Provided by A. Kargaran under supervision of Dr. Movahed

Answer to Exercise Set #5 of Critical Phenomena

1- (Kardar’s book exercise 4-2):

part(a)
We have to find fixed points from this equation:
{d—T =T+
L
dc = dh
We have:
dT T2 T
%:—6T+7=T(—e+§):02T*=0 and T* =2e
dh
—=dh=0=>h"=0
dc

So we have one fixed point on origin and one on coupling constant T axis and three other
fixed point on infinities. We know that this is Ising model so we can use our physical
senses here, fixed point on infinities should be attractive because in Ising model if we
have big external magnetic field, system stable ferromagnetic phase along magnetic
field. In high temperature system have stable (attractive) paramagnetic phase. Other
fixed point are unstable (repulsive) and RG flow comes out from them.
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part(b)
We should linearised RG transformation, we have:
AT’ AT |
] = [2
With ; ; )
OR, /0T OR,/0H
M=

OR}! /0T OR[OH |} 1., .

We should find Rg and Rf to construct matrix M. We start from equations:

ar _ 72
{W_ eT + 5
dh _

dh — dh

We start integrate of first equation, integral equation become:

T(6) dT 4
[ —
r T2/2—¢T Jy

The left hand side of above is:

T(0) dT T(6) T(0) b
[0 [
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Equation m becomes:

1/2 - ¢/T(0)\"/* 1/2 - €/T(¢ 11 b

o [L2€/TOVY _ A2=e/TO) o 11 b

1/2-€/T 1/2-¢€/T T(t) 2e T
Finally the transformation that gives new temperature is:

1
(1 - %) /2¢ + b¢/T

R, =T(¢) =

Now we take derivative in none trivial fixed point, we have:
OR] be

oT ‘TZQE - e e)2
2 (b 1-b
de (26 + 2e )
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Finally we can write:
A =br=b=y=¢

Similarly for second equation we have:

O gh ~Log [HO)
&=

1+e
log (@) =(l+e)l = @ = eIt = (ef) e

The new magnetic field comes from the equation:

and

R/ = h(f) = hb'*
derivative in fixed point is:
oR'\
OT ln=0
Scaling exponent for magnetic field is:

1+e

Al =ph=p* =y =1+e

part(c)
We know that correlation length behave like (in Goldenfeld notation):

E(t,h) = f”§(£”y"t, t’”yhh)
in Kardar’s notation by using b = e’ we have:
E(t,h) = b”g(b"yft, b”yhh) 2)

We can write:
1 ]-/yt
by = 1 = b = (;)

1 1/ye 1 Yn/y:
sen=(;) 5(“’(?) )

£t h) = t_l/ytf (h/|t|yh/yz)

Put above in @ we have:

Now we can use Widom hypothesis to write:

1
v=1/yr = 1/e, A:yh/yt:(e+1)/e=1+g

part (d)

We know that total free energy before and after of RG transformation should be iden-
tical but scale of our system is different (after RG transformation) and this difference
show itself in free energy density by:

fu(t, h) = b4 £, (tbY, hb¥r)
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Note that we have not specified b, and thus we are at liberty to choose b as we please.

Thus, we will choose:
th¥ = 1= b= |t|"/%

Now we can write:

fi(t,h) = |t|d/ytﬁ(1,h|t|_yh/yt) = A = @’ D= —
Yt Yt
finally we have:
1 1
a:2—i:2—§:2_ +€:1__
Yy € € €
part(e)
The magnetization is obtained by differentiation:
1 8fs d-—yp, l4+e—-1-¢€
M= F1d=yn)/ye £7(h 14Dy = B = — =0
"%l Oh ~ el [h/t%) = p= " -

The isothermal susceptibility is obtained by one more differentiation:

v = oM < [EC2 ) = 2yh—d: 2+2-1-¢€ :1+1
oh " € €

part(f)
Hamiltonian is given by:

BHo = BJ ) SiS; —ﬁHZS
(ij)

Spin transformation
We define the block spin Sy in block I by:

i€l
where the average magnetization of the block I is:
(= Z<s )
i€l

With this normalization, the block spins S; have the same magnitude as the original
spins:
(Sr) = £1

Assumption 1: Coupling constant changes with RG transformation.
According to assumption 1, the effective Hamiltonian Hy for the block spins is given

by:
BH; = —K5255 —ths
)
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Correlation length changes like:

=L

Assumption 2: Coupling constant changes as power law.
Since, we seek to understand the power-law and scaling behavior in the critical region,

we assume that:
te = t9  y; > 0;

he = t€Y" yp > 0.

We can find similar to correlation length re-scaled effective field h,, we have:

HZS,' =~ hn_u{’dZI:SI = thSI = hy = hﬁlgfd = my = hgf_d/h = (¥

Now consider the correlation function for the block spin Hamiltonian

G(re, te) = (S1S7) — (Sn){Sp)

where rp is the displacement between the centers of blocks I and J in units of af; if
denotes the displacement between the centers of blocks I and J in units of a(lattice
constant), then r, = r/€. In order that the notion of a block spin correlation function
be well-defined, we require that the separation between the blocks be much larger than
the block size itself: thus, we are concerned only with the long-wavelength limit r > a.
How is G(rg, tp) related to G(r,t)! Using the definition S;:

me = h[f_d/h = ¢y

Thus the correlation function transforms as:

Glrest) = g 3 3" [(5:5) = (5459
iel je
1 1
= a1 = (sl
= [Q(d—yh)G(r’ t)

Including the dependence on h, we have:

G (% 10, het) = (EIG(r, 1, )

Again, we can choose ¢ as we please, and so we set £ = /% by t£% = 1 as before, to
obtain:

