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Glossary
Complex system: A system consisting of many 
non-linear components.


Time se r ie s: One d imens io nal ar ray 
representing value of an observable based on 
dynamical variable so-called time.


Scaling law: A power law function describing  
the behavior of a typical physical quantity.


Fractal and multifractal systems: A typical 
system which characterized by a scaling law 
with non-integer exponent in all scaling 
ranges. On the other hand, multifractal has 
infinite number of different fractal exponents. 
Each of them are valid in proper scaling range.  



Self-similar and self-affine: Magnification of 
system’s parts in every directions have same 
scaling exponent for matching to whole of 
system. While self-affinity is a generalization 
for anisotropic scaling behavior.  


Cross-over: Changing in the scaling behavior


Non-stationary: The weak definition is 
concerned to changing the mean standard 
deviation of time series with time. Strong 
definition of stationarity requires that all 
moments remain constant. Usually external 
affects cause nonstationarity in time series.  


Trend and detrending: It is an intrinsically 
fitted monotonic function or a function in 
which there can be at most one extremum 
within a given data span. Detrending is the 
operation of removing trend
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1) Probability distribution function 

2) Weighted and Un-weighted Correlation functions

3) Stochastic Processes  
- Purely Random processes 

-Dependent processes  

-Markov processes

t
25 50 75 100

Correlated signal

Random signal

Anti-correlated signal
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To know more see: http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations

Self-similar process
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Fractional Gaussian Noise (fGn)
&

Fractional Brownian Motion (fBm)

fGn

fGn

fBm

fBm



 Why Fractal and multifractal
?Analysis

Prediction of the future behavior of the systems 

Classification of various systems from complex systems 
point of view 

Find the universality properties of underlying systems  





!Direct computation and determination 

!Indirect computation and determination

Trend and unknown noise

 Problems and Discrepancies regarding to
Observations and Models



 Self-affinity in time
series

• Suppose a time series as:

y : {y(i)} i = 1,...,N

i→ a × i

y(a × i) = a
H
y(i)

y(i) = x(1) + x(2) + x(3) + ...+ x(i) = i
H
x(1)

So-called Hurst exponent



 Classification of time series
based on Hurst exponent

• Anti-correlated :    H<0.5

• Uncorrelated:        H=0.5

• Correlated:           H>0.5 



 Fractional Gaussian
Noise



 Fractional Brownian
 Motion



 S. Kimiagar, M. Sadegh Movahed et.
al., arXiv:0710.5270



Novel Fractal Analysis methods

Hurst’ rescaled range ( R/S ) analysis : By Hurst (1951)  

Scaled windowed variance analysis ( SWA ) : By  Mandelbort 
(1985) 

Dispersional analysis ( Disp ) : By Bassingthwaighte (1988) 

Detrended fluctuation analysis ( DFA ) : By Peng (1994) 

 Some state-of-the-art algorithm based on previous idea such as: 
MF-DFA, MF-DCCA, MF-TWDFA, DMA (BDMA & 
CDMA), WTMM   



Detrending methods

 Parametric: Done in DFA


 Non-parametric: Empirical mode 
decomposition (EMD)  

 I must point out that now a days there are
 some challenge regarding to Detrending
     methods in multifractal analyses



 Description and Application of
mentioned methods

 Part A:  For stationary case without trends


 Part B: For non-stationary case with trends 



SWV method



R/S method



Dispersional method

µ(ν, s) =
1

s

s∑

i=1

Y [(ν − 1)s+ i]

〈µ(s)〉 =
1

Ns

Ns∑

ν=1

µ(ν, s)

M(s) =
1

Ns

Ns∑

ν=1

[µ(ν, s)− 〈µ(s)〉]

M(s) ∼ s2H



 Multi-Fractal Detrended
Fluctuation in 1D  DFAm remove trend of order m in

 profile or trend of order m-1 in

original seris



Jan W. Kantelhart, et. al., arXiv:physics/0202070; M. Sadegh Movahed et. al., arXiv:physics/0508149
S. Hajian and M. Sadegh Movahed,  arXiv:0908.0132

{X} : {Fq(s)} {Θ} : {h(q)}

P (h(q)|X) =
L(X |h(q))P (h(q))
∫
L(X |h(q))dh(q)

L(X |h(q)) ∼ exp

(

−χ
2(h(q))

2

)

χ
2(h(q)) =

∫
ds

[Fobs.(s)− FThe.(s;h(q))]
2

σ
2

obs.
(s)

