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باسمه تعالي

نمره30/8/9780تاريخ نام و نام خانوادگي:                                         هاي بحرانيدرس پديدهترمميانامتحان 

Ηطيسي غيرهمگن كه با هاميلتوني با حضور ميدان مغنانگ مدل آيزيدر � � = − −∑ ∑{ } i j i i
ij i

s J s s H sشود:داده مي

نمره)10(محاسبه نماييد.بعد dدر انرژي آزاد هلمهولتز و انرژي آزاد گيبس  را در تقريب ميدان متوسط الف:
βب: نماهاي بحراني  γ δ α, , نمره)10(را محاسبه نماييد.,

نمره)10(.حراني توضيح دهيدظرفيت گرمايي در نقطه بمقدار ج: در خصوص مفهوم فيزيكي گسستگي در 
؟ ب: اگر معتبر استتقريب ميدان متوسط تا چه بعدي نتايج حاصل از توان به سه سئوال پاسخ داد: الف: با استفاده از محك گينزبرگ مي��

ه ارتباطي بين مقدار چج: اي كه در هاميلتوني دور ريختيم را در نظر بگيريم مرتبه تصحيحات به هاميلتوني چقدر است؟بخواهيم سهم جمله
مشخص كنيد كه براي هاميلتوني آيزينگ شود، وجود دارد؟ اكنون دماي بحراني واقعي و دمايي كه در نظريه ميدان ميانگين محاسبه مي

نمره)10(؟كندنسبت سهم اصلاحات به انرژي ميدان متوسط چگونه رفتار مي
محاسبه نماييد و آنرا با نتايج به دست آمده براي اين مدل در مدل آيزينگ ا براي ربا استفاده از تعريف آنتروپي گيبس، متوسط مغناطش ��

Ηتقريب ميدان ميانگين مقايسه كنيد. هاميلتوني اين مدل به صورت = − −∑ ∑{ } i j i
ij i

s J s s H sراهنمايي: آنتروپي گيبس به صورت ت. اس)

= − ∑ ( )ln ( )B
c

S k P c P c و انرژي آزاد به صورت= Η −{ }F s TS .است( )P c احتمال انتخاب پيكربنديc است. فرض كنيد كه احتمال

اش باشد به بياني ديگر احتمال اضافي خوشگي صفر است. اكنون تلاش كنيد كه اينكه در يك سايت اسپين مقدار مشخصي اختيار كند مستقل از همسايه

( )P c(.را بر حسب متوسط مغناطش در هر سايت بنويسيد)نمره)10
نمره)10(در نظريه لاندائو رابطه بين انرژي آزاد لاندائو و انرژي آزاد هلمهولتز را استخراج كنيد. � �
به صورتآنچگالي انرژي آزاد كه ل لاندائو را در مد)Φ(معادله حاكم بر تابع همبستگي پارامتر نظمالف: ��

( )µ Φ = ∇Φ + Φ + Φ + Φ − Φ ∫ 2 2 3 4[ ] dL d x a b c H ،نمره)10(استخراج كنيد.داده شده است
هاي فيزيكي كه انتظار داريم در نزديكي نقطه بحراني رخ دهد در مورد علامت و وابستگي ضرايب به دماي كاهش يافته با توجه به ويژگيب: 

ه)نمر5(بحث كنيد.
نمره)5(چه ارتباطي بين تابع پاسخ و تابع همبستگي وجود دارد؟ج:
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Provided by A. Kargaran under supervision of Dr. Movahed

Answer to Midterm Exam Critical Phenomena

1-(part a)

Hamiltonian for Ising model in in-homogeneous magnetic field is:

HΩ{S} = −J
∑
⟨ij⟩

SiSj −
∑
i

HiSi

Suppose for the moment that the spins are independent: J = 0. Then

ZΩ{0,H } =
N∏
i=1

[
e−βHi + eβHi

]
= 2N

N∏
i=1

cosh (Hi/kBT )

Free energy is:

F = −kBT log [ZΩ{0,H }] = −kBT
N∑
i=1

log [cosh (Hi/kBT )]

