Z. Koohi, S.M.S.M., G. Jafari, arXiv:1507.07445
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FIG. 1. Sketch showing the Monte Carlo modeling set-up
for an ion-beam sputtering. As described in the text, an ion
beam trajectory makes an angle ✓ with the axes z, and the
projection of the ion-beam direction on the x�y plane, makes
an angle of �

exp

relative to the x axis. Anisotropic direction
is perpendicular to the x� y projection of the ion-beam.

III. METHODOLOGY: LEVEL CROSSING
ANALYSIS

As we will explain, in this paper we are interested
in finding a criterion to distinguish the isotropic and
anisotropic rough surfaces, consequently, the level cross-
ing method will be introduced in the two-Dimensions
(2D) framework. In order to make more sense for further
usage we introduce level crossing method with following
steps:

Step1: Definition of variables: Suppose that for a
rough surface in 2D, height of the fluctuations is repre-
sented by H(r) at coordinate r = (i, j) with resolution �
and size L⇥L (see Fig. 3). It is not compulsory that the
size of width and height of underlying rough surface to
be same. For convenience, suppose that the origin of the
coordinate system is placed at the center of rough sur-
face. We assign height fluctuations by H(xi, yi), where
xi and yi demonstrate the coordinate position through
the basis vectors namely, x and y, respectively. In this
case we have �L/2 < (xi, yi) < L/2 for the square shape
of rough surface.

Step2: Preparing data sets: We cut two categories
of slices for height fluctuation in two separate and orthog-
onal directions which are so-called u and w. It must point
out that these two direction are produced by rotation
counterclockwise with respect to the origin of coordinate
through the angle �. For � = 0 the common axes to be
retrieved. To make obvious, we called the (1 + 1)D fluc-
tuations throughout these direction as Hw(�;n,m) and
Hu(�;n,m). Here n refers to the nth slice throughout
the w or u directions. The size of these (1 + 1)D sig-
nals depend on the resolution and the direction of slicing
of underlying rough surface. The upper panel of Fig. 4
shows a schematic of (1+1)�D slice of underlying rough
surface. If H(r) to be invariant under Eulerian rotation,

y

x

w

u

φ
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FIG. 2. Upper: Isotropic simulated rough surface for ✓ = 0�

and �

exp

= 0�. Moddel: An preferred direction for ✓ = 25�

and �

exp

= 23� exists for simulated surface. Lower panel
corresponds to simulated anisotropic rough surface for ✓ =
50� and �

exp

= 0�
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FIG. 2: Left: Contour plot at some typical levels of a singular
multifractal rough surface generated by binomial cascade mul-
tifractal method with p = 0.22(H = 0.803). The right panel
indicates the contour lines of the same surface convolved with
H⇤ = 0.700. The system size is 256⇥ 256.

[34, 50]. Since it does not require the modulus maxima
procedure therefore this method is simpler than WTMM,
however, it involves a bit more e↵ort in programming.
In this work, we rely on the two dimensional multi-

fractal detrended fluctuation analysis (MF-DFA) to de-
termine the spectrum of the generalized Hurst exponent,
h(q). We then compare given results with theoretical
prediction to check the reliability of our simulation. Sup-
pose that for a rough surface in two dimensions height
of the fluctuations is represented by H(r) at coordinate
r = (i, j) with resolution �. The MF-DFA in two dimen-
sions has the following steps [34]
Step1 : Consider a two dimensional array H(i, j) where

i = 1, 2, ...,M and j = 1, 2, ..., N . Divide the H(i, j) into
Ms ⇥Ns non-overlapping square segments of equal sizes
s ⇥ s, where Ms = [Ms ] and Ns = [Ns ]. Each square
segment can be denoted by H⌫,w such that H⌫,w(i, j) =
H(l

1

+ i, l
2

+ j) for 1  i, j  s, where l
1

= (⌫ � 1)s and
l
2

= (w � 1)s.
Step 2 : For each non-overlapping segment, the cumu-

lative sum is calculated by:

Y⌫,w(i, j) =
iX

k1=1

jX

k2=1

H⌫,w(k1, k2); (7)

where 1  i, j  s.
Step 3 : Calculating the local trend for each segments

by a least-squares of the profile, linear, quadratic or
higher order polynomials can be used in the fitting pro-
cedure as follows:

B⌫,w(i, j) = ai+ bj + c, (8)

B⌫,w(i, j) = ai2 + bj2 + c. (9)

Then determine the variance for each segment as follows:

D⌫,w(i, j) = Y⌫,w(i, j)� B⌫,w(i, j), (10)

F 2

⌫,w(s) =
1

s2

sX

i=1

sX

j=1

D2

⌫,w(i, j). (11)

A comparison of the results for di↵erent orders of DFA
allows one to estimate the type of the polynomial trends
in the surface data.

FIG. 3: Upper panel: A part of height fluctuations of singular
measure mentioned in Fig. 2. Lower panel: The same surface
convolved with H⇤ = 0.700.

Step 4 : Averaging over all segments to obtain the q’th
order fluctuation function

Fq(s) =
⇣ 1

Ms ⇥Ns

MsX

⌫=1

NsX

w=1

⇥
F 2

⌫,w(s)
⇤q/2 ⌘1/q

, (12)

where Fq(s) depends on scale s for di↵erent values of q.
It is easy to see that Fq(s) increases with increasing s.
Notice that Fq(s) depends on the order q. In principle, q
can take any real value except zero. For q = 0 Eq. (12)
becomes

F
0

(s) = exp
⇣ 1

2Ms ⇥Ns

MsX

⌫=1

NsX

w=1

lnF 2

⌫,w(s)
⌘
. (13)

For q = 2 the standard DFA in two dimensions will be
retrieved.

S. Hosseinabadi et al.,  PRE 2012

Anisotropic surface Gaussian stochastic field
primordial quantum fluctuations

Multifractal singular and 
smoothed surfaces

dimension analysis and Minkowski functionals (MFs),
which do not require prior assumptions about the number
of regions or features in an image. For example, Rose et al.
(17) used fractal dimensions to describe the heterogeneity
found in dynamic contrast enhanced (DCE)-MRI parame-
ter maps and showed that the measured heterogeneity
could distinguish between low-grade and high-grade glio-
mas, a distinction that could not be made using distribu-
tion-based summary statistics. MFs have been widely
employed in cosmology as precise morphological and
structural descriptors, and used in the study of the evolu-
tion and morphology of galaxies and clusters of galaxies
(18,19). More recently they have been used as shape func-
tionals in neuromorphometric characterization (20), for
classifying normal and pathological pulmonary tissue
(21,22) and as parameters for the analysis of mineral dis-
tribution in hip fractures (23). We demonstrated recently
that MFs can be used to parameterize the heterogeneous
distribution of a targeted MRI contrast agent for detecting
tumor cell death and showed that this increased the sensi-
tivity of cell death detection in a drug-treated tumor (24).
We show here that MFs can be used with T2-weighted
images to detect the morphological changes that accom-
pany tumor cell death following drug treatment in the ab-
sence of any exogenous contrast agent.

