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Part 1: General notes & 
Motivations



What and Why: 1

Why:
1) To find the constructed components 

of underlying field
2)  For pruning the nuisance parts of 

data 
3) To have multi-resolution Analysis
4) To construct mock data (field)
5) To get rid from the undesired parts 

of data
6) Solve differential and integral 

equations
7) Non-stationary detection

What:
Expansion in terms of bases.
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3African Institute for Mathematical Sciences, 6 Melrose Road, Muizenberg 7945, South Africa
4Centre for Cosmology, Particle Physics and Phenomenology, Université Catholique de Louvain, Louvain-la-Neuve B-1348, Belgium
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Part 2:  
Fourier Transformation



What and Why: 2



Fourier Transformation (1)



Fourier Transformation (2)
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Fourier Transformation (3)



Fourier Transformation (4)



Fourier Transformation (5)



Fourier Transformation (6)



Fourier Transformation (7)



Fourier Transformation (8)



Fourier Transformation (9)



Fourier Transformation (10)



 Fourier or legender transformation 
of correlation function



Some properties
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Fourier Transformation (11)



Fourier Transformation (12)



Fourier Transformation (13)
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Fast Fourier Transform 
vs.  

Discrete Fourier Transform  



How fast?





Butterfly diagram



program fft_example 
    implicit none 
    integer, parameter :: N = 8 
    complex(8) :: x(N), X(N) 
    integer :: i 

    ! Example input 
    x(1) = (0.0, 0.0) 
    x(2) = (1.0, 0.0) 
    x(3) = (0.0, 0.0) 
    x(4) = (1.0, 0.0) 
    x(5) = (0.0, 0.0) 
    x(6) = (1.0, 0.0) 
    x(7) = (0.0, 0.0) 
    x(8) = (1.0, 0.0) 

    ! Calculate the FFT 
    call fft(N, x, X) 

    ! Print the result 
    print *, 'FFT Result:' 
    do i = 1, N 
        print *, X(i) 
    end do 

end program fft_example

   subroutine fft(N, x, X) 
        integer, intent(in) :: N 
        complex(8), intent(in) :: x(N) 
        complex(8), intent(out) :: X(N) 
        integer :: m, k, n1, n2 
        complex(8) :: t, u 
        real(8) :: w, angle 

        ! Bit-reversal permutation 
        n1 = 1 
        n2 = N / 2 
        do while (n1 < N) 
            do k = 1, n1 
                if (k <= n2) then 
                    t = x(k + n1) 
                    x(k + n1) = x(k) - t 
                    x(k) = x(k) + t 
                end if 
            end do 
            n1 = n1 * 2 
            n2 = n2 / 2 
        end do 

        ! FFT computation 
        do n1 = 1, log(real(N)) / log(2.0) 
            n2 = 1 << n1 
            angle = 2.0 * acos(0.0) / real(n2) 
            u = (1.0, 0.0) 
            do m = 1, n2 / 2 
                w = u 
                do k = m, N, n2 
                    t = w * x(k + n2 / 2) 
                    x(k + n2 / 2) = x(k) - t 
                    x(k) = x(k) + t 
                end do 
                u = (cos(angle * m), sin(angle * m)) * u 
            end do 
        end do 

        X = x 
    end subroutine fft

A sample for FFT by Fortran



#include <iostream> 
#include <complex> 
#include <vector> 
#include <cmath> 
using namespace std; 
void fft(vector<complex<double>>& x) { 
    int N = x.size(); 
    if (N <= 1) return; 
    // Divide 
    vector<complex<double>> even(N / 2); 
    vector<complex<double>> odd(N / 2); 
    for (int k = 0; k < N / 2; k++) { 
        even[k] = x[k * 2]; 
        odd[k] = x[k * 2 + 1]; 
    } 
    // Recursive FFT 
    fft(even); 
    fft(odd); 
    // Combine 
    for (int k = 0; k < N / 2; k++) { 
        complex<double> t = polar(1.0, -2 * M_PI * k / N) * odd[k]; 
        x[k] = even[k] + t; 
        x[k + N / 2] = even[k] - t; 
    } 
} 
int main() { 
    const int N = 8; 
    vector<complex<double>> x = { 
        {0.0, 0.0}, {1.0, 0.0}, {0.0, 0.0}, {1.0, 0.0}, 
        {0.0, 0.0}, {1.0, 0.0}, {0.0, 0.0}, {1.0, 0.0} 
    }; 
    fft(x); 
    cout << "FFT Result:" << endl; 
    for (const auto& v : x) { 
        cout << v << endl; 
    } 
    return 0; 
}

A sample for FFT by C++



import numpy as np 

def fft(x): 
    N = len(x) 
    if N <= 1: 
        return x 
    even = fft(x[0::2]) 
    odd = fft(x[1::2]) 
    combined = [0] * N 
    for k in range(N // 2): 
        t = np.exp(-2j * np.pi * k / N) * odd[k] 
        combined[k] = even[k] + t 
        combined[k + N // 2] = even[k] - t 
    return combined 