68.3% =

∫ +σ
+

−σ
−

L(X |h(q))dh(q) (

of scaling

o h
+σ

+

−σ
−



 h(2) and Hurst exponent in DFA1 for
fGn

(1

(2

(3

(4





 M. S. Taqqu et. al., Fractals, Vol. 3, No. 4 (1995)M.
Sadegh Movahed et. al., arXiv:physics/0608056



 h(2) and Hurst exponent in DFA1 for
fBm



For fGn series

For fBm series

M. Sadegh Movahed et. al., arXiv:physics/0508149



For fBm:  

For fGn:

h(q = 2) > 1

h(q = 2) < 1



Scaling exponents

• Multifractal scaling exponent

• Generalized multifractal dimension  

• Autocorrelation exponent 

• Power spectrum scaling exponent

• Holder exponent 

• Singularity spectrum

 

τ (q) = qh(q) −1

D(q) =
τ (q)

q −1

C(s) : s
−γ

C(i, j) : i
−γ + j

−γ − i − j
−γ

⎧
⎨
⎪

⎩⎪

S(ω ) : ω −β

α = ʹτ (q)

α = h(q) + q ʹh (q)

f (α ) = q α − h(q)[ ]+1



Correlation and Hurst exponents

 

C(s) =
x(i + τ )x(i)

σ 2
: τ −γ

Y (s) = x(k)
k=1

s

∑ = x(1) × sH

Y (s)
2
= σ 2 × s2H

= x(k)
k=1

s

∑
⎛

⎝⎜
⎞

⎠⎟

2

= x(k)
2

k=1

s

∑ + x(k)x( j)
k≠ j

s

∑

= iσ 2
+ 2 (s − j)C( j)

j=1

s−1

∑ : s
2−γ

= s
2H → γ = 2 − 2H

for 0.5 < H < 1



Generalized fractal dimension based on partition function

 

p(ν, s)

p(ν, s)
ν=1

Ns

∑ = 1

Zq (s) ≡ p(ν, s)
q

ν=1

Ns

∑ : s
τ (q)

D(q) ≡
1

q −1
lim
s→0

lnZq (s)

ln s
=
τ (q)

1− q

for q = 0 D(0) = D f

for q = 1 D(1) : p ln p∑

 

p
2
(ν, s) =

1

s
Y [(ν −1)s + i]− yν (i){ }2

i=1

s

∑

Fq (s) =
1

Ns

p(ν, s)
q

ν=1

Ns

∑
⎛

⎝⎜
⎞

⎠⎟

1/q

Zq (s) ≡ p(ν, s)
q

ν=1

Ns

∑ = NsFq
q
(s)

:
N

s
s
qh(q)

: s
qh(q)−1

: s
τ (q)

τ (q) = qh(q) −1

Free energy and T-1



Singularity spectrum
 A criterion for scaling behavior of
 measure at each subinterval of time
series

 

p(ν, s) : s
αν for s→ 0

PDF→ µ(α ) : l− f (α )

α = ʹτ (q)

α = h(q) + q ʹh (q)

f (α ) = q α − h(q)[ ]+1
Δα ≡ α(q

min
) −α(q

max
)

Δα→ 0

f (α = H ) = 1

 A Holder exponent represents
 monofractal process while the
 existence of spectrum for
 Holder exponent demonstrates
 multifractality nature of time

   series



! (month
-1
)

S
p
e
c
tr
a
l
d
e
n
si
ty

10
-2

10
-1

10
-1

10
1

10
3

Sunspot
Detrended Sunspot using SVD

!
1
x
"
1
/1
3
3
m
o
n
th
-1

# " 1.24

# " 1.24

!
2
x
"
1
/1
1
7
m
o
n
th
-1

m
3
/s

100 150 200 250

1000

2000

3000

1960 1965 1970 1975

m
3
/
s

1960 1970 1980 1990 2000

1000

2000

3000

4000

5000

6000

D
a
u
g
a
va

S
u
n
sp
o
t
n
u
m
b
er

1750 1800 1850 1900 1950 2000
0

50

100

150

200

250
m
3
/
s

1940 1950 1960 1970 1980 1990 2000

1000

2000

3000

4000

5000 N
o
lich

u
cky

Time ( year )

m
3
/
s

1940 1950 1960 1970 1980 1990 2000

500

1000

1500

2000

H
o
lsto

n

m
3
/
s

1900 1910 1920 1930 1940 1950 1960 1970 1980 1990 2000

2000

4000

6000

8000 F
ren

ch
B
ro
a
d



 Power spectrum exponent
S(ν)∼ν-β

 

S(ν) : ν −β
: ν −1+γ

γ = 2 − 2H

β = 2H −1

β = 2H +1


For fGn

For fBm



Fractals:  Jens Feder 1988



 Multifractality
A: h(q) depends on “q” 

B: There is a spectrum for holder exponent

C: There are various slopes for τ(q) in 
different scales 

 

 What are the sources? 