METHODS

Drug Treatment and Tumor Histologic Evaluation

Tumors were grown by subcutaneous injection of 5 !
106 EL-4 murine lymphoma cells into the lower flank of
female C57BL/6 mice, and allowed to grow for 10 days.
Tumor cell death was induced either by treatment with a
cytotoxic drug, etoposide, which also induced tumor
shrinkage, or by using a vascular disrupting agent,
combretastatin A4-phosphate (CA4P), which produced
hemorrhagic necrosis in the absence of any significant
change in tumor size. Drug-treated animals received
intraperitoneal injections of 67 mg/kg etoposide or
100 mg/kg CA4P. Control animals were injected with the
solvent vehicle. Procedures were conducted in accord-
ance with project and personal licenses issued under the
United Kingdom Animals (Scientific Procedures)
Act 1986 and were designed with reference to the UK
Co-ordinating Committee on Cancer Research Guidelines
for the Welfare of Animals in Experimental Neoplasia.

The presence of tumor cell death was confirmed
histologically. Tumors were fixed in 10% formalin and
embedded in paraffin, and 5 mm sections were stained
with hematoxylin and eosin (Fig. 1). The fraction of cells
with fragmented nuclei (both apoptotic and necrotic
cells) was estimated using ImageJ software (National
Institutes of Health) as described in Refs. 8,25.

MRI

Experiments were performed at 9.4 T using a vertical
89-mm bore Oxford Instruments magnet (Oxford, UK)
interfaced to a Varian Inova console (Varian, Palo Alto,
CA) and a 45-mm-diameter volume coil (Millipede,
Varian). Multi-slice T2-weighted (repetition time
(TR)¼1.5 s, echo time (TE)¼40 ms, four transients per

slice, bandwidth¼100 kHz, field-of-view (FOV)¼35 mm
! 35 mm, data matrix 256 ! 128, slice thickness 1.5
mm) images were acquired using a spin-echo sequence.
The etoposide treatment group (N¼8) was imaged pre-
treatment, and again 24-h post-treatment, while for the
CA4P treatment group imaging was performed pre-treat-
ment and at 6 h (N¼8) or 24 h (N¼9) post-treatment. A
group of untreated control tumor-bearing mice (N¼11)
were also imaged twice, where the imaging sessions
were 24 h apart. A summary of the relevant information
about the different treatment categories is given in
Table 1.

FIG. 1. Representative sections of tumors stained with hematoxy-
lin and eosin from (a) an untreated control tumor, (b) a tumor 24 h
post-treatment with etoposide, and (c) 6 h post treatment with
CA4P. The etoposide treated tumors show widespread regions of
cell death, whereas at 6 h post CA4P treatment these regions are
more localized and smaller. Scale bar¼300 mm.
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Analysis of Image Heterogeneity Using 2D Minkowski
Functionals Detects Tumor Responses to Treatment

Timothy J. Larkin,1,2 Holly C. Canuto,1,2 Mikko I. Kettunen,1,2 Thomas C. Booth,1,2

De-En Hu,1,2 Anant S. Krishnan,1 Sarah E. Bohndiek,1,2 Andr!e A. Neves,1,2

Charles McLachlan,3 Michael P. Hobson,3 and Kevin M. Brindle1,2*

Purpose: The acquisition of ever increasing volumes of high
resolution magnetic resonance imaging (MRI) data has created
an urgent need to develop automated and objective image
analysis algorithms that can assist in determining tumor mar-
gins, diagnosing tumor stage, and detecting treatment
response.
Methods: We have shown previously that Minkowski function-
als, which are precise morphological and structural descriptors
of image heterogeneity, can be used to enhance the detection,
in T1-weighted images, of a targeted Gd31-chelate-based
contrast agent for detecting tumor cell death. We have used
Minkowski functionals here to characterize heterogeneity in
T2-weighted images acquired before and after drug treatment,
and obtained without contrast agent administration.
Results: We show that Minkowski functionals can be used to
characterize the changes in image heterogeneity that accom-
pany treatment of tumors with a vascular disrupting agent,
combretastatin A4-phosphate, and with a cytotoxic drug,
etoposide.
Conclusions: Parameterizing changes in the heterogeneity of
T2-weighted images can be used to detect early responses of
tumors to drug treatment, even when there is no change in
tumor size. The approach provides a quantitative and therefore
objective assessment of treatment response that could be
used with other types of MR image and also with other imag-
ing modalities. Magn Reson Med 71:402–410, 2014. VC 2013
Wiley Periodicals, Inc.

Key words: heterogeneity; tumor; Minkowski functionals;
image analysis

Magnetic resonance imaging of tissue morphology has
been widely used in oncology to detect the presence of
disease and to detect treatment response by measuring

decreases in tumor size (1). Since for some therapies
treatment-induced tumor cell death can be correlated
with patient survival (2–4), a more general method for
detecting treatment response would be to image tumor
cell death. This could be used to detect response to those
therapies that have little or no effect on tumor size and
provide earlier detection of response to those therapies
that do eventually induce tumor shrinkage (5).

Even relatively low resolution images, such as those
produced by computed tomography (CT) or MRI, can be
a sensitive indicator of underlying tissue biology (6)
and therefore could potentially be used to interrogate
more subtle features of tumor physiology and changes
in this physiology in response to treatment. Such an
approach, however, requires the development of image
metrics that give objective and quantitative assessments
of tissue morphology and that capture the underlying
biological information in a routine and automated
fashion.

A characteristic of tumors is their heterogeneous
appearance in MR images, a consequence of their irregu-
lar and uncoordinated growth and a chaotic and inter-
mittent blood supply that leads to periods of transient
ischemia and hypoxia. The resulting areas of necrosis
and hemorrhage can lead to hyper- and hypointensity,
respectively, in T2-weighted images (7) and may also be
influenced by treatment, where successful treatment can
result in a change in the size and distribution of these
areas (8).

Various approaches have been adopted for analyzing
heterogeneity in MR images of tumors, including k-means
clustering (9,10), texture analysis (11–13), and fractal
dimensions (14–16). However, texture analysis and the
k-means clustering algorithm, have some important limita-
tions. Texture analysis requires a large set of image
parameters to be calculated with a subset of these parame-
ters then chosen and used to differentiate between tissues
of different types. In a recent study, where texture analy-
sis was used to distinguish between benign and malignant
soft tissue masses on MR images, only small differences
were identified between the two and it was concluded
that more data were required to confirm the value of this
approach (13). A number of variations of the k-means
clustering algorithm have been used in MRI; however, in
most cases, the algorithm requires prior knowledge of the
number of expected regions or features and, furthermore,
due to the fact that the algorithm has a randomly assigned
starting point, the resulting clusters may not always con-
verge to the same point.

More recent approaches to image analysis have focused
on the use of shape-orientated descriptors, such as fractal
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 Observables
1) Quantitative measures 
2) Dual Space measures  
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In recent years, extensive research has been conducted on the use of nano-
materials in various technologies. One of nanomaterial applications is in
nanofluids[1]. Due to the complexity of the movements of nanoparticles in
nanofluids, calculating the velocity of each of the particles in the fluid is not
possible, but using statistical methods, the average speed of particles can be
found[2,3]. In this paper, nanofluid were exposed to Gaussian laser beam, the
laser light is scattered due to the presence of nanoparticles. The scattered
waves in Fresnel di↵raction zone interfere with each other and create the
bright and dark areas on screen namely Speckle. By measuring the intensity
of the speckles and drawing the intensity variations versus time curve, we are
about to examine the following items: This paper is organized as follows: In
Section 2, we will explain theoretical background of crossing statistics and
its generalizations. Data description and experimental setup to collect data
sets will be demonstrated in section 3. Section 4 is devoted to applications
of crossing statistics on intensity fluctuation of scattered laser light through
a nano-fluid. Summary and concluding remarks will be given in section 5.