# Example usage 
x = [complex(0.0, 0.0), complex(1.0, 0.0), complex(0.0, 0.0), complex(1.0, 0.0), 
     complex(0.0, 0.0), complex(1.0, 0.0), complex(0.0, 0.0), complex(1.0, 0.0)] 

fft_result = fft(x) 
print("FFT Result:") 
for val in fft_result: 
    print(val)

A sample for FFT by Python



module params 
use numerical_libraries 
implicit none 
real(8),parameter:: num=1024      !************ The pixels of simulated map 
real(8),parameter:: size=7.2      !************ The size simulated map 
real(8),parameter:: FWHM1=5       !************ The FWHM of beam  As a Planck-like instrument 
real(8),parameter:: snr=10        !***********S/N 
character(256) ::numstr,numstring,numstr1 
real(8) coef15(0:num-1,0:num-1), 
INTEGER    runpower,IR, IS, J, LDA, LDCOEF, NCA, 
COMPLEX(8)    C, CEXP, CMPLX, 
COEF(num,num),coef_cmb(num,num),fourier_temp(num,num),coef180(num,num),INTRINSIC  CEXP, CMPLX, FLOAT 
end module params

A sample for FFT by Fortran (2D)



A sample for FFT by Fortran (2D)

use params 
implicit none 
INTEGER, PARAMETER:: double=SELECTED_REAL_KIND(15,307) 
real(double)   CHSQ,DF1,t2,chi_sq_GSN_GN,t_GSN_GN(0:10000) 
integer        LDB,num11,map_rin 
Print*,'This program generate map including CMB-S4 Beam' 

Print*,'The value of FWHM in arcmin' 
read*,FWHM 
pi=4*atan(1.0) 
theta_c=theta_c1*pi/180 
l_kc=2*pi*d_c*ferquency_c/(theta_c*cc) 
         call random_seed 
         call initial_condition 
         call noise 
         call gaussian_map 

!********* Power spectrum (G+S)_beam 
n_run=1 
write(numstr,*) n_run 
numstring='power_GS_beam.'//trim(adjustl(numstr)) 
open(7570000,file=numstring) 
power=0 
l_angular=0 
yu=0 
st=0 
do i=0,num-1 
do j=0,num-1 
st(i,j)=tempGS_beam(i+1,j+1) 
enddo 
enddo 

call power_spectrum 
do k=mink,maxk 
p(k)=p(k)/numm(k) 
yu=yu+1 
power(yu)=(2*pi)*p(k)*((360.0/size)*delta*k)**2 
l_angular(yu)= (360.0/size)*delta*k 
write(7570000,*)l_angular(yu),power(yu) 
endif 
enddo 



A sample for FFT by Fortran (2D)

!********************** Power spectrum computation 

subroutine power_spectrum 
use params 
im=(0,1) 
lda=num 
nca=num 
nra=num 
LDCOEF=num 
pi=4*atan(1.0) 
L=size*pi/180 
maxk1=-100000000 
maxk2=maxk1 
numm=0 
p=0 
coef14=0 
mink=1000000 
maxk=-1000000 
!******************** make a forward fourier transformation of st(i,j) ********** 

CALL DFFT2D (NRA, NCA, st, LDA, COEF14, LDCOEF) 
coef15=(real(coef14))**2+(real(coef14*(-im)))**2     !****** T(K)**2 

delta=1.0 

do i=0,num-1 
do j=0, num-1 
k=int(sqrt((i*1.0+1.0)**2+(j*1.0+1.0)**2)/delta+wwz)-wwz 
p(k)=p(k)+coef15(i,j) 
if(k.le.mink)then 
mink=k 
endif 

if(k.ge.maxk)then 
maxk=k 
endif 
numm(k)=numm(k)+1 
enddo 
enddo 

end subroutine power_spectrum



The FFT and Quantum Wave-packet Motion



The FFT and Quantum Wave-packet Motion
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Part 3: 
Alias effect  

&  
Nyquist sampling



Nyquist Frequency
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Wagon wheel effect

- Wagon wheel effect 
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Actual motion
Perceived motion

Frame 1

Frame 2

Wagon wheel effect
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Part 4:  
Filter construction
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Convolution

First: what is the lower limit of CS intensity identified in 
the observations?

 Vafaei Sadr, A., et al., MNRAS, 478.1 (2018): 1132-1140;  Vafaei Sadr, A., et al., MNRAS, 475.1 (2017): 1010-1022.