G(r, t, h) = t2d=wlvG (rtl/yt, 1, ht—y,/yh) (3)

The prefactor 2@-¥w)/¥ ynfamiliar, but we can easily re-arrange this expression by
writing:
G (rtl/yt, 1, ht_yt/yh) = (rt)" 24Ul F (,,tl/yt, ht_yt/yh)

which defines the scaling function Fg Substituting into a we obtain our final result:

G(r,t,h) =

5 yh)FG (rtl/yt’ht_yt/yh) ~ p~2(d-yn)
2(d-
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We know that correlation function behave like (Goldenfeld Eq(8.30) ):
G(r,t, h) ~ r>4n
Finally we have:
2-d-n=-2d+2yp=n=2+d-2yy=>n=2-1-€e=1-¢€

part(g)
We know that if d = 1 then € = 0 so:

ar _ 12
¢ — 2
dh_h

7=

We can integrate above to find T(£), we have:

T 94T ¢ 217@ 9 9
/ —2:/d€:>[——] =£—1:[———]:5—1
;T . T|, T T()

T(O) ' =T - (E)

Then:

For other equation we have:

dh O gp ¢ h(¢)
7= - = ——= | =€t-1= h(t) = he"™!
T h:>/h p /1d£:>10g(h) {—1= h({) = he

The correlation length is then obtained from (b = ¢! ):
E(T, k) = e"E[T(0), h(0)]
We have:

1
UT - ((-1)/2’

E(T,h) = €'t [ he“]

We can choose € = 2/T -1 (for m =1), we have:
E(T,h) = ez/T—1§ [1, heZ/T—Q]

By considering h = 0 we can write:

E(T,0) ~ T



2- (Kardar’s book exercise 6-2):
Migdal-Kadanoff method: We want to perform this method on Potts spin which is
si=(1,2,...,q). Hamiltonian is:

—pH =K ) 85,
(ij)
d in above is Kronecker delta. In one dimension above becomes:

—PH =K Z Osi.s041

Partition function is:

S1=185=1

q q

q
DI
Sy=1

We can sum over for example Sy exactly like:

q qg N
KZ 58,‘,8141) = Z s Z l_l eK(SSivSHI
i

S1=18=1  Sy=1 i=1

) 2K - _
Z oK Bspsy+059.53) — qg—-1+e if s =s3
So=1 q - 2 + 2eK lf S1 * $3

In above we for case s; = s we have g — 1 term which &, 5, = Js, 5, = 0 and one term
that &, 5, = Js,.5; = 1, so above result obtained. In case s; # s we have g — 2 that have
property of d, 5, = 0 or ds, s, = 0 and two term with property d, 5, = 1 or &, 5, = 1. We
can find how coupling constant changes before and after of RG transformation by this
equation:
- 2K =
oK B0 Ko _ g-1l+e if  s1=s3
g-2+2eK if s #s3
from above we can write: )
ek’ Ko =q—1+e2K
e =g 242
We can find that:
K 9- 1+e%K

—W, and eKO:q—2+2eK
q-—- e

e

For finding fixed points we write above as follows:

K’ q—1+e2K *_q—1+(x*)2

%\ 2
= = ey + —2— —1 :O
q—2+2eK * q—2+2x* () +xlg=2)=(g-1)

I solve above with Mathematica an find:
Solve [(g=2)x = (g—1) +x* = 0,x] = {{x > 1}, {x > 1 - ¢}}

We know that always g > 1, so we can write the only fixed point is K* = 0. Now we
want to discuss this fixed point is attractive or repulsive. We begin from recursion
relation for coupling constant, we can find that if x > 1 recursion relation become:

/

g-1+x?
¥ =

=—— for x>>1$x':f
q—2+2x 2



So new coupling constant is half of old one, therefore K* = 0 is attractive fixed point.
part(b)

We can moving half of bonds and strengthen remains by factor
K — 29-1K so we have:

24-1 it means that

d
X’ g—1+e*k

q-2+ 227K

e

Maybe the coefficient 247! be confusing, for better understanding I bring two figure of
Kardar’s® book chapter 6.

2K

K
‘ /|\ ‘ bond decimate
==

K bl
/ decimate
é
part(c)

We want to check coupling constant equation in zero and infinity is attractive, this
means that there is a unstable(repulsive) fixed point in between zero and infinity. We
check for infinity first (K > 1), we have:

24K (eK)Zd

v _ q-1l+e N _(K)2
g2+ 282K (eK)Q‘H -

Above means we start from a big K and put it in coupling constant equation, the result
is a bigger K’. This means that infinity is attractive fixed point. Now we perform similar
approach on K <« 1 we have:

29K d
K _ q-1+e _q-1+1+2°K ,
e = =1=K =0
g—2+2e2'K " g—2+2+2K

Again we start from a very small K and put value in coupling constant equation we
obtain new coupling constant becomes zero, this means that K = 0 is an attractive fixed
point, therefore there is an unstable fixed point in between two trivial fixed points.