2. Theoretical Model: Up and down crossing statistics

level crossing or generally crossing statistics has been introduced by S.
O. Rice (20). After that in various disciplines raging from complex systems
and material sciences to cosmology and early universe, mentioned method
has been used and improved(9; 21; 22; 23; 24; 25; 26). Crossing statistics
represents geometrical properties of a typical stochastic process, therefore, it
has proper capability in order to quantify fluctuations in a robust manner.
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۱) تابع توزیع فراوانی را نشان می دهد
۲) تابع همبستگی اطالعات همبستگی ویژگی های دلخواه را به 

دست می دهد.
۳) برای تمایز قایل شدن بین میدانهای مختلف ابزارهای باال کافی 

نیستند
۴) روشهای مختلف دارای مزیت های و معایب مختلفی هستند
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Figure 7. Density of peaks as a function of threshold level for
simulated pure Gaussian CMB map and accumulated by cosmic
string component have been illustrated in this plot. Upper left:
Gµ = 2× 10−8. Upper right: Gµ = 1× 10−7. Middle left: Gµ =
8×10−7. In the middle right panel the Gaussian+String simulated
map has been replaced by a simulated Gaussian map that posses
the power spectrum like a Gaussian+String simulated map with
Gµ = 8 × 10−7. The lower panels indicate the residue between
theoretical prediction of number density and that of directly given
by simulation.

of extrema alone is not sufficient, nevertheless it is able to
pick up the footprints of CS for almost Gµ ! 5× 10−7.

This inference could be justified regarding Fig. 8. The
morphology of Gaussian+String map is completely different
from a Gaussian map that contains the same power spec-
trum as Gaussian+String map, in addition the role of su-
perimposed CS in the second map is similar to noise. Sub-
sequently one can expect that the clustering method to be
much more powerful than n(ϑ) and also can be used as a
benchmark for tracking non-Gaussianity. It is interesting to
point out that, recently, Pogosyan et.al. determined theoret-
ical formula for computing the number density of extrema on
weakly non-Gaussian 2-Dimensional field. They showed that
various non-Gaussianity could be distinguished by means of
n(ϑ) (Pogosyan et al. 2011). While here our results demon-
strated that, at least non-Gaussianity due to straight CS is
not detected by direct calculating n(ϑ). Indeed the effect
of CS components on the CMB map according to extrema
counts view is the same as noise irrespective to nature of its
probability density function.

For different values of Gµ with various values of map
size and finite Beam size we have generated ensembles of
100 maps or even more. To check the effect of finite size

Figure 8. Left panel corresponds to a Gaussian+String with
Gµ = 8 × 10−7. Right panel illustrates a Gaussian map with
size 5◦ × 5◦ and resolution equates to R = 1′. Blue dots show the
position of peaks above ϑ = 0.5σ0. One should emphasize that
these two map have same power spectrum. It is clear that the
morphology of these two map are completely different.

Figure 9. Two-Point Correlation Function of peaks for simulated
CMB map. Top panel shows the results for pure Gaussian map as
well as Gaussian+Beam for FWHM equates to 4′ and 10′ at ϑ =
1σ0. Lower panel corresponds to peak-peak correlation function
for Gaussian+Beam with FWHM of beam is 4′ for various values
of ϑ. The map size is 10◦ with resolution R = 1′.

of simulated map and evaluation the reliability of numeri-
cal results, we increased the number of ensemble members
and the size of maps. We use Eq. (7) to compute TPCF for
various maps with size 10 degree and resolution 1 arcmin
(600 × 600 pixels). Fig. 9 indicates the results for Gaus-
sian CMB map. Upper panel of this figures corresponds to
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map has been replaced by a simulated Gaussian map that posses
the power spectrum like a Gaussian+String simulated map with
Gµ = 8 × 10−7. The lower panels indicate the residue between
theoretical prediction of number density and that of directly given
by simulation.
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هر دوی این میدانها دارای طیف توان تقریبا یکسان هستند
اما 

از منظر بافت (Texture) بسیار متفاوت هستند



Excursion set theory 21

(a) Porous media. (b) Matrix-inclusion media.

Figure 1.9: Two excursion sets of the same realization with different level sets.

of porous media (see 4.2.1 in this chapter). By comparison, high values of κ lead to
meatball-like topology (FIG. (1.9(b))) where just several connected components remain.
These excursions, despite their very low volume fraction, could represent disconnected
media such as aggregates within a matrix. This last point raises the main issue of excur-
sion set modeling. In this chapter, solutions are proposed in order to yield high volume
fraction morphologies with disconnected topologies.

As the level set value has an impact on the kind of morphology obtained, both prob-
ability distribution of the RF and its covariance function have a major influence as well.
Among them, the correlation length Lc, fixing the length-scale of the excursion set, has a
key role. Playing with all these parameters gives a wild range of morphologies. But, in
order to manipulate these “objects”, tools that quantify them mathematically speaking are
needed.

In the next section functionals that measure both geometrical and topological quanti-
ties are defined. They provide global descriptors for excursion sets, giving a mathematical
basis for the main results presented in this chapter.

3.2 Measures of excursion set
3.2.1 General aspect

In order to specify a morphology both geometrical and topological properties have
to be considered. It has been proved that in a N-dimensional space, N + 1 descriptors
are enough to fully describe it. A large family of functionals aims to quantify those

Meso-scale FE and morphological modeling of heterogeneous media

Emmanuel Roubin Thesis, 2013

Excursion sets:
مجموعه های گشت

به طور کلی یک مجموعه گشت به صورت یک ویژگی دلخواه تحت 
شرایط دلخواه در یک میدان در نظر گرفته می شود
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Figure 2. Skeleton and its local approximation for the Gaussian field of Fig. 1. Upper-left panel: the skeleton is drawn as well as the critical points. Local

minima are in yellow, saddle points in orange and local maxima in red. As discussed in the text, the skeleton passes through all the maxima and the saddle

points. The local maxima are the nodes where several lines converge, while the saddles points have only one line passing through. Note as well that local

maxima are always connected to saddles and reciprocally, except in, for example, the lower left of the panel, where we can see three saddles connected to each

other. This configuration is theoretically forbidden (see discussion in Appendix A) unless there is some degeneracy in the field, which we suspect is because

of our numerical implementation (see Appendix C). Upper-right panel: the skeleton is superposed to the smoothed field. Middle-left panel: same as for the

upper-left panel, but for the local approximation of the skeleton. The dark plus light blue lines assume S = 0 (equation 8), while the light blue lines verify

the more constraining conditions given by equations (2) and (3). Middle-right panel: same as upper-right panel but for the local approximation of the skeleton.

Lower-left and lower-right panels: the local approximation and the real skeleton are again superposed to the smooth field, but restricted to overdense regions

ρ ! ⟨ρ⟩.

From the last argument, the skeleton can be seen as the ensem-

ble of pairs of stable fields lines departing from saddle points and

connecting them to local maxima.8 The skeleton field lines can thus

be drawn by going along the trajectory with the following motion

8 See, however, footnote 7.

equation

dr

dt
≡ v = ∇ρ, (1)

starting from the saddle points, and with initial velocity parallel to

the major axis of the local curvature (i.e. parallel to the eigenvector

of the Hessian corresponding to λ1). The trajectory is followed until

C⃝ 2006 The Authors. Journal compilation C⃝ 2006 RAS, MNRAS 366, 1201–1216
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Figure 2. The final 3D skeleton derived from a 50-Mpc standard !CDM simulation run with sc gadget-2 using 5123 particles. This result is obtained after

post treating the skeleton using the method described in Appendix A.

are the extrema of the field. Indeed, the ‘real skeleton’ is defined as

a set of critical lines that connect maxima to saddle points. Much of

the topological behaviour of the skeleton is related to the distribution

of such extremal points. For the local skeleton described this paper,

the role of the extrema is similar but the whole set of critical lines

encompass additional branches linking all kind of field extrema

together.