Our search proposal



Our search proposal
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Our search proposal

Pure CMB+Beam
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Our search proposal

Pure CMB+Beam
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Finite beam size of instrument: Beam effect
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ǖǒ Ǝده ũƎی�Ǆسازی نقǅ�ǄƏای از آمده ŭدسŨ Ůوان طیف ͳررسŨ .Ǖ.ǔ

ͳǂƣɔ Ǝ�ͳƽود. اŷǁام ͳǂƣɔ ƋƺŮوپ ǄƓſƏƽ ΄ŨاŮ

FB(k⃗,Γ) =

∫
dk⃗′

B(k⃗ − k⃗′;Γ)F(k⃗′
− k⃗) (ǓǕ.ǔ)

ǀɕǂǸƾǅ .ŭƊا ǖ ǄǂɕƏɕŨ ƬƓǁ در ƼɕŨ ΄ŨاŮ پǂǆای و ǘ ǒ Ũالا Ǆƹادƣƽ در Ǆک
ƼɕŨ ΄ŨاŮ دارای کǂǂده اǁدازه�گɕری دΎůƊاǆǅای از ͳžرŨ .ŭƊا r r r r
ƸƎ Ʋůƽارن ŭƹاź در ƾƣƽولا˦ Ũود. žواǅد پɕǸɕده�Ůر ŧŮراƽ ǄŨ آǆǁا کردن ƽدل Ǆŷɕůǁ در و Ũوده ǁاƲůƽارن

داده�Ǝ�ͳƽود: زɔر ƒورت ǄŨ ΄ŨاŮ

Ǒ
ǒ ǒ
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Parameters Planck CMB-S4 ACT

f (GHz) 270 150 277

d (m) — — 6

θ (degree) — — 70

FWHM (arcmin) 5 1 —

σnoise (µK-arcmin) 46.8 3.07 8

able 1: Relevant parameters for the two types of beam

Afzal et. al, 2024
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Additional comments on Beam



بدون رَوَند سازی داده ها

تعریف:
هر گونه تغییراتی که منجر به نامانایی داده ها شود رَوَند نام دارد. یا هر بخش که دارای 

طول موج بلند باشد روند نامیده می شود

به طور کلی با استخراج رَوَندها دو هدف عمده را دنبال خواهیم کرد:
۱) یارَوَندها دارای معنای فیزیکی هستند بنابراین با مقوله Low-pass filter مواجه 

خواهیم بود بنابراین به دنبال استخراج رَوَندهایی با طول موج بلند هستیم و با حذف بقیه 
عوامل فقط آنها را تجزیه و تحلیل می کنیم

۲) و یا به طور کلی ماهیت رَوَندها شناخته شده و چیز جدیدی ارایه نمی کنند و ما به 
دنبال طول موجهای کوچک در داده ها هستیم که با مقوله High-pass filter روبرو هستیم





Principle Component Analysis

1) Principal Component Analysis(PCA) technique was introduced by the 
mathematician Karl Pearson in 1901.

2) Principal Component Analysis (PCA) is a statistical procedure that uses an 
orthogonal transformation

3) Principal Component Analysis (PCA) is an unsupervised learning 
4) The main goal of Principal Component Analysis (PCA) is to reduce the 

dimensionality of a dataset while preserving the most important patterns or 
relationships between the variables without any prior knowledge of the target 
variables. 



Principle Component Analysis: 
(Intuitive meaning)



Advantages of  Principal Component Analysis

1.Dimensionality Reduction
2.Feature Selection
3.Data Visualization
4.Multicollinearity
5.Noise Reduction
6.Data Compression
7.Outlier Detection

https://www.geeksforgeeks.org/principal-component-analysis-pca/?ref=gcse_outind

https://www.geeksforgeeks.org/principal-component-analysis-pca/?ref=gcse_outind


Disadvantages of  Principal Component Analysis

1.Interpretation of Principal Components
2.Data Scaling
3.Information Loss
4.Non-linear Relationships
5.Computational Complexity
6.Overfitting

https://www.geeksforgeeks.org/principal-component-analysis-pca/?ref=gcse_outind

https://www.geeksforgeeks.org/principal-component-analysis-pca/?ref=gcse_outind


Principle Component Analysis: 
(Example)

Matrix construction

The mean of matrix A would be

1
2

3 4

5



Principle Component Analysis: 
(Example)

6

7

5

Eigenvectors

New data with e.g. two maximum eigenvalues (denoising)



Singular Value Decomposition

Definition: The singular value decomposition (SVD) is a factorization of a real or 
complex matrix into a rotation, followed by a rescaling followed by another rotation











Singular Value Decomposition

By Georg-Johann - Own work, CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=11342212

(Intuitive meaning)

https://commons.wikimedia.org/w/index.php?curid=11342212
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Singular Value Decomposition (SVD) 

S. hajian and M. Sadegh Movahed, arXiv:0908.0132
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Empirical Mode decomposition (EMD)

This method is known as non-parametric method


There is a good review by Norden E. Huang 
Proceedings: Mathematical, Physical and Engineering Sciences, Vol. 

