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arXiv:physics /0406120

Data analysis: A Bayesian Tutorial, by D.S. Sivia & J. Skilling, Oxford science
Publication, 2010

Data reduction and error analysis for the physical sciences, P. R. Bevington &
D. K. Robinson, McGrawHill, 2003

www.smovahed.ir/course/

Error of Observations and their Treatment, J. Topping, 1972.

Practical Physics, G. L. Squires, 1985.


http://www.smovahed.ir/course/
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® Python: www.python.org

@ python

® R: www.r-project.org

® |DL (Interactive Data Language)
® Matlab
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1) Accuracy: Percentage difference between
experimental results and accepted value.

It can be quantified by percentage
relative error

2) Precision: It refers to the repeatability
of the measurement
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Global error
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In the most general case, we have a quantity x = f(u;v;...)
depending on a number of other variables {u;v;..}, which are
measured with known variance 6, o,

We can assume

x= f(a;v;...)
from where we can calculate
1 ¥ 9
0’3 =§1_Iﬂeﬁ;=l(x1—x)

af L Of
)au (V —V)$+...
J GVler' Magnln Combining errors/results
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(Error matrix)

Combining errors/results

Javier Magnin
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Classification of processes (1)
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3) Stochastic Processes L Y
- Purely Random processes CR

-Dependent processes

-Markov processes

[ Correlated signal

1) Probability distribution function

. : - Random si .
2) Correlation functions WW/\WWWWWW
———————T———7———— [ Anti-correlated signal _:
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Self-similar process
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To know more see: http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations
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Part 1

Stochastic fields
Stochastic processes

Random fields
|) Measure-theoretic definition
{Q, 7 P}

Q- R

T c RY

fis a (d + N) — Dimensional Stochastic field

2) Probabilistic framework definition

X (¢, @) is stochastic variable

P{X(tl),X(tz), ,X(l‘m)}
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® Granular materials (Thermodynamical properties )

Soft-condensed matter

® Sol-Gel transition
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Original Data
Trend K=2

Trend K=1 .
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What governs the neuron's behavior:
Network

NEURON'

Neuron |
(Nerve Cell) '\

Diagnosis of patients with ADHD
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Some examples
o 2D (2+1D) fields (CMB, Rough surfaces, ...)

Gaussian stochastic field Multifractal singular and

Anisotropic surface
primordial quantum fluctuations = smoothed surfaces
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%
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3

N

S.M.S. Movahed et. al., MNRAS 2013,2017 : : L
S.M.S. Movahed et. al., JCAP 201 | Magnetic Resonance in Medicine 71:402-410 (2014)

Planck Satellite results (2013)
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Zitrin et. al., 2012
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simulation

Observation

S. Codis et. al. arXiv:1305.7402. MNRAS 2014

EXAMPLES IN 2+1 D

R(t)=a(t)x R@)=HR+V,,

— N

Vpec . X

s= R+

H




Simulation of topological defects footprint:
Straight cosmic strings (2+1D)
Kaiser & Stebbins effect
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EXAMPLES IN 3+1 D

Turbulence flow
Los-Alamos lab

our local cosmic texture
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Emmanuel Roubin Thesis, 2013
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Probability function
&
Correlation function



Probability distribution

o (1)l ¢,(1), ¢,(1,),

>§N(tN)]

 Probability Density Function ( PDF)

P(x<{ <x+dx)=p(x)dx
ot
2AxN

N

p(x)=

if 0<x|<l

otherwise

number of & € x—Ax <& < x+Ax}

xX—-Ax x x+Ax




Probabllity distribution

G (@)l 61(1), 6,(1,), . Loy (Ty) ]

41(11) — xl y 41(1‘1) — xl 9 " C,:/N(rN) — xN
» Probability Density Function ( PDF)

P(x<{ <x+dx)= p(x)dx
 Joint Probability Density

p(x,, 1,5 x,1)
« Conditional Probability Density

p(xj:rj axjar])
p(x;,t;)

p(x;,t;|x,,t,)=



jp(x)dx:l
jp(xi’ti I xjatj)dx,' :1
p(xi?ti):_[p(xjpt,';xj,tj)dxj

p(x,.1) = | p(x.t, | x,.1) plx,.1 )dx,



Random Processes

Purely Random

Process  p(x .z |x, ¢ i.ix,0)=p(x,.t)

Dependent Process

p('xn’ /1’ n l’fn—l;'”- 12 1)_

p("xn" n I xn 1>rn—l-’ ‘Xl’r )xp('xn 1° n -1 |'Xn ??fn ?’
X p(x,,t | x 1) X p(x,T)

f,<t,<..<t
Markov Process

p(.X?, n" nl’rnl’ 'Xl?r) p(‘xzﬁn‘lnlﬁ nl)

X p(ln—l ? rn—l 2 'X'n—z ? rn_z 9***

. X

3 X5 1)

1)



Binomial Distribution

prd-p)~

y 3
kY= Yo kP = p;(pw)

o* =((k—(k))*)=(k(k-1))+(k)— (k)
= p°’N(N-1)+Np—p°N’
= Npq



Poisson Distribution

e N -
Py = hm £ = lim av i ? (1-p)

A
ppo _k_!e
<k>:2kppo =4
k=0
o =((k~(k))*) = (k(k~D)+ (k) (k)

k=A% \ A - Source detection




GGaussian Distribution

1 (H)z
0 if n=odd
<x"> =< n! <x2 >n/2
k2’"’/2(n/2)!