Since the local skeleton is based on a local second-order approx-

imation of the density field, ρ, its properties can be understood

through the properties of the gradient ∇ρ and Hessian matrix H(ρ)

only. The eigenvalues of H define the local curvature at any point,

thus separating space into distinct regions depending on the sign of

these eigenvalues λi . Within a 3D space, as by definition λj < λi if

j > i, there exist four of these regions. Let I be the number of nega-

tive eigenvalues, then the regions where I is equal to 0, 1, 2 and 3.

This classification applies to critical points of the field in particular,

where ∇ρ = 0, the maxima (I = 3) and minima (I = 0) existing

within local clumps and voids, respectively, while two types of sad-

dle points can be distinguished: the filaments type saddle points (for

I = 2) and the pancake type ones (for I = 1).

Fig. 3 illustrates a second-order approximation of the density

field in the vicinity of the field extrema. The total set of critical lines

form a fully connected path linking all the critical points together

and exactly six branches pass through each of them in the direction

of the three eigenvectors of the Hessian. Empirically, it is possible

to picture the typical behaviour of the whole set of critical lines.

Defining E = {0, 1, 2, 3} and considering a given critical point

where I = n, if i < j < k ∈ E − {n}, this critical point Cn is usually

linked to three other pairs of critical points Ci , Cj and Ck (where

I = i, j and k, respectively) by critical lines aligned with eigenvectors

associated with eigenvalues λ1, λ2 and λ3, respectively, at point Cn .

Most of the time, each of these branches connect to critical points Ci ,

Cj and Ck along the eigenvectors associated with eigenvalues λ1, λ2

Figure 3. Illustration of a second-order approximation of the density field

around a maximum (I = 0), filament (I = 1) and pancake (I = 2) saddle

point and a minimum (I = 3). The colour stands for the density, ranging from

purple in low-density regions to red in high-density regions. The axes are

the eigenvectors of the Hessian, and give the direction of the six branches

of the local critical lines going through these critical points (i.e. where the

gradient of the field and the eigenvectors of H are aligned). The skeleton is

the subset of these critical lines linking maxima (Fig. 3a) and filament saddle

points (Fig. 3b), in the direction of the eigenvector associated with λ1.

and λ3, respectively, evaluated at points Ci , Cj and Ck , respectively.

In this picture, the critical lines can be seen as a fully connected path

linking all the different regions defined by the sign of the eigenvalues

of H.

C⃝ 2007 The Authors. Journal compilation C⃝ 2007 RAS, MNRAS 383, 1655–1670
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ABSTRACT

We discuss the skeleton as a probe of the filamentary structures of a two-dimensional random

field. It can be defined for a smooth field as the ensemble of pairs of field lines departing from

saddle points, initially aligned with the major axis of local curvature and connecting them to

local maxima. This definition is thus non-local and makes analytical predictions difficult, so

we propose a local approximation: the local skeleton is given by the set of points where the

gradient is aligned with the local curvature major axis and where the second component of the

local curvature is negative.

We perform a statistical analysis of the length of the total local skeleton, chosen for simplicity

as the set of all points of space where the gradient is either parallel or orthogonal to the main

curvature axis. In all our numerical experiments, which include Gaussian and various non-

Gaussian realizations such as χ2 fields and Zel’dovich maps, the differential length f of the

skeleton is found within a normalization factor to be very close to the probability distribution

function (pdf) of the smoothed field, as expected and explicitly demonstrated in the Gaussian

case where semi-analytical results are derived.

As a result of the special nature of the skeleton, the differences between f and the pdf

are small but noticeable. We find in the Gaussian case that they increase with the coherence

parameter 0 ! γ ! 1 of the field:

f (x, γ ) ≡
1

Ltot

∂L

∂x
≃

1
√

2π
e−x2/2[1 + 0.15γ 2(x2 − 1) − 0.015γ 4(x4 − 6x2 + 3)].

Here, Ltot is the total length of the skeleton and L(x) is the length of the skeleton in the

excursion ρ > σ x where σ is the variance of the density field. This result makes the skeleton

an interesting alternative probe of non-Gaussianity. Our analyses furthermore assume that the

total length of the skeleton is a free, adjustable parameter. This total length could in fact be

used to constrain cosmological models, in cosmic microwave background maps but also in

three-dimensional galaxy catalogues, where it estimates the total length of filaments in the

Universe.

Making the link with other works, we also show how the skeleton can be used to study the

dynamics of large-scale structure.

Key words: cosmology: theory – large-scale structure of Universe.

1 I N T RO D U C T I O N

The observed large-scale distribution of galaxies presents remark-

able structures, such as clusters of galaxies, filaments, sheets and

large voids. It is widely admitted that these structures grew from

⋆E-mail: d.novikov@imperial.ac.uk (DN); colombi@iap.fr (SC); olivier@

astro.princeton.edu (OD)

small initial fluctuations through gravitational instability. At very

large scale, the filamentary pattern seen in the cosmic web is

expected to be similar to that of the initial field (e.g. Bond,

Kofman & Pogosyan 1996). Because these primordial inhomo-

geneities also imprinted the temperature fluctuations seen now in

the cosmic microwave background (CMB), the characterization of

the observed large-scale structures both in galaxy catalogues and in

CMB maps can help to probe the nature of these primordial fluctua-

tions, in particular whether they have a Gaussian distribution or not.
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ABSTRACT

The skeleton formalism, which aims at extracting and quantifying the filamentary structure of

our Universe, is generalized to 3D density fields. A numerical method for computing a local

approximation of the skeleton is presented and validated here on Gaussian random fields. It

involves solving equation (H∇ρ × ∇ρ) = 0, where ∇ρ and H are the gradient and Hessian

matrix of the field. This method traces well the filamentary structure in 3D fields such as

those produced by numerical simulations of the dark matter distribution on large scales, and

is insensitive to monotonic biasing.

Two of its characteristics, namely its length and differential length, are analysed for Gaus-

sian random fields. Its differential length per unit normalized density contrast scales like

the probability distribution function of the underlying density contrast times the total length

times a quadratic Edgeworth correction involving the square of the spectral parameter. The

total length-scales like the inverse square smoothing length, with a scaling factor given by

0.21 (5.28 + n) where n is the power index of the underlying field. This dependency implies

that the total length can be used to constrain the shape of the underlying power spectrum, hence

the cosmology.

Possible applications of the skeleton to galaxy formation and cosmology are discussed. As

an illustration, the orientation of the spin of dark haloes and the orientation of the flow near

the skeleton is computed for cosmological dark matter simulations. The flow is laminar along

the filaments, while spins of dark haloes within 500 kpc of the skeleton are preferentially

orthogonal to the direction of the flow at a level of 25 per cent.

Key words: cosmology: theory – dark matter – large-scale structure of Universe.