454, No. 1971 (Mar. 8, 1998) 

In this case, the intrinsic mode functions (IMFs) 
satisfy two conditions:  
1) The number of extrema and zero-crossing  
   differs only by one 
2) The local average is zero

Empirical mode decomposition (EMD) is a data-adaptive 
multiresolution technique to decompose a signal into physically 

meaningful components

http://www.jstor.org/action/showPublication?journalCode=procmathphysengi


1) Identify the local extrema and find their average (Generating upper envelop 
and lower envelope)
2) Subtracting the envelop mean from signal
3) Check the IMF conditions ∑

t

✓

hi(t)− hi−1(t)

hi−1(t)

◆2

< tol.

Kim, Donghoh, and Hee-Seok Oh. "EMD: A Package for Empirical Mode Decomposition and Hilbert Spectrum." R J. 1.1 (2009): 40.



Kim, Donghoh, and Hee-Seok Oh. "EMD: A Package for Empirical Mode Decomposition and Hilbert Spectrum." R J. 1.1 (2009): 40.



Kim, Donghoh, and Hee-Seok Oh. "EMD: A Package for Empirical Mode Decomposition and Hilbert Spectrum." R J. 1.1 (2009): 40.



Wu, Zhaohua, et al. "On the trend, detrending, and variability 
of nonlinear and nonstationary time series." Proceedings of 
the National Academy of Sciences 104.38 (2007): 
14889-14894.
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Part 5: 
Wavelet, Curvelet, Ridgelet



Wavelet versus FFT




۱) در بسیاری از سری ها که مانا باشند عموماً روش FFT کافی است
۲) با توجه به روشی که درFFT بکار گرفته می شود می توان دریافت که 


اطاعاتی از نوع:

مکان ( زمان) رخ دادن را نمی دهد


چه نوع رخدادی رخ داده نیز مشخص نمی کند

۳) تبدیلهای مبتنی بر موجک ها یعنی ابزارهایی که در مقابل موجهای 
تخت بسیار جایگزیده تر می باشند به مراتب اطاعات بیشتری را منعکس 


می کنند پس 

Wavelet, curvelet, contourlet,  Transform

نیاز است



time-frequency analysis techniques: Fast Fourier 
Transform 
Continuous wavelet transform Short-time Fourier 
transform Chirplet transform 

Fractional Fourier transform 



چند مثال
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Matlab-wavelet package



F(u, s) = gu ,s (t) f (t)dt
−∞

+∞

∫
for gu ,s (t) = e

ist

F(s) = e
ist
f (t)dt

−∞

+∞

∫
gu ,s (t) = e

ist
g(u − t)  یک تابع متقارن و جایگزیده  در

u = t

u

scale = s
−1



STFA versus Wavelet 
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Matlab-wavelet package



وقتی بخواهیم فرکانسهای کوچک را با دقت اندازه گیری کنیم در زمان گسترده می شویم
 وقتی بخواهیم فرکانسهای بزرگ را با دقت اندازه گیری کنیم در آن صورت در زمان باید

محدود شویم

Time

S
c
a
le

Wavelet Analysis

فرکانسهای کوچک

فرکانسهای بزرگ
 

s : t
−1

scale ≡ s
−1
= t



● Wavelet 
● Small wave
● Means the window function is of finite length

● Mother Wavelet
● A prototype for generating the other window functions
● All the used windows are its dilated or compressed and shifted 

versions

CWT x
ψ τ , s =Ψ x

ψ  τ , s =
1

∣s∣
∫ x  t ⋅ψ ¿ t−τs dt

Translation

(The location of 
the window)

Scale

Mother Wavelet

Credit: S.M. Vaez



σ f (t )

2
= f

2
(t)p(t)dt

−∞

+∞

∫ = dωS(ω )∫ = dω F(ω )
2

∫

σ t

2 ≡ (t − u)2 gu ,s (t)
2

dt
−∞

+∞

∫

σω

2 ≡ (ω − s)2 gu ,s (t)
2

dω
−∞

+∞

∫

σ t

2σω

2 ≥
1

2

High resolution problem in STFA

 با توجه به انتخاب پایه در این روش برای فرکانسهای پایین که گسترگی فضایی پایه زیاد تر است
 و بنابراین ناحیه بزرگتری از سیگنال اولیه باید مورد بررسی قرار گیرد تا نتیجه به دست آمده برای
 ضریب قابل اعتماد باشد لحاظ نمی گردد. همچنین برای فرکانسهای باا نیز به گستردگی فضایی

کوچکتری هستیم تا نتیجه مورد اعتماد باشد در این رهیافت این توانایی به  دست نمی آید
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Scales

● Scale
● S>1: dilate the signal
● S<1: compress the signal

● Low Frequency -> High Scale -> Non-detailed Global 
View of Signal -> Span Entire Signal

● High Frequency -> Low Scale -> Detailed View  Last 
in Short Time

● Only Limited Interval of Scales is Necessary

Credit: S.M. Vaez



Rao, R. M. "Wavelet Transforms: Introdu-ction to Theory and Applications." Addision Wesley (1998).
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32 :  Morlet



 :  Daubechie         :

 29 :  Duabechie



 :  Symlet

31:   Symlets



 : Biorthogonal      :

33:   Biorthogonal







Misiti, Michel, et al. "Wavelet toolbox." The MathWorks Inc., Natick, MA 15 (1996): 21.