We know that in mean field approximation we can write:

−J
∑
⟨ij⟩

SiSj ≈ 2dM
N∑
i=1

Si

So it changes Hamiltonian and free energy:

F = −kBT log [ZΩ{J ,H }] = −kBT
N∑
i=1

log [cosh (2dM/kBT + Hi/kBT )]

We should consider Gibbs free energy here because of average magnetization and mag-
netic field, so we have:

G = −kBT
N∑
i=1

log [cosh (2dM/kBT + Hi/kBT )] −M
N∑
i=1

Hi

part (b)

In here we consider homogeneous magnetic field so we can write:

F = −kBT log [ZΩ{J ,H }] = −kBTN log
[
cosh

(
2dM + H

kBT

)]
1



and Magnetization:

M = − 1
N

∂F
∂H
= kBT tanh

[
2dM + H

kBT

]
If we use self-consistent method (like Ising model) we can find Ising like results. If we
put H = 0 and expand above equation right hand side for small M we have:

M ≈ 2d JM
kBTc

⇒ Tc =
2d J
kB

If T > Tc the only intersection is M = 0 and if T < Tc we have three intersections, two of
them are stable solution and one of them is unstable. The stable solutions are parallel
or anti-parallel with mean magnetization of all spins M. Solution M = 0 is stable when
T > Tc and unstable when T < Tc .

We can find:

M = tanh (H/kBT +Mτ ) = tanhH/kBT + tanhMτ

1 + tanhH/kBT tanhMτ

Finally:
tanhH/kBT =

M − tanhMτ

1 +M tanhMτ

We expand above for small H and M, we have:

H

kBT
≈ M(1 − τ ) +M3

(
τ − τ 2 +

τ 3

3
+ . . .

)
+ . . . (1)

For H = 0 and T → T −
c we have:

M2 ≈ 3 (Tc −T )
T

+ . . .

where the dots indicate corrections to this leading order formula. We can read off the
critical exponent β : β = 1/2. The critical isotherm is the curve in the H − M plane
corresponding to T = Tc. Its shape near the critical point is described by the critical
exponent δ :

H ∼ Mδ
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Setting τ = 1 in the equation of state 1 , we find:
H

kBT
∼ M3

Showing that the mean field value of δ is 3. The isothermal magnetic susceptibility χT
also diverges near Tc :

χT ≡ ∂M
∂H

���
T

Differentiating the equation of state 1, gives:

1
kBT

≈ χT (1 − τ ) + 3M2χT

(
τ − τ 2 +

1
3
τ 3

)
(2)

For T > Tc, M = 0 and τ → 1 we have:

χT =
1
kB

1
T −Tc

+ . . .

Comparing with the definition of the critical exponent γ :

χT ∼ |T −Tc |γ

we conclude that γ = 1. For T < Tc , we have:

M ≈
√

3
(
Tc −T

T

)1/2
+ . . .

Substituting into 2 gives:

1
kBT

≈ χT

(
T −Tc
Tc

)
+ 3χT

(
Tc −T

T

)
= 2χT

(
Tc −T

T

)
χT =

1
2kB

1
Tc −T

. . .

which shows that the divergence of the susceptibility below the transition temperature
is governed by the critical exponent γ ′ = γ = 1.

For α we have we put H = 0 and we have:

Cv = −T ∂
2F
∂T 2 =

N (2d JM)2
kBT 2 sech2

(
2d JM
kBT

)
Now we expand above for small M:

Cv =
4d2J2M2N

kBT 2 −
16M4 (

d4J4N
)

k3
BT

4 + O
(
M6)

We Now from above that magnetization behave:

M =


0 T > Tc
√

3
(
Tc−T
T

)1/2
+ . . . T < Tc
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Heat capacity behave like:

Cv =

{
0 T > Tc

At + Bt2 +Ct4 + . . . T < Tc

A, B and C are constants.

part (c)

In Landau theory we can find that heat capacity behave like:

Cv =

{
0 T > Tc

a2/(bT 2
c ) T < Tc

This function has a discontinuity in critical temperature so we can NOT fit this function
with a power law except power zero so we have α = 0.
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(2)
In Landau theory for Ising model we write Landau free energy as follows:

HΩ{S} = −
∑
i

SiHi

Where:
Hi = H +

∑
j

Jij ⟨Sj⟩ +
∑
j

Jij
(
Sj − ⟨Sj⟩

)
Here, the first term is the external field, the second is the mean field, and the final term
is the fluctuation, which we ignore in mean field approximation. We put last term of
above in Hamiltonian and we have:⟨∑

i

Si
∑
j

Jij
(
Sj − ⟨Sj⟩

) ⟩
=

⟨∑
ij

Jij
(
SiSj − Si ⟨Sj⟩

) ⟩
=

∑
ij

Jij
(
⟨SiSj⟩ − ⟨Si⟩⟨Sj⟩

)
=

∑
ij

Jij(ri − rj)G(ri − rj)

≈ J

ad

ˆ
Ω
ddrG(r )

≈
ˆ
Ω
ddrG(r )

J is average of Jij(ri − rj) over interaction region. Now we want to find energy of mean
field which is: ⟨∑

i

Si
∑
j

Jij ⟨Sj⟩
⟩
=

∑
ij

Jij ⟨Si⟩⟨Sj⟩

=
∑
ij

Jij(ri − rj)⟨Si⟩⟨Sj⟩

≈ J
∑
ij

⟨Si⟩⟨Sj⟩

= J
∑
i

⟨Si⟩2

=
J

ad

ˆ
Ω
ddrφ(r )2

We can find how this approximation is valid by Ginsburg criterion which is:

ELG =

��´
V d

dr G(r )
��´

V d
dr φ(r )2

The region must not be larger than ξ (correlation length), otherwise the fluctuations
will become uncorrelated, and we will not obtain a true estimate of their(numerator
and denominator) strength. In aboveV is taken to be the correlation volume:V = ξ (T )d .
We know that correlation function at critical temperature behave like:

ˆ
V
ddr G(r ) ∼ kBTc χT ∼ t−γ
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and: ˆ
V
ddr φ(r )2 ∼ ξd |t |2β ∼ t2β−νd

So we have:
ELG ∼ t−γ

t2β−νd = t−γ−2β+νd

This criterion diverge when:
d >

γ + 2β
ν

= dc

dc is upper critical dimension which for mean field theory is dc = 4.
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(3)
Probability of choosing configuration c is e−βH {c}/Z, where Z is partition function.
Helmholtz free energy with Gibbs entropy is:

F = ⟨H {s}⟩ −TS

=
∑
c

P(c)H {c} + kBT
∑
c

P(c) log P(c)

=
∑
c

P(c) [H {c} + kBT log P(c)]

=
∑
c

e−βH {c}

Z [H {c} − H {c} − kBT logZ]

=
kBT logZ

Z
∑
c

e−βH {c} = −kBT logZ

We approximate the Hamiltonian with:

−J
∑
⟨ij⟩

SiSj ≈ 2dM
N∑
i=1

Si

So magnetization become:

M = − 1
N

∂F
∂H
= kBT tanh

[
2dM + H

kBT

]
Above result is identical with mean field method.
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(4)

The Helmholtz free energy given by:

e−βF =

ˆ
Dη e−βH{η(r )}

where the integral
´
Dη is a functional integral over all degrees of freedom associated

with η, instead of an integral over all microstates. Landau’s assumption is that we can
replace the entire partition function by the following:

e−βF ≈
ˆ

Dη e−βL{η(r )} (3)

For example, if η is the mean magnetization, a given value for the magnetization can be
determined by many different microstates. It is assumed that all of this information is
contained in L{η(r )}. This is a non-trivial assumption which can nonetheless be proven
for certain systems. The conversion of the degree of freedom from Sto η is known as
coarse-graining, and is at the heart of the relationship between statistical mechanics
and thermodynamics. The next step is to minimize L{η(r )}(to maximize integrated),
performing a saddle point approximation (or steepest descent) to the functional integral
in 3, giving:

e−βF ≈ e−βLmin{η(r )}

this is relation between Helmholtz free energy and Landau free energy.
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(5)

part (a)

We aim in this section to calculate G(r ). We do this in two steps:

1) Find the equation satisfied by φ by differentiating the Landau free energy and
demanding stationarity.