1 I N T RO D U C T I O N

Recent galaxy surveys like 2dF (Colless et al. 2003) or Sloan Digital

Sky Survey (SDSS) (Gott et al. 2005) emphasized the complexity

of the matter distribution in the Universe which presents large-scale

structures such as filaments, clusters or walls on the boundaries of

low-density bubbles (voids). On the theoretical side, the currently

favoured scenario suggests that the Universe evolved from Gaussian

initial conditions to form the structures that are observed nowadays.

Numerical simulations have successfully captured the main features

of the observed filamentary distribution, both statistically and visu-

ally. The skeleton formalism in 2D was introduced in (Novikov,

Colombi & Doré 2006) (NCD) and aims at making possible the

extraction and analysis of these filamentary structures. This paper

⋆E-mail: sousbie@iap.fr (TS); pichon@iap.fr (CP); colombi@iap.fr (SC);

novikov@astro.ox.ac.uk (DN); pogosyan@phys.ualberta.ca (DP)

extends it to three dimensions in order to describe the Universe’s

large-scale matter distribution and its dynamical environment.

In the literature, various steps towards a quantitative descrip-

tion of the large structures have been suggested. Statistical tools

such as correlation functions (e.g. Peebles 1980) and power spectra

(e.g. Peacock 1998) have been widely used and have been success-

ful in describing matter distribution and constraining cosmological

parameter. Recently, fast algorithms have been designed for first and

second order (Szapudi et al. 2005), as well as higher order statistics

(counts in cells etc.) as in Croton et al. (2004) or Kulkarni et al.

(2007). The Minkowski functionals have also been very popular

since their first applications to matter density field topology (see

e.g. Gott, Melott & Dickinson 1986). By studying the average prop-

erties of excursion sets, they allow the extraction of characteristic

numbers that reflect the topology of the field such as the genus, com-

puted from the mean curvature of isodensity surfaces (see Hamilton,

Gott & Weinberg 1986). This approach is in fact very powerful and

has been used to test various properties of matter distribution such as

its Gaussianity in Doroshkevich (1970), Gott et al. (1986), Winitzki

C⃝ 2007 The Authors. Journal compilation C⃝ 2007 RAS

Peaks

Skeleton is given by the set of points where the gradient is aligned with local 
curvature major axis and simultaneously, second component of local curvature is 
negative

Skeleton as a probe of filamentary 2D     &    3D 

به طور کلی یک مجموعه بحرانی به صورت مثال نقاط اکسترمم 
یا مسیری که بر روی آن ویژگی بحرانی بودن صدق کند در نظر 

گرفته می شود
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Probabilistic frameworks and 
Theoretical approach
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۱) توپولوژی: به بیان ساده توپولوژی شاخه ای از ریاضیات است که به بررسی تغییرات شکل 
اجسام وقتی تحت تبدیالتی همچون کشیده شدن  پیچیده شدن و غیره می پردازد. ۱۷۰۰ و 

حتی قبل تر بر می گردد. ولی به طور مشخص در اوایل قرن ۲۰ فرمول بندی های متقن در آن 
شکل گرفت.

۱۱) یک فضای توپولوژیک شامل تعدادی نقطه  است که هر نقطه همسایه هایی دارد که خمینه 
و فضای متریک نمونه هایی از یک فضای توپولوژیک است. 

algebraic topology (۲ مربوط است به دسته بندی و طبقه بندی اشکال
Differential Topology مربوط است به توابع مشتق پذیر در فضاهای توپولوژیک (۳

Geometrical topology (۴ که به بررسی خواص لوکال می پردازد.
۵) اینجایک مفهومی وجود دارد بنام هومولوژی که ارتباطی بین اشیایی جبری شبیه گروه ها و 

فضای توپولوژیک بر قرار می کند. 
 simplicial complex است. مبتنی است بر persistence Homology ۶)یکی از روشها

است. 
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Persistence Homology

- Under the banner of Big-Data, classifications, detections exotic features in 
extremely large and high dimensional data sets is a considerable challenge. 

- TDA is non-metric but topologically informative pre-analysis of cloud of data 
set.  

- Homology is an algebraic method for describing topological features of shapes 
and functions,  

- Persistent homology is an extension of this method for both enriching these 
descriptions and for describing how topology undergoes changes 

- Mathematical formalism for analyzing topological invariants such as 
connectedness, loops, or holes in various dimensions 

- The building block of topological space is called simplicial complex. 

- The convenient representation of Persistence Homology is Persistence 
diagram,  

Robert J. Adler, Sarit Agami, and Pratyush Pranav, arXiv:1704.08248 

Figure 2.1: Examples of a 0-simplex, a 1-simplex, a 2-simplex and a 3-simplex (from left to right)
[20].

a) b) c) d)

Figure 2.2: a), b) and c) are examples of simplicial complexes. The collection of simplices we show
in d) is not a simplicial complex. The colours are used to indicate 2-simplices.

Remark 4. We use the notation ⌧  � to denote a face of � and ⌧ < � to denote a

proper face of �.

Remembering the building blocks we described in the beginning of this Section, we

can ask ourselves whether it is only possible to build shapes using 2-simplices (i.e.

triangles) or whether we could also combine these with higher- or lower-dimensional

simplices. The result such a combination is called a simplicial complex :

Definition 2.1.16 (simplicial complex). A simplicial complex is a finite collection of

simplices ⌃ such that

i. If � 2 ⌃ and ⌧  �, it follows that ⌧ 2 ⌃.

ii. If �, �̃ 2 ⌃, it follows that the intersection of both simplices is either the empty

set or a face of both.

Examples 2.1.1. 1. The simplest example of a simplicial complex is a simplex.

2. In Figure 2.2 we show examples of simplicial complexes. Example a) illustrates

that simplicial complexes are not necessarily equal to simplices. The three

edges do not form a 2- simplex, but form a simplicial complex consisting of

1-simplices. In examples b) and c), all 1- and 2-simplices are connected by 0-

simplices. Example d) is a collection of simplices that violates the definition of

a simplicial complex because the intersection between the two triangles does not

consist of a complete edge. Note that any combination of the three simplicial

complexes a), b) and c) is again a simplicial complex.

9
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1.2. Topological abstractions 23

Figure 1.15 – Critical points of a PL scalar field f defined on a PL 3-manifold (left)
and its persistence diagram D( f ) (right). In the diagram, each pair of critical points is
represented by a white bar and its persistence is given by the height of the bar.

Morse-Euler relation. For instance, the removal of an index 2 critical point

(a maximum) of a PL Morse scalar field defined a PL 2-manifold implies

the removal of a paired index 1 critical point (a saddle) in order to keep

the Euler characteristic constant (property 11).