Non-stationary detection



Wavelet:

db3

Level:

6

Misiti, Michel, et al. "Wavelet toolbox." The MathWorks Inc., Natick, MA 15 (1996): 21.



Misiti, Michel, et al. "Wavelet toolbox." The MathWorks Inc., Natick, MA 15 (1996): 21.

Self-similarity detection

Demo Ana lysis:

Koch curve

M AT-file:

vonkoc h . ma t

Wa velet:

c o i f 3

Level:

Continuous, 2:2:128



G by sym 3_2



GS by sym 3_2



Multiscaling method: Curvelet
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The 2-D wavelet transform 33

Van den Berg, J. C. "Wavelets in physics." Wavelets in physics (2004).

Localized and Isotropic wavelet



Curvelet Transformation     

    Parabolic 

         Scaling

2
-j

2-j/2

2
-j/2

2
-j

Rotate Translate1

⇧̂µ(⇤) = w(2−j|⇤|)⇥(2⇥j/2⇤θ − ⌅⌥)ei⌅kj,⇥,ξ⇧

• w(·) = window for scale j

• ⇥(·) = window for orientation θ

• ei⌅kj,⇥,ξ⇧ shifts to location (k, ⌥)

Emmanuel Candès, California Institute of Technology



Our search proposal

Pure CMB+Beam

 

 

 

 

Pure CMB+CS+Beam

 

 

Pure CMB+CS+Beam+Noise

Finding a needle in haystack



Pure CMB+Beam

 

 

 

 

Curvelet Decomposition 



Pure CMB+Beam

 

 

 

 

Pure CMB+CS+Beam

 

 

Curvelet Decomposition 



Pure CMB+Beam

 

 

 

 

Pure CMB+CS+Beam

 

 

Pure CMB+CS+Beam+Noise

 

 

Curvelet Decomposition 



Pure CMB+Beam

 

 

 

 

Extended Canny algorithm 

 

 



Pure CMB+Beam

 

 

 

 

Pure CMB+CS+Beam

 

 

Extended Canny algorithm 

 

 

 

 



Pure CMB+Beam

 

 

 

 

Pure CMB+CS+Beam
 

 

Pure CMB+CS+Beam+Noise

 

 

Extended Canny algorithm 

 

 

 

 
 

 



Pure CMB+Beam

 

 

 

 

Pure CMB+CS+Beam
 

 

Pure CMB+CS+Beam+Noise

 

 

Extended Canny algorithm 

 

 

 

 
 

 

Statistics



The Pipeline

maps

Curvelet components

Gradient maps

Topological 
measure

Compare 
with null sims

deviation?
strings?

 Vafaei Sadr, A., et al., MNRAS, 478.1 (2018): 1132-1140;  Vafaei Sadr, A., et al., MNRAS, 475.1 (2017): 1010-1022.



B. Javanmady & M. Sadegh Movahed (2012)
Whirlpool galaxy



 curvelet شکل شامل نوفه ( سمت چپ ) و تصویری که توسط
اصاح شده است

B. Javanmady & M. Sadegh Movahed (2012)



B. Javanmady & M. Sadegh Movahed 
(2012)



WT-Application in Denoising

Boats image Noisy image (additive Gaussian noise)

Boats image Denoised image using hard thresholding



Classification of  time series based 
on Hurst exponent

• Correlated:           H>0.5

• Uncorrelated:        H=0.5

• Anti-correlated :    H<0.5

t
25 50 75 100

Correlated signal

Random signal

Anti-correlated signal

 0<H<1
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Scaling exponents
• Multifractal scaling exponent

• Generalized multifractal dimension  

• Autocorrelation exponent 

• Power spectrum scaling exponent

• Holder exponent 

• Singularity spectrum
 

τ (q) = qh(q) −1

D(q) =
τ (q)

q −1

C(s) : s
−γ

C(i, j) : i
−γ + j

−γ − i − j
−γ

⎧
⎨
⎪

⎩⎪

S(ω ) : ω −β

α = ʹτ (q)

α = h(q) + q ʹh (q)

f (α ) = q α − h(q)[ ]+1

Exponent 1D-fGn 1D-fBm 2D-Cascade 2D-fBm

γ 2 − 2H −2H 1 − 2H −1 − 2H

β 2H − 1 2H + 1 2H 2H + 2

Hosseinabadi, S., et al., Physical Review E 85.3 (2012): 031113.
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To know more visit
http://facultymembers.sbu.ac.ir/movahed/
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Example: Gravitational Waves
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f ~ 1/(weeks-years) (10-6 – 10-9 Hz) "

 

Ierapetra, Crete

Applications of  Pulsar
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Pulsar 
• It was observed for the first time on 1967 by Bell and Hewish

• Received Nobel prize on 1974.