P(|x|0) ~ [ pyudx=68%



s> slells
N — o
Np — A

e il .

Gaussian
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Error estimation

p(x) probability density function

P(x)= N

P(x) = p(x)dx
_AP(x)  An(x)

AR = dx  Ndx We suppose the

An(x)* = NP(x)(1- P(x)) pOisz‘;’;t?oen”S”y
 JNP(x)(1-P(x))

Ap(x) = - ‘

o (p(\,)) = A])(X’) - \/NP(Y)(I_P(Y)) = \/NP(Y)(I_P(Y)) L \/(I—P(Y))

PR J7(x) Ndx\n(x) Ndx\/NP(x) | Ndx

JNP(x) 1

or small P(x) the error is o X)) = —
f (¥ P = TR T




PDF Transformation
x p(x) s b
n=g(x) Jusleh
p,(»)=(S(y-m))=(5(y—-g(x)))
p,(») =|8(v=n)p,(dn =| 5(y - g(x)) p(x)dx

—i

_ 10098
p,,(y)—;p(gn )l

e —a— L,
y=x,=g, (V)



y=Y(x)

N

&b &
dy
u=U(x,y) v=V(x,y)

gy)=f(x)

&2

glu)= f(x.y)

1

X,y

u.v

NOANN S N

|

cx

cl




P(E)




Example

v p(v)
1, 1, DE
E=gv)=—mv" > E——mv " =0—>v 6 =%, |—
gv) 5 ) 1.2 V ”
/-
dv
de|” do|”
p(E)=p,(v) e p,(v,) 22
dv V=V dv v=y2
1 QE 1 OE

p(E)_ EPV(VT)-F rﬁpv( V )

m,|——

m

\ m \ m
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z=f(x,y)
x— P(x)

y — P(y)
z— P(2) =fdx P(x) P(y)



Characteristic Function

2,00 (¢ ) = [ pyst 5 i s

. — 1 —IxXA
p(x) 27[,‘-67%6 Z (A)

— N

d

jwn - <xn > - Idx xnp(x) — d(ii) - ZI (i)
e/ (o
Z (A)=1+ @ ) M =exp Z(Z )
Q.:\.I}.\.QLS | =1 n! = n'/ )
“ \

Free energy




()= (x>

M, .
I =

K,
K,
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Central limit theorem
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s ol 4 g b liae Cilail asgda

1 _(x_)—c)z ().4E
p(x) = e 207 035}
V2707 0.3F

+lo
68.3%=f_1 p(x)dx =
Y

05.45% = f_f“ p(dx 1%

0.1F

99.73% = f_f“ p(xX)dx 09
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Stationary, Homogeneity
and Isotropy




Stationary regime

k-order stationary
p(il?l, tl; L2, tg; L3, t3, ceey Tky tk) — p(azl, t1_|_7-; X2, t2_|_7-; X3, t3_|_7-, ceey Tk y tk_|_7-)

Weak-definition of stationary

o’ (1) = (EVE{t + 7))
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Stationary regime

k-order stationary
p(xl, tl; L2, tQ; L3, t3, ceey Tky tk) — p(xl, t1_|_7-; X2, t2_|_7-; X3, t3_|_7-, ceey Tk y tk_|_7-)

Weak-definition of stationary
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Statistical Correlation




Classification of correlations

Correlation coefﬁcients]

Correlation functions]

Linear Correlation

‘Non-Linear Correlation]

Auto-correlation

Cross-correlation

Two-Point correlation

n-point correlation |

rWeighted correlation

‘Un-weighted correlation]
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Classification of correlations

Correlation coefficients |
// Correlation functions |

m
1
)
Q
1

.
\.
N

T
e N 4
(810

(1 for T =1y
Pry = \/<§(i—<<f;;(>i(_<fz)>>)2> =4q 0 un — correlated data
® Y - 1 anti — correlated data

Cuy(tity) = ((x(t:) — (x(:))) (y(t5) — (y(t;))))

®
®
1.0
: / |

0.8 04 0.0 -0.4 -0.8 ~1.0
¥ % N
1.0 1.0 1.0 -1.0 -1.0 -1.0
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Fluctuations