Therefore, it is possible to enumerate all the classes of all pth homol-

ogy group by enumerating the critical point pairs identified with the above

strategy. This list of critical point pairs can be concisely encoded with a

topological abstraction called the Persistence Diagram (Figure 1.15), noted

D( f ). This diagram is a one-dimensional simplicial complex that embeds

each pair in R2 by using its birth value as a first component and its birth
and death values as second components. The persistence diagram comes

with several interesting properties. In particular, the stability theorem

(CSEH05) states that given two PL scalar fields f and g defined on a com-

mon domain, the bottleneck distance between their persistence diagrams

is bounded by the difference between the two functions with regard to

the infinity norm: dB(D( f ),D(g))  || f � g||•. Intuitively, this means

that given a slight perturbation of a scalar field, its persistence diagram

will only slightly vary. This stability result further motivates the usage of

the persistence diagram as a stable topological abstraction of a scalar field

(used for instance in function comparison).

https://hal.archives-ouvertes.fr/cel-01581941

Persistence diagram

Frédéric Chazal and Bertrand Michel , arXiv:1710.04019 
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Persistence diagram

Frédéric Chazal and Bertrand Michel , arXiv:1710.04019 

component appears in Fa1 . Persistent homology thus registers a1 as the birth time of a connected
component and start to keep track of it by creating an interval starting at a1. Then, Fr remains
connected until r reaches the value a2 where a second connected component appears. Persistent
homology starts to keep track of this new connected component by creating a second interval
starting at a2. Similarly, when r reaches a3, a new connected component appears and persistent
homology creates a new interval starting at a3. When r reaches a4, the two connected components
created at a1 and a3 merges together to give a single larger component. At this step, persistent
homology follows the rule that this is the most recently appeared component in the filtration
that dies: the interval started at a3 is thus ended at a4 and a first persistence interval encoding
the lifespan of the component born at a3 is created. When r reaches a5, as in the previous
case, the component born at a2 dies and the persistent interval (a2, a5) is created. The interval
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Figure 11: The persistence barcode and the persistence diagram of a function f : [0, 1] ! R.

Example 2. Let now f : M ! R be the function of Figure 12 where M is a 2-dimensional
surface homeomorphic to a torus, and let (Fr = f�1((�1, r]))r2R be the sublevel set filtration
of f . The 0-dimensional persistent homology is computed as in the previous example, giving
rise to the red bars in the barcode. Now, the sublevel sets also carry 1-dimensional homological
features. When r goes through the height a1, the sublevel sets Fr that were homeomorphic to two
discs become homeomorphic to the disjoint union of a disc and an annulus, creating a first cycle
homologous to �1 on Figure 12. A interval (in blue) representing the birth of this new 1-cycle
is thus started at a1. Similarly, when r goes through the height a2 a second cycle, homologous
to �2 is created, giving rise to the start of a new persistent interval. These two created cycles
are never filled (indeed they span H1(M)) and the corresponding intervals remains until the end
of the filtration. When r reaches a3, a new cycle is created that is filled and thus dies at a4,
giving rise to the persistence interval (a3, a4). So, now, the sublevel set filtration of f gives rise
to two barcodes, one for 0-dimensional homology (in red) and one for 1-dimensional homology
(in blue). As previously, these two barcodes can equivalently be represented as diagrams in the
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B. Anisotropic Pattern in Surface Erosion

Surface sputtering by energetic ions (Ne+, Ar+, Xe+,
etc) as an e�cient method to manufacture nano-scale
structures on surface of solids (glass, metals, semicon-
ductors, etc) is widely applied and examined in the last
five decades [77–79].

The base of an Ion-beam sputtering (IBS) experiment
is shooting energetic ions in the range of k-eV toward the
prepared surface of the solid. Etching the surface due to
atomic collision cascades initiated by the energetic ions,
along with enhanced surface di↵usion of lateral ad-atoms
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Trend and Noise models

the range of � Î - -[ ]10 , 10yr
16 14 considered in this research.

Our results are consistent with other reports (Shannon et al.
2015).

6. Summary and Conclusion

The PTR is a good indicator to examine relevant physical
phenomena from the interior of pulsars, as well as cosmolo-
gical events. In spite of high stability in some types of pulsars,
PTRs are classified as stochastic processes due to superimposed
unknown trends and noises. The GWs produced by either
primordial or late events affect the PTRs. Therefore,

quantifying the fluctuations of PTRs can be a proper measure
for GW detection.
In this paper, for the first time, we utilized a multifractal

approach in order to examine the statistical properties of
synthetic and observed PTRs affected by trends and noises. In
the presence of trends and unknown noises, only robust
methods are able to recover the correct multifractal nature of
the underlying series. In this research, we used MF-DFA, MF-
DMA, and MF-DXA modified by the preprocessors, so-called
AD or SVD algorithms. The pulsar timing observations are
unevenly sampled data sets. To mitigate this property, we
modified some internal parts of the multifractal analysis and
proposed the irregular MF-DXA method and examined its
accuracy. Our results demonstrated that computed scaling
exponents for anticorrelated and long-range-correlated irregular
signals are consistent with the expectations.
We used synthetic PTRs simulated by the TEMPO2 pulsar

timing package. A template proposed by Hobbs et al. (2009)
was used to take into account the contribution of GWs. We
simulated 1000 synthetic PTRs, and the MF-DFA, MF-DMA,
and MF-DXA methods were implemented on the simulated
series. Our results demonstrated that the ensemble average of
the Hurst exponent of the simulated data is á ñ =H 0.51 0.02,

Figure 9. Implementing of AD (upper panel) and SVD (lower panel) on the
PTR of PSR J1603–7202. In each panel, the top plot corresponds to the
observed data (red line) and trend (black line), while the bottom represents
the residual data corresponding to clean data.

Figure 10. Log–log plot of fluctuation function � ( )s2 as a function of s when
we apply AD and SVD as preprocesses on PSR J1857+0943. The upper panel
is for DFA, while the lower panel is for backward DMA.
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n

scales

= 7 and n
angles

=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.

MNRAS 000, 1–10 (0000)

Multi-scale components + Filters +  Topological category 

 Vafaei Sadr, A., et al., MNRAS, 478.1 (2018): 1132-1140;  Vafaei Sadr, A., et al., MNRAS, 475.1 (2017): 1010-1022.

Encoder

Cosmic String Detection with Tree-Based Machine Learning 5
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4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
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tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none
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classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
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is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 3. A schematic view of the training process. The full input of simulations (composed of Nf = 275 features of N
class

= 19 classes,
each with N

sim

= 100 simulations) is divided into training and test sets, using K = 10-fold cross-validation. The model learns from
the training set and builds NL = 100 machine learning models (MLMs) which are grown from trees with di↵erent seeds. The trained
machines are then used to predict the test set, leading to a prediction (Gµ) from each MLM for every simulation of the test set, a total
of NL ⇥N

class

⇥ 10 (10 being the number of simulations per class in the test set, i.e., the 10% of N
sim

= 100). The distribution of these
predictions are used to quantify the prediction power of the machine, as explained in Section 5.

We divide the Gµ range used in this work (2.5⇥10�11 <
Gµ < 5⇥ 10�7) into N

class

= 18 classes, with equal separa-
tion in lnGµ. A null class with Gµ = 0 is also considered.
The machine is trained by applying the RF and GB algo-
rithms as MLMs to the feature vectors of N

train

= 1900
CMB maps, corresponding to N

sim

= 100 simulations for
each class. Our training unit has N

L

= 100 MLMs with dif-
ferent seeds, each with a K = 10-fold cross-validation. In
each folding 90 maps are used for training and the remain-
ing 10 maps of the class are used as the test set. The results
have been tested for robustness against various foldings. To
get a better control of the overfitting problem, we also gen-
erate a separate validation set with ten maps for each class.
This MLM can then be applied to any given CMB map
to estimate its level of CS contribution. This algorithm is
schematically shown in Figure 3.