• Fast rotating object: Period~ msec -sec

• Pulse periods can be measured with accuracies approaching  
1 part in 10^16

• A best model for pulsar is Neutron starǑǔ ͳرونŮنو سůاره های .١ فصل

[Ǒǖ] Paیkes ƋƺŮوپ ƙƊوŮ Ǝده رصد ͳƺɕƽ ثاǄɕǁ ای ǪŮ اůžر ǂǷد ǀɕȣǁاɕƽ ǪŮ ƸƎ :ǔ . Ǒ ƸƎ
Ǝده اǁد. ƼƊر PSRCHIVE ǁرم اƭزار ŨوǄƺɕƊ ی Ǆک

ƸƎ در ƽوجود ǅ ǄƺƱای ƣŮداد Ũا ͳȢدɕǸɕǫ Ɵǁر از را ǅ ǪŮا ǀɔا ͳƺک ƚور ǄŨ و ŨاƎد ǄǁاȢجدا ƚور ǄŨ آن ǅا
ƋƺŮوپ ƙƊوŮ Ǝده رصد ͳƺɕƽ ثاǄɕǁ ای ǪŮ اůžر ǂǷد ǪŮ ƸƎ ،ǔ . Ǒ ƸƎ در ͳƽ کǂǂد. دǂŨ ǄůƊدی ǪŮ
Ǆک اصͳƺ ای ǪŮ ͳƽ کɕǂد. ǄƟźلاƽ را Ǝده اǁد ƼƊر PSRCHIVE ǁرم اƭزار ŨوǄƺɕƊ ی Ǆک [Ǒǖ] Paیkes
Έɔ در .[Ǔ]ŭƊا ǁاƞر دɔد ƙž و ǪŮ اůžر ͳƋɕƚاǂغƽ ɕƽدان Ǝدن Ƽǅ راůƊا اثر در ͳƽ کǂد ŭƭاɔدر ǁاƞر
ŭƊا ǀƾƽ ǁوری، ſƽروط در ƍŨاŮ ͳźواǁ ơɔوزŮ Żǁوه ی ǄŨ ǄůƋŨ دوران، Żƽور źول Ƹƽکا دوران
ͳƽ دǅد. Əǁان را ǁاƞر ǄŨ ǪŮ رɕƊدن Żǁوه ی از ͳƺک ƚرح Έɔ Ǖ . Ǒ ƸƎ Ǝوǁد. دɔده Ƽǅ ɓɔاǅ ǪŮ زɔر

ȢرǄůƭ اǁد. Ʊرار ǄوجŮ ƽورد ɕǁز ǅ ǪŮا ǀɔا ǔ٩ƉوکůƊا ǫاراůƽرǅای ،ǀɕȣǁاɕƽ ǪŮ ƸƎ Ũر Ƣلاوه
U و Q ǫاراůƽرǅای ،ŭƊا ͳƋɕƚاǂغƽروůƹا ƽوج Ƹک Ǝدت Ǆک I ǫاراůƽر از: ũƢارǂŮد ǫاراůƽرǅا ǀɔا
ƽوج ǕǑرویɔدا ƍũƛƱ Ǆک V ǫاراůƽر و ǂůƋǅد ǒ ǒ Ǖ٠ͳƛž ƍũƛƱ ƽوǅ ǄƮƹای Ǆک
Έɔ ǂƢوان ǄŨ ǫاراůƽر ǔ ǀɔا از اƮůƊاده ،PSR/IEEE ưƭواŮ در ΄Ʊوا در Ũ ͳƽاƎد. ͳƋɕƚاǂغƽروůƹا

ǔ٩
Ǖ٠
ǕǑ

Ǒǒ٠ کتاب نامه

FIGURE 13

Pulsar Astronomy

A DISTANCE OF ���� !5� ,OW TIMERESOLUTION hMOVIESv OF THE CENTRAL REGION OF THE #RAB
SUPERNOVA REMNANT OBTAINED BY LONGTERM OBSERVATIONS BY (34 AND #HANDRA ARE ACTUALLY
ABLE TO SHOW THE EXPANSION AND EVOLUTION OF THAT PORTION OF THE NEBULA� 3OME OF THE WISPS
APPEAR TO MOVING OUTWARD AT BETWEEN � �� AND � � ��

"EFORE DESCRIBING THE DETAILS OF A MODEL PULSAR� IT IS WORTH TAKING A CLOSER LOOK AT THE PULSES
THEMSELVES� !S CAN BE SEEN IN &IG� ��� THE PULSES ARE BRIEF AND ARE RECEIVED OVER A SMALL
FRACTION OF THE PULSE PERIOD �TYPICALLY FROM �� TO ��	� 'ENERALLY� THEY ARE RECEIVED AT RADIO
WAVE FREQUENCIES BETWEEN ROUGHLY �� -(Z AND �� '(Z�

!S THE PULSES TRAVEL THROUGH INTERSTELLAR SPACE� THE TIMEVARYING ELECTRIC lELD OF THE RADIO
WAVES CAUSES THE ELECTRONS THAT ARE ENCOUNTERED ALONG THE WAY TO VIBRATE� 4HIS PROCESS
SLOWS THE RADIO WAVES BELOW THE SPEED OF LIGHT IN A VACUUM� � WITH A GREATER RETARDATION
AT LOWER FREQUENCIES� 4HUS A SHARP PULSE EMITTED AT THE NEUTRON STAR� WITH ALL FREQUENCIES
PEAKING AT THE SAME TIME� IS GRADUALLY DRAWN OUT OR AS IT TRAVELS TO %ARTH �SEE
&IG� ��	� "ECAUSE MORE DISTANT PULSARS EXHIBIT A GREATER PULSE DISPERSION� THESE TIME
DELAYS CAN BE USED TO MEASURE THE DISTANCES TO PULSARS� 4HE RESULTS SHOW THAT THE KNOWN
PULSARS ARE CONCENTRATED WITHIN THE PLANE OF OUR -ILKY 7AY 'ALAXY �&IG� ��	 AT TYPICAL
DISTANCES OF HUNDREDS TO THOUSANDS OF PARSECS�

&IGURE �� SHOWS THAT THERE IS A SUBSTANTIAL VARIATION IN THE SHAPE OF THE INDIVIDUAL
PULSES RECEIVED FROM A GIVEN PULSAR� !LTHOUGH A TYPICAL PULSE CONSISTS OF A NUMBER OF BRIEF

� THE � AN AVERAGE BUILT UP BY ADDING TOGETHER A TRAIN OF
��� OR MORE PULSES� IS REMARKABLY STABLE� 3OME PULSARS HAVE MORE THAN ONE AVERAGE PULSE
PROlLE AND ABRUPTLY SWITCH BACK AND FORTH BETWEEN THEM �&IG� ��	� 4HE SUBPULSES MAY
APPEAR AT RANDOM TIMES IN THE hWINDOWv OF THE MAIN PULSE� OR THEY MAY MARCH ACROSS IN
A PHENOMENON KNOWN AS � AS SHOWN IN &IG� ��� &OR ABOUT ��� OF ALL
KNOWN PULSARS� THE INDIVIDUAL PULSES MAY SIMPLY DISAPPEAR OR � ONLY TO REAPPEAR UP TO
��� PERIODS LATER� $RIFTING SUBPULSES MAY EVEN EMERGE FROM A NULLING EVENT IN STEP WITH
THOSE THAT ENTERED THE NULL� &INALLY� THE RADIO WAVES OF MANY PULSARS ARE STRONGLY LINEARLY
POLARIZED �UP TO ����	� A FEATURE THAT INDICATES THE PRESENCE OF A STRONG MAGNETIC lELD�

� � � � �

4IME�S	

FIGURE 19 0ULSES FROM 032 ������� WITH A PERIOD OF ����� S� �&IGURE ADAPTED FROM -ANCH
ESTER AND 4AYLOR� Pulsars� 7� (� &REEMAN AND #O�� .EW 9ORK� �����	

� 3EE (ESTER� ET AL�� � � ,��� ����� 4HE MOVIES ARE AT
�

�

�
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Pulsar’s Time of  Arrival

Pulsar timing is the regular monitoring of the rotation of  pulsar by 
tracking (nearly exactly) the times of arrival of the radio pulses

time 

si
g

n
al

 

ΔT 

Fold the incoming signal at the pulse period to form a 

pulse profile (signal averaging).  Then calculate a time of 

arrival from the profile. 

Pulse Time of Arrival:    

TOA = scan start time + ΔT 

David Nice 
Lafayette College
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Pulsar’s Timing residual

Residual is difference between measured pulse’s time of arrival and 
expected time of arrival:
Residual=Observed ToA-Computed ToA or vise versa 

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

G ´

t t- - ´ - -

G =

t´ - -

S

S

G = = G~
+ -

= -

PSR J0437-4715

ǑǗ ͳرونŮنو سůاره های .١ فصل

:[ǑǙ]Ƽɕǂȕ ͳƽ ͳƭرƣƽ را Ǝ ͳƽود اŷǁام Ǒ źدود در ɓɔاƛخ Ũا ͳǁاƽز ƾƋǫاǁد ǄŨ رɕƊدن Ũرای TEMPOǒ

∆t = ∆c +∆A +∆E!
+∆R!