2) Differentiate with respect to H to get an equation for χT (r − r ′) > i.e. an equa-
tion for G(r − r ′).

Step 1

L = µ (∇φ)2 + aφ2 + bφ3 + cφ4 − Hφ

∂L
∂φ
= 0 ⇒ −2µ∇2φ + 2aφ + 3bφ2 + 4cφ3 − H = 0

For above relation I use functional integration like:

δ

δφ

ˆ
ddr ′µ

(
∇φ(r ′)

)2
= −2µ∇2φ(r ′)

Step 2

δ

δH (r ′)
[
−2µ∇2φ + 2aφ + 3bφ2 + 4cφ3 − H

]
= 0[

−2µ∇2 + 2a + 6bφ + 12cφ2] χT (r − r ′) = δH (r )
δH (r ′) = δ (r − r ′)

Thus the two-point correlation function is actually a Green function. For transla-
tionally invariant systems, φ is just given by the equilibrium value from Landau theory.

For a > 0, φ = 0 we have:[
−∇2 + ξ−2

>

]
G(r − r ′) = kBT

2µ
δ (r − r ′)

Where ξ−2
> = a/µ.

For a < 0 we have φ , 0 we should calculate other roots so we take H = 0 and
we have:

aφ2 + bφ3 + cφ4 = φ2 (
a + bφ + cφ2) = 0 ⇒ φ =

−b ±
√
b2 − 4ac
2c

We can find similar equation for correlation function:[
−∇2 + ξ−2

<

]
G(r − r ′) = kBT

2µ
δ (r − r ′)

9



Where ξ−2
< = (1/2µ)

[
2a + 6b

(
−b±

√
b2−4ac
2c

)
+ 12c

(
−b±

√
b2−4ac
2c

)3
]
.

part (b)

Roots for Landau free energy are:

aφ2 + bφ3 + cφ4 = φ2 (
a + bφ + cφ2) = 0 ⇒ φ = 0, φ =

−b ±
√
b2 − 4ac
2c

We should have: (
b

2c

)2
− 2a

c
> 0 ⇒ b2 > 8ac

Above put a constrain on sign of free parameters. Near critical temperature a should
change sign (linearly dependent to t) and c should have positive sign (otherwise we
don’t have finite minimum for φ). We don’t have any physical constrain for sign of b
and it can have either positive and negative signs (b is independent of t).

part (c)

First, we define the two-point function:

G(ri − rj) = ⟨SiSj⟩ − ⟨Si⟩⟨Sj⟩

Partition function is:

ZΩ = Tr e−βHΩ = Tr exp
β J

∑
⟨ij⟩

SiSj + βH
∑
i

Si


We can obtain averages by differentiating from partition function:∑

i

⟨Si⟩ =
1
ZΩ

Tr
[∑

i

Si

]
e−βHΩ =

1
βZΩ

∂ZΩ

∂H∑
ij

⟨SiSj⟩ =
1
ZΩ

Tr
[∑

ij

SiSj

]
e−βHΩ =

1
β2ZΩ

∂2ZΩ

∂H2

Now we want to calculate susceptibility:

χT =
∂M

∂H
= −∂

2F
∂H2 =

1
N β

∂2 logZΩ

∂H2

=
1
N β

∂

∂H

[
1
ZΩ

∂ZΩ

∂H

]
=

1
N β

[
1
ZΩ

∂2ZΩ

∂H2 −
(

1
ZΩ

∂ZΩ

∂H

)2
]

=
β

N


∑
ij

⟨SiSj⟩ −
(∑

i

⟨Si⟩
)2

=
β

N

∑
ij

G(ri − rj) = β
∑
i

G(xi) =
β

ad

ˆ
Ω
ddr G(r )
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In last step we take our space to be continuous and summation become integral as
follows: ∑

i

−→ 1
ad

ˆ
Ω
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