Our classifiers su↵er from the limitation that the classes,
corresponding to the nineteen di↵erent Gµ’s, do not nec-
essarily include the underlying parameter of the observa-
tion, i.e., Gµ

fid

. We alleviate this problem by the following
(Bayesian) averaging of Gµ’s. Each trained MLM assigns
to any input map a probability vector PPP , corresponding to
the Gµ of the classes (GµGµGµ). The MLM, being a tree-based
algorithm, calculates the probability of each class, Pi, by
counting the number of votes from individual trees for that
class, Vi (followed by a final normalization), i.e.,

PPP =
1

N
votes

VVV , (7)

where N
votes

is the number of voting trees and PPP and VVV are

vectors, each with n
class

elements. We report the following
(Bayesian) weighted average of the GµGµGµ as the predicted Gµ:

Gµ
pre

= PPP .GµGµGµ. (8)

A perfectly confident prediction yields probability zero for
all classes but one class (with probability one), implying
that the observation or test case is drawn from one of the
classes used for training. The other extreme would be a rel-
atively flat PPP , reflecting the limited power of the trained
MLM in estimating the Gµ. In between, the averaging prac-
tically transforms the classifier to a regressor, opening up
the possibility of predicting Gµ’s not used in training.

In the next section, we clarify in detail how we report
the machine’s output and translate it to the language of CS
detection and measuring its contribution.

5 DETECTING STRINGS OR MEASURING
THEIR TENSION?

Applying the detection strategy of the previous section
yields a distribution of Gµ

pre

for any of the Gµ
fid

classes.
This distribution is ideally peaked around the Gµ

fid

, and
its dispersion is sourced by cosmic variance, as well as con-
tamination from primordial anisotropies and experimental
noise. There is also a subdominant contribution to the fluc-
tuations of Gµ

pre

caused by the random seed of the MLMs
which would decrease as the number of MLMs increases.

We define the minimum detectable Gµ, or Gµ
det

, as the
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Multifractality and cross-
correlation analysis of streamflow 
and sediment fluctuation at the 
apex of the Pearl River Delta
Yao Wu1,2, Yong He1,2, Menwu Wu1,2, Chen Lu1,2, Shiyou Gao1,2 & Yanwen Xu3

The fluctuation and distribution of hydrological signals are highly related to the fluvial and geophysical 
regime at estuarine regions. Based on the long daily streamflow and sediment data of Makou (MK) and 
Sanshui (SS) stations at the apex of the Pearl River Delta, the scaling behavior of the streamflow and 
sediment is explored by multifractal detrended fluctuation analysis (MF-DFA). The results indicated 
that there was significant multifractal structure present in the fluctuations of streamflow and sediment. 
Meanwhile, the multifractal degree and complexity of sediment were much stronger than streamflow. 
Although the scaling exponents of streamflow were larger than sediment at both MK and SS, no evident 
differences have been found on the scaling properties of streamflow and sediment for the ratios MK/SS. 
Moreover, the cross-correlation between streamflow and sediment is further detected by Multifractal 
Detrended Cross-Correlation Analysis (MF-DXA). The multifractal response between streamflow and 
sediment at small timescale is characterized by long-range correlations whereas it exhibits random 
behavior at large timescale. The interaction of the broadness of probability density function and the 
long-range correlations should be responsible for the multifractal properties of hydrological time series 
as the multifractal degree of surrogate and shuffled data was significantly undermined.

The fluctuation of fluvial dynamic and sediment structure, associated with the identification of various geophys-
ical and hydrological characteristics, can exert substantial control on the natural system of alluvial deltas and 
estuaries1,2. Due to distinct regional regime and anthropic interference, the hydrological phenomena generally 
display self-affine and self-similar fractal behaviors over multiple time scales3. As recommended by the National 
Research Council, substantial attention should be paid to the invariance property across scales in the hydrological 
processes, which contribute considerably to the management of water resource and the predication of morpho-
logical evolution4,5.

The streamflow fluctuation with dynamical input (precipitation) and output (evaporation) is generally char-
acterized by long-range power-law correlation. Analogously, the sediment fluctuation is closely intertwined with 
the pattern of depletion (deposition) and supply (proximal/distal erosion)6,7, implicating the fractal properties of 
the underling sediment dynamics8. Exploration and determination of such correlation are of help to the under-
standing of the intrinsic behavior of the corresponding hydrological fluctuation and to predict their future events. 
More than half a century ago, Hurst first proposed that the annual streamflow records in the Nile River exhibited 
“long-range statistical dependencies”. Similar long-range correlations have also been found in a remarkably wide 
variety of natural phenomena in later researches9,10. However, the intrinsic fluctuations of hydrological process 
are fairly vulnerable to the non-linearity and non-stationarity such as artificial noises and trend patterns, which 
may lead to spurious or at least unreliable results in the analysis of the long-range correlations. Hurst’s original 
R/S analysis was thus criticized, since it failed to distinguish trend from the hydrological fluctuations11,12.

In order to obtain a robust detection of the long-range correlations associated with the fractal behavior of 
the hydrological alteration, detrended fluctuation analysis (DFA) was introduced to analyze non-stationary time 

1Key Laboratory of the Pearl River Estuarine Dynamics and Associated Process Regulation, Ministry of the Water 
Resources, Guangzhou, 510610, China. 2Pearl River Hydraulic Research Institute, Pearl River Water Resources 
Commission, Guangzhou, 510610, China. 3College of Harbor, Coastal and Offshore Engineering, Hohai University, 
Nanjing, 210098, China. Correspondence and requests for materials should be addressed to Y.W. (email: wyaker@
hotmail.com)
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Spectra, intermittency, 
and extremes of weather, 
macroweather and climate
S. Lovejoy  

It was recently found that the accepted picture of atmospheric variability was in error by a large factor. 
Rather than being dominated by a series of narrow scale-range quasi-oscillatory processes with an 
unimportant white noise “background”, it turned out that the variance was instead dominated by a 
few wide range scaling processes albeit occasionally interspersed with superposed quasi-oscillations. 
Although the classical model implied that successive million year global temperature averages 
would differ by mere micro Kelvins, the implausibility had not been noticed. In contrast, the new 
picture inverts the roles of background and foreground and involves four (possibly five) wide range 
scaling processes. As with any new paradigm, there are consequences; in this paper we focus on the 
implications for the spectra, intermittency and the extremes. Intermittency is an expression of the 
spatio-temporal sparseness of strong events whereas the extremes refer to the tails of their probability 
distributions and both affect the spectra. Although we give some results for the macro and mega 
climate regimes, we focus on weather, macroweather and climate: from dissipation to Milankovitch 
scales.

The quasi-oscillatory model of atmospheric variability was first clearly articulated at the dawn of the paleo climate 
revolution by M. Mitchell1 who admitted that it was largely “an educated guess”. In spite of weak empirical sup-
port, it survived because even sophisticated analysis techniques were only applied over narrow ranges of scale so 
that the bigger picture was obscured. In addition, analyses were not sufficiently simple. Figure 1a spanning over 17 
orders of magnitude in time (updated from2), clearly and simply shows how temperature and paleo temperatures 
vary with time scale; Fig. 1b shows examples of corresponding spatial statistics which are also scaling over large 
ranges.

New clarity was possible thanks to the rejuvenation of a fluctuation definition first proposed over a century 
ago3. For a time series T(t), the Haar fluctuation ∆T(∆t) over a time scale ∆t, is simply the difference between the 
average of the first and second halves of the interval ∆t. Although technically, the Haar fluctuation is a wavelet, 
one doesn’t need any knowledge of wavelets to use them. The utility of the Haar fluctuation is not only that it is 
easy to define and implement numerically - even on series with missing data - but rather that its interpretation 
is simple. In regimes where the average fluctuations ∆T(∆t) increase with scale ∆t, it is nearly the same as the 
difference T(t) − T(t − ∆t), in regimes where the average fluctuation decreases with scale, it is nearly the same as 
the anomaly – the average value of segments of length ∆t of a series whose mean has been removed4. The Haar 
fluctuations are adequate as long as the fluctuation exponent H is in the range −1 to 1 and this includes nearly all 
geophysical series (time) and transects (space; see below). With Haar fluctuations, wide scale range composites 
are both easy to produce and to interpret.