+∆S!
−D/fǒ

+∆V P +∆B. (ǒǑ . Ǒ)

: ŭƢاƊ ŹɕŻƓŮ .Ǒ
ǕǔͳƺŻƽ رƒدخاǄǁ ای Ɗاǅ ŭƢای ŨوǄƺɕƊ ی Ǝ ͳƽود اǁدازه گɕری ƋƺŮوپ ǅا ƙƊوŮ Ǆȕ ͳǁدɕƊر زƽان
ƸŨاƱ ƚور ǄŨ Ɗال) ǂǷد Ůا ƽاه (ǂǷد ͳǁʭوƚ ͳǁاƽز ɕƲƽاس ǅای در Ɗاǅ ŭƢا ǀɔا Ǝده اǁد. Ƽǅراƭ
Ɗاǅ ŭƢا Ǆƾǅ ی Ǆŷɕůǁ در ǂůƋɕǁد. ƾǅزƽان دΎɔر و ǂǂȕ ͳƽد ɕǫدا اخʮůف ɔدΎɔر Ũا źʮƽظǄ ای

Ǝوǁد. Ƽǅ زƽان ǕǕاویƾƊ ΄Ŷرƽ ƊاƽاǄǁ ی Ũا Ũاɔد
: Ŷ̂و̷ی اƏůǁار Ůاخɕر .ǒ

ǕǖویˆŶ اƏůǁار Ůاخɕر .ŭƊا Ʈůƽاوت ŗʮخ در ǁور ŭƢرƊ Ũا Ŷو̷ در ɓɔوɔراد اƽواج گروه ŭƢرƊ
Əǁود اʮƒح Ǆȕ ͳŮورƒ در و ͳƽ اůƭد اƮŮاق ǕǙرƮƊوǫروŮ و ǕǘرƮƊوǁوɔ در ƽوج ǕǗارƋȖǁا اثر Ũر

ǂȕد. اŷɔاد ͳǁاƽز ƾƋǫاǁد در Ǒ٫Ǖ źدود در ɓɔاƛخ Ů ͳƽواǁد
: ǀɕůƏǂɔا Ůاخɕر .Ǔ

ͳƎاǁ ͳƏǁگرا Ɗرخ ǄŨ اƲůǁال ǀɕǂǸƾǅ و Ǆǁدخاƒر و ŭȕرź źال در ǪŮ اخůرِ ǀɕŨ ǖان٠ƽز اƋŮاع
.ŭƊا ǆƏƽور ǀɕůƏǂɔا Ůاخɕر ǄŨ ɓɔاŮدو Ɗاƽاǅ Ǆǁای و ɕƊاره ǅا خورɕƎد، از

: رˇƽ̃ر Ůاخɕر .ǔ
ǀɕƽز ƽدار در ͳƋɕƚاǂƧƽروůƹا ƽوج Ǆȕ ŭƊا (ΈɕƊʮȕ) ͳůɕũƋǁرɕƦ ͳǁاƽز ƽدت ǖǑ̃رƽˇر Ůاخɕر
ƭاǄƺƒ ی ɕɕƧŮر و خورɕƎد دور ǄŨ ǀɕƽز ŭȕرź Ƹɕƹد ǄŨ Ůاخɕر ǀɔا ŨرƊد. ƋƺŮوپ ǄŨ Ůا ǂȕ ͳƽد ƮƊر

ɔŘ ͳƽد. ŨوŶود ǪŮ اخůر و Ǆǁدخاƒر ǀɕŨ
: Ǝاɕǫرو Ůاخɕر .Ǖ

ǄŨ رɕƊدن Ũرای ƽوج ɕƋƽر و Ǝ ͳƽود اŷɔاد اǂŻǁا ƭضا‐زƽان در ůƊاره ǅا و ɕƊاره ǅا Ŷرم اثر در
Ǖǔ
ǕǕ
Ǖǖ
ǕǗ
Ǖǘ
ǕǙ
ǖ٠
ǖǑ
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Pulsar Timing Array
1) Parkes Pulsar Timing Array (PPTA),        

64-meter Radio Telescope from 1961
2) Square Kilometer Array (SKA)
3) International Pulsar Timing Array (IPTA)
4) European Pulsar Timing Array  

(Including 5 radio telescopes)
5) Indian Pulsar Timing Array (2016)

San Basilio, Sardinia, Italy

Nançay, Nançay, France

Cheshire East, United Kingdom
North Rhine-Westphalia, GermanyHooghalen, Netherlands

Australia
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Synthetic Datasets 
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Pure PTR PTR+GW

G º
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G =
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of = -10yr
15.

PTRs of PSR J0437

G º
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t t
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G ´
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= - take ζ=−2/3.
from the PPTA

TEMPO2 software package 



Trend and Noise models

Î - -

á ñ = o

Î - -

á ñ = o
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