1 Statistical Physics of Fields by M. Kardar



part(d)
We have d = 2 and ¢ = 3 we can find fixed point from below equation:

4K*
- 2+e

T 1+ 22K

We take x = X", we have:
2+ x*
X=—7
1+2x2
We can solve this by Mathematica, we have:

Solve [x4 — 23 —x+2= O,x] = {{x > 1}, {x = 2}, {x » -(-D)'3}, {x - (-1)?*}}

Real value none trivial fixed point is K = log2. We can find scaling exponent around
fixed point by linearisation of coupling constant equation:

2+e4K)

K =log |5
0g(1+2e2K

As always I used Mathematica, we have:

(2e%K +1) [ 4e® 4K (K +2)
22K +1 (2e% + 1)’

0K’

AL = 2¥t =
¢ 0K

K=log 2 B etk 4+ 2
K=log 2

We should take b = 2 because we perform RG transformation on nearest neighbor.
finally we have y; ~ 0.830075.
Now we take d = 2 and q = 1 coupling constant equation becomes:

o eAK
e = ———
2e2K _ 1

Fixed points are:

Solve [x4—2x3+x: O,x] :>{{x — 0} {x — 1},{x—> % (1—\/5)},{x—> % (\/5+ 1)}}
{{x - 0.},{x » 1.}, {x » -0.618034}, {x — 1.61803}}

Fixed points x = 0 and x = 1 are trivial and none trivial fixed point is x = 1.61803 or
K* =0.481212. We have:

OK’ 4(€2K— 1)

= = 1.52786
0K |k=0.481212 2¢2K — 1

K=0.481212

t _ oyr _
A€—2y =

We can find that y; = 0.611516.

Now we take d = 2 and g = 0 coupling constant equation becomes:

T 2e2K 9
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Fixed points are:
Solve [x4 — 23 +2x—1=0, x] > {{x—->-1}L{x—>1}L{x > 1},{x —> 1}}
Fixed point is x = 1 or K* = 0. Similar to above we have:

2€2K

k=0 e2K 41

0K’

=1
0K

K=0

I _ oyr —
A€—2y =

We can find that y; = 0.
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3- (Kardar’s book exercise 6-3):
Hamiltonian for Potts model is:

N
_ﬂﬂ = KZ 53i,3i+1 + K5SN,31
i=1

Second term exists for demanding periodic boundary condition sy = s;. Partition
function can be written as follows:

Zn(K) = Z Z . Z exp (K8s,.s,) xp (Kbsy.s5) - - - €xp (K8sy.s,)

S1 82 SN

We consider periodic boundary condition sy.1 = s1, transfer matrix elements are:
Ts, 5, = €xp (K(Ssl»SZ)

We can write above like:

ZNK) = D D D st Tlso) (5ol Tlsa) - (swl T lsa) = Te TV

Spin s; on each site takes g values s; = (1,2,...,q) so transfer matrix is g X ¢ and can
be written as follows: ) i
£ 11 ... 01
I |
T =
1 1 1 ... €K

In above matrix one of A is eX and others are 1. We can write above in the form:

K 11 ... 1 [eX 0 0 ol o 1 1 1
1 &£ 1 ... 1 0 & 0 ... 0 101 1
=|. . . . |+
1 1 1 ... €X 0 0 0 ... eK_ 1 11 ... 0

In right hand side of above we have one diagonal matrix (which all of it’s eigenvalues
are eK) and a none diagonal (trace less) matrix. We can guess eigenvalues of this trace
less matrix by considering that trace in invariant under rotation so we can write this
matrix in the form:

g-1 0 0 ... 0
0 -10 ... 0
0 0 0 ... -1

Biggest eigenvalue of above can be any where diagonal elements. So with the aim of
above we can find eigenvalues of these two matrix biggest one is eX + g — 1 and other
ones are eX — 1. Finally we have:

TrTN = (X +q- DN + (g - D)X - 1)V
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part(b)
We can find free energy by:

F = —kgTlog Z = —kgT [N log(eK +q- 1) +log(g — 1) + Nlog(eK - 1)]
In thermodynamic limit only biggest eigenvalue play crucial role so we can write:
¥ ~ —kgTN log(eK +q- 1)
Finally free energy per site equal to:

% & —kBTlog(eK +q - 1)

part(c)
We can find that: ) .
§: =
2 Kig-1
log () 1og (44

In the limit of K — oo we have:

£ = I 1 _ 1 ek -1
= = =
log (%) log ( exl ) log (1 + ﬁ) q
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4- (Pathria’s book exercise 13-1):
In fact, the energy of a given configuration does not depend on the detailed values of
all the variables o; ; it depends only on a few numbers such as the total number N, of
“up” spins, the total number N, of “up—up” nearest-neighbor pairs, and so on. To see
this, we define certain other numbers as well: N_ as the total number of “down” spins,
N__ as the total number of “down-down” nearest-neighbor pairs, and N,_ as the total
number of nearest-neighbor pairs with opposite spins. The numbers N; and N_ must

satisfy the relation:
N, +N_=N

And if g denotes the coordination number of the lattice, that is, the number of nearest
neighbors for each lattice site, then we also have the relations:

qN+ = 2N++ + N+_
gN_ =2N__ + N,_

With the help of these relations, we can express all our numbers in terms of any two
of them, say N, and N,, . Thus:

1
N_=N- N+, N+_ = qN+ - 2N++, N__= §qN - qN+ + N++;

it will be noted that the total number of nearest-neighbor pairs of all types is given,
quite expectedly, by the expression:

1
N++ + N__ + N+_ = §qN

Naturally, the Hamiltonian of the system can also be expressed in terms of N, and
N, .; we have from below Hamiltonian:

H{oi} = —]Z al-aj—,uBZcri (4)

With the help of the relations established above:

HN(Ny,Niy) = —=J(Nyy + N._ = N,_) — uB(N; — N_)

1 (5)
-] (éqN — 2N, + 4N++) — uB(2N, - N)

Now we can find partition function for Hamiltonian @ with transfer matrix method and
find energy and magnetization of system which is (Eq 13.2.12):

UB.T) = —NJ — Ny sinh(BuB) _
(e=48] + sinh?(BuB)) /
N ON Je4h] .
(cosh(ﬁyB) [ + sinh2(ﬂyB)]1/2) (e~187 + sinb2(BuB)) (6)
_NJ- Ny sinh(BuB) N ON Je~4PJ

P(B. B) D(p, B)
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Where:

1/2
D(B, B) = P(B, B) [P(B, B) +cosh(BuB)],  P(B, B) = (¢™*/ + sinh*(puB))
and magnetization of system is(Eq 13.2.13):

_ Npsinh(BuB)
~ P(g.B)

We know that M = (Ny — N_)u and N_ + N, = N we can find:

sinh(fuB
{M/y:(M_N_) . N+:1/2(N+M/y):N/2(1+ p(é,ﬂﬁ)))

N+ N, =N N = 1/2N ~ M/p) = N/2 (1 - 2ot

Now compare equation B and B with ¢ = 2 we can find:

ON Je4b] Ne—46)

1
—J|=gN - 2gN, + 4N. =—-N _ N,-N,, = —
](2q N+ + aNyy J+ D(B, B) = N4 ++ 3D(B, B)

With above equations we can derived desired result, for N, we can write:

Ne 48]
2D(B, B)
P2(, B) — sinh®(fuB)
2D(B, B)
_ g( . sinh(ﬂyB)) _ P*(B, B) - sinh*(BuB)
2 P(B, B) 2D(B, B)

For other parts we can write:

Ni+ =N, -

:N+_N

P2(B, B) — sinh®(BuB)

N,_ =2(N; — N,;) = 2N 2DG.5)

and
N__=N-2N, + N,
sinh(ﬁyB)) N ( sinh(ﬁyB)) _ P, B) - sinh?(BuB)
P(B, B) 2 P(B, B) 2D(p, B)

The mathematics to perform desired result is straight forward but it have long way to
do, so I ignore them for now.

:N—N(1+
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5- (Pathria’s book exercise 13-2):

part(a)
We can write Hamiltonian for previous question as follows:

Hy(Ny,Nio) = =] (%CIN - 2N+—) — uB(2N; = N)

Now we can write partition function with a density of state as follows:

’

Zn(B,T) = Z gN(N+,N+—)eXp[HN(N+,N++)]
NoN,_

part(b)

In a short paper published in 1925, Ising himself gave an exact solution to the problem
in one dimension. He employed a combinatorial approach which was essentially equiv-
alent to the one being presented here. For this, we express the lattice Hamiltonian
in terms of the numbers N, and N,_ rather than in terms of N, and N,,. We know
2N,; = qN; — N,_, we obtain (for g = 2):

HN(N4, Ni-) = =J(N = 2N,_) — uB(2N; — N)

The partition function of the system is then given by:

’

Zn(B.T)= ) exp(~pHy (Ny,N;o))

N Ni_
That is:

N ’
o PA — oPNU-uB) Z o2BHBN Z gn(Ns, N, _)e 2BIN:
N.=0 N,_

where the primed summation )" goes over all values of N,_ that are consistent with
a fixed value of N; and is followed by a summation over all possible values of N, viz.
from N; =0 to Ny = N. The symbol gn(Ny, N;+-) here denotes the "number of distinct
ways in which the N spins of the (linear) chain can be so arranged as to obtain certain
definite values of the numbers N; and N;_". To determine gn(N, N;-).

we proceed as follows. As soon as we fix the number of "up” spins as Ny 9 the
number of "down” spins is automatically fixed as (N — N;). The problem then reduces
to determining the "number of distinct ways in which N, entities of one kind, say A,
and (N — N,) entities of another kind, say B, can be distributed over a row of N sites,
such that there occur N, links of the type AB or BA in the distribution”. For instance,
the arrangements shown below indicate two of the many different ways in which eight
entities of the type A and seven entities of the type B can be distributed such that
there exist nine links of the type AB or BA:

AAA|B|A|BB|A|BA|BBIAAIB (I

and
B|AA|BB|A|B|A|BB|A|B|AAA (IT)
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In arrangements such as (I), we have five links of the type AB and four links of the
type BA, while in arrangements such as (II), we have four links of the type AB and
five links of the type BA; in this example, we have purposely chosen N,_ to be odd.
The total number of arrangements in the categories (I) and (II) will indeed be equal,
and will be given by the "number of ways in which (a) the N,A’s can be divided into
%(NJr_ + 1) groups, each group containing at least one A, and (b) the (NN,) B’s can be
divided into %(+_ + 1) groups, each group containing at least one B”. We thus have, for
odd values of N, _,

(N, = 1)! (N =N, - 1)!

gN(N, Nio) =2 [Ny = L(Ne + D] AN = D)]! * [N - N, = LN+ D] AN, - D)]!

Using Stirling’s formula, we obtain
log gN(N4, Ni—) = Ny log Ny + (N = N, ) log(N — N,)

1 1
— (N, — §N+_)log N, - §N+_

1 1
~(N =Ny = 5N )log [N = Ny = 5N,

2
1 1
-2 (§N+_) log (§N+_)
A little reflection will show that asymptotically the same result holds for even values
of N,_.
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6- (Pathria’s book exercise 13-7):
Hamiltonian is:

H=—=Ji ) (SiSist +S/S}) = 2 ) | SiS]
i i
Partition function can be written as follows:

14 K2 ’ ’
2Zn(h, K1, K2) = Z Z o Z Z exp (K1(5152 +5159) + 7(5151 + 5252))

S1 Si SN SJI\J
/4 ’ K2 ’ ’
... EXp Kl(SN_lsl + SN_lsl) + 7(5151 + SN_lsN_l)
In above K1 = fJ; and Ky = fJo. We can write transfer matrix elements as:
! o/ K 4 4
Ts,s, = exp (K1(5152 + 5152) + 72(5151 + 5252))

All elements of transfer matrix can be calculated as follows:

SITSyT SISyl SLS,T S| LSy

S1 187 o2K1+K> 1 1 o2K1-K>
S1181 1 e~2Ki+Ks  o—2K1-K» 1
Si 181 1 e~2Ki-Ka  ,=2K1+K> 1
Si 1Syl o2K1-K> 1 1 o2K1+K>