Yet, this is more than just new picture for classifying atmospheric variability. In this paper, we explore some of 
its consequences: extremes, sparseness, spurious spectral spikes, oscillations, outliers and tipping points.

Spike Plots
In order to vividly display the extreme nonclassical behaviour, it suffices to introduce a seemingly trivial tool - a 
“spike plot”. A spike plot is the series (or transect) of the absolute first differences ∆T normalized by their means 
(∆T ): ∆ ∆T T/ , the overbar is the series or transect mean. Figure 2a shows examples for weather, macroweather 
and climate. The resolutions have been chosen to be within the corresponding regimes (see the details in Table 1). 
One immediately notices that with a single exception - macroweather in time – all of the regimes are highly 
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Long-range temporal correlation in 
Auditory Brainstem Responses to 
Spoken Syllable/da/
Marjan Mozaffarilegha1 & S. M. S. Movahed2,1

The speech auditory brainstem response (sABR) is an objective clinical tool to diagnose particular 
impairments along the auditory brainstem pathways. We explore the scaling behavior of the brainstem 
in response to synthetic /da/ stimuli using a proposed pipeline including Multifractal Detrended Moving 
Average Analysis (MFDMA) modified by Singular Value Decomposition. The scaling exponent confirms 
that all normal sABR are classified into the non-stationary process. The average Hurst exponent is 
H = 0:77 ± 0:12 at 68% confidence interval indicating long-range correlation which shows the first 
universality behavior of sABR. Our findings exhibit that fluctuations in the sABR series are dictated by a 
mechanism associated with long-term memory of the dynamic of the auditory system in the brainstem 
level. The q-dependency of h(q) demonstrates that underlying data sets have multifractal nature 
revealing the second universality behavior of the normal sABR samples. Comparing Hurst exponent 
of original sABR with the results of the corresponding shuffled and surrogate series, we conclude that 
its multifractality is almost due to the long-range temporal correlations which are devoted to the third 
universality. Finally, the presence of long-range correlation which is related to the slow timescales in the 
subcortical level and integration of information in the brainstem network is confirmed.

The scalp-recorded Auditory Brainstem Response (ABR) is the most common auditory evoked potential that 
reflects the dynamics of the large populations of neurons along the auditory brainstem to simple acoustic sounds 
(e.g., tones, click)1–3. This evoked potential can be used for oto-neurological diagnosis, particularly possible 
lesions along the auditory brainstem pathways4–6.

However, the ABR to click sounds cannot anticipate encoding of complex sounds because of the nonlinear 
dynamic behavior of the auditory system. Therefore, in the recent studies, more complex stimuli such as speech or 
music have been used to evaluate the behavior of the brainstem to the more complex stimuli7,8. The speech ABR 
(sABR) comprises transient and sustained responses. Transient and non-periodic characteristics of the stimulus 
are seen in the transient responses, while sustained time-locked responses including periodic characteristics are 
shown in the sustained responses8–10. The sABR signal is a non-invasive and objective tool that is suited for eval-
uating individuals with developmental and learning problems and also for studying the role of the brainstem in 
encoding complex sounds9–13.

The sABR signal is mostly contaminated by several types of external artifacts such as muscular movement, 
electroencephalogram, non-biological noises, and trends. A more general definition of trend is a part of a series 
representing a pattern or dominant behavior. As an illustration, monotonous and periodic features can be con-
sidered as well-known trends14. Over the past two decades, various methods in time and frequency domains 
have been used to analyze sABR using peak latency and amplitude, cross-correlation, Fourier analysis, and 
cross-phasogram15,16. However, these methods conceal any grasp of the exact dynamical features of the sABR sig-
nals. Furthermore, most quantitative methods to evaluate the temporal dynamics of sABR need the sABR series 
to be stationary in which the mean and variance of the signal do not change with time17. While, the recent studies 
have described non-linear and non-stationary dynamics of sABR signals, limiting the utility of these methods for 
examining generic features of sABR signals18,19. In addition, due to the complex nature of sABR signals and the 
presence of several types of noises, underlying signals are mimicked by noises and trends. Examining such data 
based on linear analysis is not reliable encouraging taking into account non-linear methods which are effective 
ways of explaining these complex relationships. Therefore, it is crucial to implement robust methods for analyzing 
sABR signals in order to remove the destructive effects of various trends and noises.
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a b s t r a c t

We use the Detrended Cross-Correlation Analysis (DCCA) to investigate the influence of
sun activity represented by sunspot numbers on one of the climate indicators, specifically
rivers, represented by river flow fluctuation for Daugava, Holston, Nolichucky and French
Broad rivers. The Multifractal Detrended Cross-Correlation Analysis (MF-DXA) shows that
there exist some crossovers in the cross-correlation fluctuation function versus time scale
of the river flow and sunspot series. One of these crossovers corresponds to thewell-known
cycle of solar activity demonstrating a universal property of the mentioned rivers. The
scaling exponent given by DCCA for original series at intermediate time scale, (12–24) 
s  130 months, is � = 1.17 ± 0.04 which is almost similar for all underlying rivers at
1� confidence interval showing the second universal behavior of river runoffs. To remove
the sinusoidal trends embedded in data sets, we apply the Singular Value Decomposition
(SVD) method. Our results show that there exists a long-range cross-correlation between
the sunspot numbers and the underlying streamflow records. Themagnitude of the scaling
exponent and the corresponding cross-correlation exponent are � 2 (0.76, 0.85) and �⇥ 2
(0.30, 0.48), respectively. Different values for scaling and cross-correlation exponentsmay
be related to local and external factors such as topography, drainage network morphology,
human activity and so on. Multifractal cross-correlation analysis demonstrates that all
underlying fluctuations have almost weak multifractal nature which is also a universal
property for data series. In addition the empirical relation between scaling exponent
derived by DCCA and Detrended Fluctuation Analysis (DFA), � ⇡ (hsun + hriver)/2 is
confirmed.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

Recently, due to the developments in the area of complex systems as well as data measurements and data analysis, one
can find many opportunities for examination and interpretation of climate change which exhibit irregular systems [1–8].
It is well shown that the climate system is enforced by the well-defined seasonal periodicity, however the existence of
unpredictable perturbation and chaotic functioning lead to extreme climate events. Indeed the climate is a dynamical
system affected by tremendous factors and variables, such as solar activity which is represented by Sunspot numbers in
this research [4–10]. All factors that control the trajectory of such mentioned systems have enormously large phase space
and evolve as non-stationary processes, consequently we should explore it with stochastic tools to achieve reliable results.

Nowadays, it has been clarified that a remarkably wide variety of natural systems can be characterized by long-range
power-law cross-correlation behavior [9,10]. Such cross-correlations address scientists toward fractal geometry of the
underlying dynamical systems and can hopefully help us to predict future events. Existence and determination of power-law

⇤ Corresponding author.
E-mail address:m.s.movahed@ipm.ir (M.S. Movahed).
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به امید سربلندی ایران اسالمی
در پرتو هم افزایی عرصه های مختلف علمی 
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