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The fundamental equations of
cosmology

Cosmology is, essentially, an application of general relativity coupled with statistical me-
chanics. The only relevant long-range force is gravity, which also provides the background
spacetime within which matter moves, as we have seen in the last chapter. Since cos-
mology deals with the evolution of the entire universe, we are not interested in the fate
of individual particles. Instead, we care about the collective, average behavior of matter,
which is described by statistical mechanics. This is why essentially all results in cosmology
can be derived from the combination of two equations: the Einstein equations on the grav-
ity side, and the Boltzmann equations of statistical mechanics for matter and radiation.

These are formidable equations, and their application can quickly get technical. In this
chapter, we will present the general form of the Einstein and Boltzmann equations, and
describe their physical content. We will then apply them to the homogeneous universe,
which, for the Einstein equations, allows us to derive the Friedmann equation (1.3). These
results will also allow us to compute the expansion history and thermal history of the uni-
verse in this chapter and the next. Further, with the experience we gain in this chapter,
there will be nothing particularly difficult about the subsequent chapters which deal with
perturbations in the universe. So, becoming familiar with the framework laid out in this
chapter will pay off greatly when going through the rest of the book.



In GR, the energy-momentum tensor sources gravity via:
G =8nGT"
where:

« GM"” = Einstein tensor (describes spacetime curvature)

« G = gravitational constant
This means:

« Matter tells spacetime how to curve (7*” influences G*")

« Spacetime tells matter how to move (geodesic equation)

Newton Einstein
Newton 2nd law Geodesic equation
2,0 . 2 p S0P v
Tidal deviation Geodesic deviation
d¢! i ¢d D¢r aep
71'?%' =-E;¢ T = — Ry peutu’E’
1st Bianchi identity 1st Bianchi identitiy
E;;=Ey Ruvpe + Rupov + Ruovp =0
2nd Bianchi identity 2nd Bianchi identitiy
Elin=0 ViBFype + VaR: e+ VoR¥yon =0
mass density Energy-momentum tensor
p Ty
Poisson equation Einstein equation
’q # I Ei; =4nGp Gy =BrGLy,
z single elliptic equation 10 coupled equations
4 elliptic and 6 hyperbolic
boundary data required initial and boundary data required

Table 6.1: Newtonian vs Einstenian description of gravity.
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