Finally transfer matrix is:

€2K1+K2 1 1 e2K1—K2
1 e—2K1+K2 e—2K1—K2 1
T = 1 ¢~ 2K1-K2 ,—2K1+K3 1
62K1—K2 1 1 62K1+K2
We name this matrix as:
A 1 1 B
1 C D 1
1 D C 1
B 1 1 A
In above:
A — e2K1+K2 B — eQKl—KQ C — e—2K1+K2 D — e—2K1—K2

Now we can use this website B to find eigen values. Eigen values are:

AM=C-D

1
J2 =3 [\/D2+(2C—2B—2A)D+A2+(—2B—2A)C+B2+2AB+A2+16—D—C—B—A]

|
/13:é[\/DQ+(2C—2B—2A)D+A2+(—2B—2A)C+B2+2AB+A2+16+D+C+B+A]
A=A-B

2http://wims.unice.fr/~wims/en_tool~linear~matrix.en.phtml
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Since A3 is the largest eigenvalue of T, we can approximate partition function as bellow:

Zn(K) = A (1 +0(e™™))
Now we can write free energy per spin:

F(K,T)

lim
N—>oo

= —kgT log A3

1
—kgT log [5 [\/DQ+(2C—2B—2A)D+A2+(—QB—2A)C+BQ+2AB+A2+16+D+C+B+A]

Replacing A, B,C and D, we obtain the question results.
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7- (Pathria’s book exercise 13-8):
We know the Hamiltonian which is:

Ho{S} = _]Zsisj
(ij)
Now we want to calculate partition function in one dimension, we have:
ZN(K) = Tr K Zi5iSin

— ; ; [eKslsQ] [eK5253] [eKstl]

So transfer matrix elements is:

KS1S
Iss, = €771

We can find elements of transfer matrix by:

81:1 8120 31:—1

s9=1 ek 1 e K
s9=0 1 1 1
s9=—1 e K 1 ek
So transfer matrix is:
eK 1 K
T=1{1 1 1
e K 1 X

Now we have to digonalize this matrix to find eigen values. I used this website i and
eigen values are:

A= % [(1 +2coshK) + (8 + (2coshK — 1)2)1/2]
Ay = % [(1 +2coshK) — (8 + (2coshK — 1)2)1/2]
/13 = 2sinh K

Considering that A; > A2 > A3 we can consider A; in thermodynamic limit, so we have:
Zn(K) = A (1 +0(e™™N))
Now we can write free energy per spin:

K, T 1
lim T(N’ ) = —kpTlog Ay = —kpT log [5 [(1 +2coshK) + (8 + (2cosh K — 1)2)1/2]]

N—oo

In limit of T — 0 or K — oo we can approximate cosh K ~ eX /2 so above changes as:

1 1
NT(K, T) = —kgT log A1 = —kgT log [5

(1+e5)+ (8 + (X - 1)2)1/2” ~ —kgTlogeX = J

3http://wims.unice.fr/~wims/en_tool~linear~matrix.en.phtml
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Which is energy of perfectly ordered system. In limit of T — oo or K — 0 we can
approximate cosh K ~ 1 so above changes as:

1 1
~F(K.T) = ~ksTlog A1 = ~ksT log [5 [(1 +2)+ (8+(2- 1)2)”2]] = —kpTlog3

Which is the entropy of three state system (consider that in high temperature energy
compared to entropy is negligible).
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8- (Pathria’s book exercise 14-1):
We should find P2{K} by:

9K, eK1+K2 e—Kl eK1+K2 e—K1 9K, €2K1+2K2 + e_2K1 ng + e—K2
0 — 0
€ K1 oKi-Kz e K1 oKi-Ko € K2 4 oK p2Ki | ,2K1-2Kp

Now we write the desired equation:

KI+KS K]
oKl oKi-K}

62K1+K2 + e2K0—2K1 ng + e—KQ
K2 4 o2Ko—Ko  ,=2Ki | ,2K1-2K»

Ko = %Ko

Equation of running coupling constant are:
eKleK2eK0 — 62K0 [e2K1+2K2 + e—2K1] — e2K0+K2 [e2K1+K2 + e—ZKl—KQ] — e2K0+K2 COSh(2K1 +K2)
eKoe K1 = ¢2Ko [eK2 + e_KZ] = ¢2K02 cosh(Ky)
eKOeKle—KQ — eQKQ [e—2K1 + 62K1_2K2] — eZK()—KQ [e—2K1+K2 + eZKl—KQ] — e2K0—K2 COSh(2K1 —KQ)

We can find equations 14.2.7a, 14.2.7b and 14.2.7c of Pathria book which is:

eKo = 9¢2Ko [cosh(2K1 + K5) cosh(2K; — K>3) cosh? KQ] 1/4
K1 = [cosh(2K1 + K>) cosh(2K; — K>») cosh? KQ] 1/4

R cosh(2K7 + K») 1/2
B cosh(2K; — K»)
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9- (Pathria’s book exercise 14-2):

part(a)
We put below:
f(K1,0) = —log (2 coshK7)

In:
1 1
f(K1,0) = -3 log [2 cosh 2K1] + §f (log [\/cosh 2K1] ,O)
We have:

1 1
—log(2coshKy) = ) log [2 cosh 2K1] -3 log [2 cosh [log (\/cosh 2K1)”

We use expression cosh(logx) = (x? + 1)/2x so we have:

1 [cosh 2K + 1

1
—log (2cosh Ky) = —3 log [2 cosh 2K1] ~3 log ——=
Vv 1

We have:

1 1 cosh2K; + 1
—lo [2 cosh 2K ] —log(2coshK7) =—=1o [—
2 & ! 8 v 2 & Vcosh 2K

1 1

=-3 log [cosh 2K + 1] + 3 log [2\/cosh 2K1]
1 1

=-3 log [(2 cosh K1)2] + 3 log [2\/cosh 2K1]

The equation holds for this solution.
part(b)
We should verify that equations:

eKi+Ké+K(’) — €2KO [€2K1+2K2 + e—2K1]
eKO_Kl — 62K0 [eK2 + e—Kg]
eK(,)+K{_Ké — 62K0 [e—2K1 + e2K1—2K2]

with:

[ , , 1/2
f(K},K3) = —log X1 cosh K} + (e_ZKl + 2K ginh? Ké) ]

1/2

=]
o6 2 2

[ 2
KK o oKi =K} ( o ( KI+KY _ eK{—Ké) )
+ e

Satisfy equation below with Ky = 0, which is:

FUKLK) = 5 (K}, K
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Now we want to substitute equations H in above and find right hand side of above
equation we have:

/ 1/2
1 | eK{+K§ + eKi_Kz . ok . eK1+K§ _ eKi_Ké 2
— — 10 e
9 %% > 2
[ B B 3 3 : B o\ 1/2
1 1 62K1+2K2 +e 2K4 +e 2K4 + 62K1 2Ko N —QKi N €2K1+2K2 +e 2K, —e 2K1 _ e?Kl 2K
=-——1lo e
5 8 > 2

1] , 2\ 1/2
= -3 log e 2K 4 e2K1 cogh 2K, + (e_ZKl + (e2K1 sinh 2K2) )

1 [ o\ 1/2
=3 log |e7 2K + ¢2K1 cosh 2Ks + (4 cosh? Ky + (e2K1 sinh 2K2) )
Now for left hand side we have to organize below equation:
K —2K 2Ky o 12 )2
f(K1,K3) = —log ™! cosh Ko + (e 1+ e“* sinh KQ)
1 [ 2K 2K 2 \1/? ?
= -3 log |e™! cosh Ky + (e_ I 4+ e“* sinh Kg)

[ 1/2
= ——log e?K1 cosh? Ky + 72K + e2K1 ginh? Ky + 2e51 cosh Ko (e_ZK1 + 2Kt ginh? Kz) ]

= ——log |e*X1(2cosh? Ky — 1) + e 2K1 4 (4e2K1 cosh? Kye %K1

+ 4e*K1 cosh? Kye? 1 ginh? K2)1/2]
1 9\ 1/2
= -3 log e?K1 cosh 2Ks + e 2K 4 (4 cosh? Ky + (eK1 sinh? Kz) ) ]

Right hand side and left hand side are identical.
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10- (Pathria’s book exercise 14-3):
part a
We should show that equation:

A+,/A2—Kf .
_ 8

Ki,A)=-1
f(K1,A) 5 log o

Is a solution for equation:

1 ymy 1 (KP K}
Ki,A) = ——1 (—)+— Ry
FKLA) = —Flog( T )+ 5 f | g0 Ao
We can find that:
KK : K\ (&) 1
S N\ B I e i Sl (2] = 2102
Floar—aa) =38 A 2A 2A p 08T
So we substitute E in above we have:
2 [ 2 2
= Ay K L (”)+11 P NS I .5 N S
—log| ———— | =—=log[= ]+ =10 - — ——| = =] | -=log2n
508 o 1 8\x) T8 A A 2A 198
L (”)+11 >A K%+,/A2 &2~ Liogo
=——log(— |+ -1lo - — - --1lo
1 98\x) T8 A 1 & o

_ 5 2
L |on A-SE+A2-R2Z| A+ A2 - K2
:—1 -_— :—l _—
1% |9, o 108 o
L A+ Az-K2
= —log
2 27

Both side of equation is identical.
part(b)
For this part like previous part and previous problem we have to verify that below

solution which is:
A+ A2 - K? K2

o CA4A-Ky)

f(Kl,KQ,A) = 5 log (9)

Satisty:

Lo, 1
f(K17K2aA):_§ O+§f(K1’K23A) (10)
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And we know that coupling constant run with below equations:

K K%
K’—K 1+ — A’—A__
2 2( «) 2/

2
, Kt
L7 9A

Now we put solution E in equation [LQ with Ky = 0 to verify, we have:

1, 1 (K} K1 K}
Ki,Ka, A) = ==K, + = f [ =, Ko(1 + =), A= —-
f(K1,Kz,A) 202f2A 2( A) A
[ K2 K22 K22 2
Lomy K A—#ﬁ\/( - %) - (3) (ka1 + )
———og(—)——+—og - —
14 7°\A) " sa " 2 K K
i 8(A =35 — 2x)

- e 2_
1 (n) KZ 1 A= + M= K7 | K2 (A+K)A+K)

=——log|—)—==+-log - —=
4 Al 8A 4 2 A? B(A-K1)(A+Ky)
: K7 2 2:
_ 1 (7[) K§+11 PV K K2Aa+K
T ®\A) AT o SAA - K,
[ K7 2 2
_11 2A A—ﬁ'f' A _Kl Kg
1%, o AA—K)
L A+ A2-K? K2
= —log -
2 21 4(A - Ky)

Both side of above equation are identical.
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11- (Pathria’s book exercise 14-5):

part(a)
Migdal-Kadanoff method for decimation in two dimension Ising model is shown in
below figure:

_,j X)———'-O'—’C\D =

S|
c& p=8 g
_

We use one dimensional decimation in above in x and y direction, so we explain
decimation in one dimension. Hamiltonian for 1D Ising model is:

H==]) SiSin
i=1

Partition function is:
2500 N I)ITH EDI Y § L
L =1 S1 S2 Sy i=1

We define K = ] and we can sum over for example S2 exactly:

Z eKS251+53) — 9 cosh K(Sy + S3)
S2

We can find how coupling constant changes before and after of RG transformation by
this equation:
eK'5153 Ko = HQ cosh K(S1 + S3)

Now we have to take all configurations for spins which is:
S1=8=1 S1=83=-1 S1=-83==1

We have: )
(1) S1 = S3 =1 = eX'eK0 = 2cosh 2K
(2) S1 = S3 = =1 = X'eK0 = 2 cosh(—2K) = 2 cosh 2K
(3)S1 = =83 = e Ko =2

4 We take Ko = 0 in original Hamiltonian, but it can NOT be zero after RG transformation because
we have two equation and we should have two parameter to determine. We can show that this part is
involve to reqular(none-singular) part of free energy and hence play no direct role in determining the
critical behavior of the system.
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We can find: )
(eK/) = cosh 2K = €X' = Vcosh 2K

Ko
2 = Ko = 2vcosh 2K

e

Vcosh 2K -

We can write above equation in the familiar form as follows:

e Ko =9 =

, 1+ tanh’K -1
eX" = Vecosh 2K = i (L) = tanh’?K = eQK
e

. ~ _—— =tanhK’
1 —tanh” K +1
So our coupling constants run with below equations:

tanh K’ = tanh? K
eXo = 2Vcosh 2K

This is called Migdal-Kadanoff transformation if we use above in two dimension Ising
model and take K — 2K, so we can write our running equation for coupling constant
(Kx = Ky = K), we have:

’ _1’ 1 _ , 2 _ , 26—4K
eK=VCosh4K:>eK:—:32K:ﬁ:>eﬂ<: —
Vcosh 4K e +e” 1+e

We can find fixed point easily with help of Wolfram Mathematica, we have:

Solve [x4 -2x+1= O,x]

1 9
RSV e S
3 3v33 + 17

1 : 1 1+
{H__(l_ivg)"’s@+n__+3+—l@}
6 3 3V3V33+ 17

1 1 1—i
oo () - L200]
6 3 343v33+ 17

With numerical values:

N[%1]

{x = 1.}, {x — 0.543689} None trivial fixed point
{x = —=0.771845 + 1.11514i} Imaginary fixed point
{x — —0.771845 — 1.11514i} Imaginary fixed point

part(b)
We know that above is R; with Goldenfeld notation, we can find eigenvalue of this
transformation by take a derivative of above equation (by Mathematica):

252

x4 +1

fx) = = f’[0.5437] = 1.67857

Shttps://en.wikipedia.org/wiki/Hyperbolic_function
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12- (Goldenfeld book exercise 9-1):

part(a)
We know that exponent § relate external magnetic field and magnetization by this

relation:
H~ M°

From equation (9.33) and (9.35) for correlation function we know that:

d+2-n

2d-y)=d-2+n=y=—

If we can relate y, to § we can find desired result. We begin from equation (9.26) we

have:
_ hgf_d

h

Now we choose € as we please and set ht¥» = 1 so € = h~Y/¥ put this in above relation
we have:

me

~ hphd/yn

me — hd/yh—l = h — myh/(d_yh) = 5 — yh

h f d—yp

We put relation of y;, in above we have:

5= Un _d+2—17
Cd-y, d-2+7

part(b)
We write free energy after a RG transformation like:

fi(t.h) = € fi(te, he)

We use assumption 2 and use scaling behaviour in the critical region, we have:
fi(t,h) = €70f; (16v, hevr)
We take t€% =1 so € = |t|"1/¥ we have:
filt ) = 200 £ (1, Bl 7ol )

Finally we can write free energy:

fu(t,h) = td/yfFf( h )

|t|yh/y1

We can find from correlation function scaling equation that:

1
V=

T
Finally:

_ dv h
fs(t, h) = t“Ff (mvyh)
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If we consider that exponent v can be different around critical point we have to gener-
alize above such as:

fi(t,h) = |t|F*

h
T

with v =v (t > 0) and v = v/ (t < 0). For fixed h # 0, fi(¢,h) should be a smooth
function of t, because the only singularity which we expect is at t = h = 0 so we can
write free energy in none-singular form like:

—d/yn
£t h) = |t|d‘7FJJ?r (L) — h=/Yn ( h ) ! F?( h ) — h—d/yh¢Ji; (L)

£ ¢ |£] " ¢

We can find that exponent v = v/ by demanding that function ¢ should be analytic
when t — 0, we find two condition that when t — 0 function and it’s derivative should
be continuous.
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13- (Goldenfeld book exercise 9-2):
part(a)
We know from Ginzburg criterion that for d > 4 mean field theory works. Mean field
theory violated hyperscaling law (2 — @ = vd) because this law holds just for d = 4
NOT for d > 4.
part(b)
We have singular part of free energy like:

fu(t, b, K3) = t4¥: f, (1’ ht_yh/yt,I%:gt_yS/yt)

We know that K3 is an irrelevant variable because y3 < 0. We expect that after taking
t — 0 irrelevant variables become vanishingly small: K3t™¥3/% — 0 and we obtain:

f;(t, h’ K’S) - td/ytﬂ (1, ht_yh/yt’ O)
But above can NOT happened if limit not be well-defined, it might be the case that:
lim fi(x,9,2) = 27 (x,y) (1> 0)

This odd behaviour results in different hyperscaling law as below:

lim td/y‘fs (1’ht—yh/y1,123t—y3/yz) - (th—ys/y:)_“ td/ytf; (1,ht_yh/yt)

t—0

~ sty ¢ (1, ht_yh/yt)

Above leads to a violation of the Josephson hyperscaling law. Hyperscaling law in
above form is 2 — a = (uy3 + d)v.

