Date: 1403/08/17

In the name of God
Department of Physics, Shahid Beheshti University

STATISTICAL FIELD THEORY AND CRITICAL PHENOMENA

First midterm exam

(Time allowed: 3:00 hours)
NOTE: All question must be answered. Write the answer of each question in separate sheet.

1. The impossibility of taking place phase transition for Ising model in absence of external magnetic field.
A: For Ising model prove that Z(H,T,J) = Z(—H,T,J). (Hint: Show that H(H, J,{s}) = H(—H, J,{—s}).
(5 points)
B: Prove that M(H) = —M(—H). Explain the physical consequence of this result for phase transition. (5
points)
C: Show that
li li La—F # lim lim La—F

N(Qn)[goo H30 N(Q) 0H H—0N(Q)—oo \ N(Q2) OH
Explain the meaning of this inequality. Which one is not equal to zero. (5 points)
D: Why is the thermodynamic limit important for phase transition?. Give an example which possessing no
thermodynamic limit? (5 points)
E: From thermodynamic potential point of view, the necessary condition to have phase transition is
singularity in F = —kpTIn Z, in which the partition function is generally Z = Tr(e~#"). The partition
function is generally considered to be an analytical function of temperature. Therefore, we do not expect to

find singularities in the free energy. This implies that phase transitions should not exist in nature. Deduce
what wrong is with above statement. (5 points)

2. Ising Model on the network: Suppose that the Hamiltonian is given by: H = — Zi<j Jijaijsis; — Y. His;.
Here i,5 = 1,2,.., N and a;; is an element of the adjacency matrix. The topology of network is encoded via
the adjacency matrix.

A: According to the the Mean-field theory, determine the (m). (5 points)
B: Determine the scaling exponents as (m) ~ | — t|? with 8 = 1/2 and x = d(m)/dH ~ [t|~7 with v = 1.
(5 points)

3. Landau-Ginzburg-Wilson theory
A: According to the coarse-graining on the discrete partition function, clarify the relation between coarse-
grained partition function with original one. (5 points)
B: Explain the main properties that we should consider to write the Landau free energy. (5 points)
C: According to the Z = [ DYDA e~ PM and following effective Hamiltonian as:

BH = /ddr [m2\11|2 + 0[O+ |(V —ie* A)T|* + i(v x A)?

where the U and A are scalar and gauge fields, respectively. Derive the dimensional analysis of [¥], [A],
[m?], [e]. Suppose that p is a constant. If we are interested in keeping the long wavelength limit for W,
modify the above effective Hamiltonian. (10 points)

D: To model the First-order phase transition with respect to ¥ field, what is the least modification on the
H? and why? (5 points)

Good luck, Movahed
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