Fluctuations

S. Hajian, M.S. Movahed / Physica A 389 (2010) 4942-4957
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x(1)

Anti-correlated, Uncorrelated and
Correlated Gaussian noise

1.2 ——————T———— 17— -

1

0.8
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g
7~
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S
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Classification of correlations

Pearson’s coefficient
Spearman’s coefficient

Linear Correlation]

‘Non-Linear Correlation]

1 for x =1y
= )W) )

Py = — = un — correlated data
VA= @) =) \ —1 anti — correlated data
2
ps=1—6 ZZ’J ’
N(NZ2 —-1)

di;j = [Rank(x;) — Rank(x;)|[Rank(y;) — Rank(y;)]

{z} : {20,100, 30, 50, 160, 10}

Rank(z) : {5,2,4,3,1,6}
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Auto-correlation function

Cra(ti, t;) = ((x(ti) — (2(t:))) (x(t;) — (x(t5))))

Cuy(tis t5) = ((2(t:) — (@(t:))) (y(t5) — (W(E5))))

Cross-correlation function

Auto-correlation

Cross-correlation

1 for =1y

— ((z— () (y—(¥))) —

oy = = un — correlated data
YT V= @)2) (v—()2)

\ —1 anti — correlated data

Cross-correlation coefficient
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Classification of correlations

®

‘Two-Point correlation |

n-point correlation]







Auto-correlation (Time averaging)

C(1,6) = ((X(1) = X)(X(6) - X)) = (X (k + DX(k)) =

1
N -5

E_ X(k + 5)X (k)




Classification of correlations

'Weighted correlation |

‘Un-weighted correlation
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g(R) and its relation to thermodynamics

2N g !
Pe L5 Uy
o g e g

Uln) = [,LU‘{:J') = <

Steric. pq_fm\ Sion

gm 1\/\—/\/\

' LR 2 4 r/D
r e oL b f/jﬂai ¢) 7o |
ANkKT niN 7 n du
UWN,V,T)=(H) = > + > /u(r)g(r)dr- P_nkT(l_deT drrg(r)dr)

Statistical Mechanics, R. K. Pathria, Paul D. Beale, 2011. 99



Cra (1) = ((2(t:) — (2(t:))) (2(ti +7) = (@(t: +7))))

Pjoint(Ti, Tj5;T) = p(xi, ta)p(xs, ts +7) [1 + VU (zs, 255 7)]

N (R))pair = Npair(1 + Vpair(R))

N (R))pair

Uouir(R) = ( 1

Npair
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® ° e .‘. .i.:. .:...o:‘l . ® o

Fe ° .~. .... .S . .“‘{.'. .... .. ..'“.. °®

Vouir(R) =0 forall R Uoair(R) >0 for R = Ry
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A challenge: Finite size effect:

03F | | N ERER R RN
- + o Gaussian ]
02 i + + + = Gaussian + String
0.1F -
| b ?
&U‘_O'z 3 ¢ §f 4 Hﬂ. -
03F ®é |
04 ¢ :b: i
: Ny 244 !
0'55_ .:" N
0.6 F .,.“q
077 20 20 6080 100
O / arcmin

not reliable part
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A challenge: Finite size effect: Solution

Do(r1,91)Do(ra,¥2)\ NH(NG — 1)
\IJN_ 19 19 _ o y ? — 1
o—o(r; U1, 02) (Ro(rl,ﬁ1)R<>(r2ﬂ92)> Np(Np —1)
O (ri 0y, 9y) — o0 9 Ra(rs, 92) Do(r1, 01) Do(rz,¥3)

(Do (r1,91) Ro(r2, ¥2)]°

+1

LS Do (r1,91)Do(r2,92) \ Ng(Ng —1) Do (r1,91)Ro(r2,¥2) \ Ng(Ng —1)
\PO—O(T;ﬁlvﬁz) —

Ro(r1,91)Ro(ra2,02) ) No(NS —1)  \ Ro(r1,91)Ro(ra, ¥2) N&N¢,
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Clustering of local extrema in Planck CMB maps

A. Vafaei Sadr! and S. M. S. Movahed>!*

ISchool of Physics, Institute for Research in Fundamental Sciences (IPM), PO Box 19395-5531, Tehran, Iran
2Department of Physics, Shahid Beheshti University, 1983969411, Tehran, Iran
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Weighted Correlation function

For ergodic and stationary processes
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Auto-correlation (Time averaging)

C(1,6) = ((X(1) = X)(X(6) - X)) = (X (k + DX(k)) =

107

1
N -5

E_ X(k + 5)X (k)




Un-weighted correlation function
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{nf(rl> = Z SDU-";) = ( So(r-g)>
S <ngop
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Un-weighted correlation function

This is unweighted pixel correlations with particular conditions

/ - o et
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Theoretical approach for Clustering of Up-Crossing
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