part(c)

If we take p =1 and d > 4 we have:

d d d d d d
—a:M:%+—:——+2+—:>a:———

Ut Yt Y 2 Yr 2y

If we have @ = 0 and y; = 2 (v = 1/2) we can say that "Landau theory does satisfy
hyperscaling after all”.
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14- (Goldenfeld book exercise 9-3):

part(a)
Hamiltonian is:

N N
H :KZ;‘S,-SI-H +hzl“si + NKj
i= i=

We can write partition function as:

Zn{H} = Z Z . Z exp (Ki SiSiv1 + hZN:si + NK,
i=1 i=1

S1 S SN

_ Z Z N Z [ eg(sl+sg)+z<slsg+1<o] [e%(52+53)+K5253+K0] [e%(5N+51)+K5N51+K0
S1 S SN

— ZZ . Z <31|T |52> <32|T |S3> oo <3N|T |31>
S1 S SN

Where:
(51| T |sg) = e2(S1+S2)+KS152+Ko

We want to sum over all even spins so we can perform this for for example Sy we have:

(51| T |s2) (sa| T |s3) = eg(sl+52)+1<5152+1<0 eg(52+sg)+1<5253+1<0 _ eg(51+53)+h52+1<52(51+53)+21<0

We know that S9 = £1 so we can write:

h h
<Sll T |S3> — Z <Sl| T |32> <52| T |33> — e§(Sl+SS)+h+K(Sl+S3)+2KO + 65(51+53)—h—K(51+53)+2K0
So

_ ezKoeg(SﬁSg)Q cosh (K(S; + S3) + h)

Above is new effective transfer matrix with twice the lattice spacing as the original
system. Now we want to obtain how coupling constant would run with this RG trans-
formation? We use Kadanoff assumption which is shape of Hamiltonian doesn’t change
with RG transformation we consider spins with new lattice constant as S and write:

B oor ’ rQrQr ’ hgr ’
e2 (S1+S5)+K'S{S5+Ky — e2KOeQ(51+S2)2 cosh (K(Si + Sé) + h)

The various choice being §| = S, = +1, 5] = 5, = -1 and §] = =S} = £1 we obtain from

above: KK A
e KKy = ¢2Koth 9 ¢osh(2K + h)

e W HKHKG = ¢2K0=h 9 c0sh(2K — h)
e K'+Ky = ¢2Ko . 9 cosh(h)

We have three equation and three unknown parameter so we can solve above equations
and we get:

Ko = 2¢2K0 (cosh(2K + h) cosh(2K — h) cosh? h)1/4

' (cosh(2K + h) cosh(2K — h))l/4

o

e

et =
cosh? h
o o cosh(2K + h) 1/2
B cosh(2K — h)
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We demand that our new Hamiltonian have original symmetries and I don’t understand
what is the meaning of this part of question. Mathematically we need Ky because we
have three equation and we need three parameter to obtain. If we take Ko = 0 a Kj # 0
is essential for a proper representation of the transformed system.

part(b)

From second equation with h = 0 we have:

ek = (cosh2(21<))1/4 = 2K’ = \Jcosh?(2K) = *X’ = cosh?(2K)

-2K
1 Lok’ 2 oxr  2e

4K’ _ 2 —2K’ _ -
e’" =cosh®(2K) => e =e = K oK

~ cosh 2K
We can define w = e72K and for fining fixed point we have w’ = w, so:

2w

w = Sw+w =2w=ww - 1)=0=>w=0w==1
1+ w?

We have two physical fixed point for above equation which is w = 0 correspond to
system with high temperature (paramagnetic phase) and w = 1 correspond to zero
temperature which is ferromagnetic phase or ordered phase. We can consider a physical
reasoning for what is RG flow direction is, if we have a RG transformation on system
surely we make fluctuation bigger that is correspond to high temperature so if we have
a RG transformation definitely temperature take bigger value with respect to original
one. RG flow is shown in below figure:

w =

v
v
v
\ 2
v
l

part(c)
We know that recursion relation for coupling constant is:

e*®" = cosh?(2K)

Now we can find transformation that take previous temperature and give next temper-
ature which is:

1 1
K = 1 log (cosh?(2K)) = 5 log (cosh(2K))

For linearisation we take a derivative with respect to K we have:

AL = =
(7 K lk=k*=c0 0K

2 K*:OO K:K*:OO K—)Oo

0K’ 0 (1
= (— log (cosh(QK))) ‘K_ = tanh 2K = lim tanh2K =1
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We know that A} = £ and we can find y; = 0.

part(c)

Equations for coupling constants are:
x _ [cosh(2K + h) cosh(2K — h) 174
© - ( cosh? h )
o gh (cosh(2K + h))l/2

cosh(2K — h)

We can find all fixed points from above equations, we know that 1D Ising model doesn’t
have phase transition so we can say that we have just trivial fixed points. We can use
Mathematica for drawing RG-flow.

RG - Flow

h

For linearisation we consider K = 0 in:

1/2 ’
w  n[coshh , n  Oh
= hW=h=A,=—
¢ =¢ (cosh h) - =T
We know that AZ = (Y and we can find y, = 0.

part(e)
In above we calculate new coupling constants after RG transformation, equations are:

h=h*=0c0

Ko = 2¢%K0 (cosh(2K + h) cosh(2K — h) cosh? h)l/ !

x _ (cosh(2K + h) cosh(2K — h) 1/4
( cosh? h )
W h (cosh(QK + h))l/2
cosh(2K — h)
By linearisation in we find that both y, = 0 and y; = 0 are zero, this means that in

one dimensional Ising model system doesn’t have any phase transition and we don’t
expect to have scaling behaviour.

o

e

e
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