1) Multifractality due to a fatness of PDF 

2) Multifractality due to different correlations  
    in small and large scales



For Fatness

For correlation



Surrogate method



 (S. Kimiagar, M. Sadegh Movahed et. al., JSTAT P03020 (2009



MF-DFA in higher dimension
In  many  cases,  one  encounters  with   self-similar  of  self-aine  surface  which  is 

denoted by a two dimensional array X(i,j). For this case the MF-DFA has the following 

steps: 

Step I: Suppose 

Step II: For each non-overlapping segment, the cumulative sum is calculated by:  

   

x(i, j),
i = 1,...,M

j = 1,...,N

⎧
⎨
⎩

M s = int
N

s

⎛
⎝⎜

⎞
⎠⎟

Ns = int
M

s

⎛
⎝⎜

⎞
⎠⎟

xv,w (i, j) = x(l1 + i,l2 + j) 1 ≤ i, j ≤ s
l
1
= (v −1)s

l
2
= (w −1)s

⎧
⎨
⎩

Yv,w (i, j) = xv,w (k,l)
l=1

j

∑
k=1

i

∑ 1 ≤ i, j ≤ s



Step III: The trend of constructed cumulative arrays such as: 

Step IV: For each non-overlapping segment, the cumulative sum is calculated by: 

Step V: By averaging over all segments as:  

  

   

uv,w (i, j) = av,wi + bv,w j + cv,w

uv,w (i, j) = av,wi
2 + bv,w j

2 + cv,w

uv,w (i, j) = av,wij + bv,wi + cv,w j + dv,w

uv,w (i, j) = av,wi
2 + bv,w j

2 + cv,wi + dv,w j + e

uv,w (i, j) = av,wi
2 + bv,w j

2 + cv,wij + dv,wi + ev,w j + fv,w

εv,w (i, j) = Yv,w (i, j) − uv,w (i, j)

Fv,w
2
(s) =

1

s
2

εv,w (i, j)
2

j

s

∑
i=1

s

∑

Fq (s) =
1

NsM s

Fv,w
2
(s){ }

w=1

M s

∑
q /2

v=1

Ns

∑
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

1/q

Fq (s) = Α× s
h(q)

s
min

≈ 6

s
max

≈ min(M ,N ) / 4

⎧
⎨
⎩















Some important exponents

τ (q) = qh(q) − d f

D f = 3− H

f (x) = µ(x)⊗ x
−(1−H )

H ∈(0,1)

τ (q) = q(1+ H ) −1− log2 p
q + (1− p)q⎡⎣ ⎤⎦



(Gao-Feng Gu and Wei-Xing Zhou, PHYSICAL REVIEW E 74, 061104 (2006



More about cumulative sum

X(i, j) = Xv,w (i −1, j −1) + x(k, j)
k=1

i−1

∑ + x(i,l)
l=1

j−1

∑ + x(i, j)



More about cumulative sum

X(lv + i,lw + j) = Xv,w (i, j) + x(k,l)
l=1

lw

∑
k=1

lv

∑ + x(k,l)
l= lw +1

lw + j

∑
k=1

lv

∑ + x(k,l)
l=1

lw

∑
k= lv +1

lv + i

∑

s = 4

i = j = 2

v = 2

w = 2

l
2
= 4

l
2
= 4



 Multifractal Detrended cross-correlation
((MF-DCCA

Step I: Consider two time series as:  
 

Step II: Construct profile and trend functions. 
Polynomials or based on empirical mode 
decomposition (EMD, non-parametric)  
 

 


(B. Podobnik and H. Eugen
(Wei

{x(i)} {y(i)} i = 1,2,...,N

M s = int
N

s

⎛
⎝⎜

⎞
⎠⎟

Xv (k) = x(lv + i)
i=1

k

∑ lv = (v −1)s

Yv (k) = y(lv + i)
i=1

k

∑

F(s,v) =
1

s
Y [(v −1)s + i − yv (i){ } × X[(v −1)s + i − xv (i){ }

i

s

∑ v = 1,...,M s

F(s,v) =
1

s
Y [N − (v −1)s + i − yv (i){ } × X[N − (v −1)s + i − xv (i){ }

i

s

∑ v = M s +1,...,2M s



Step IV: Averaging over all segments as:  
 

 

 

 

  


Step V: Demanding a scaling relation according 
to:


If two underlying series to be equal so one 
finds nothing except the Hurst exponent:

 

Fq (s) =
1

M s

F(s,v)[ ]
q /2

v=1

M s

∑
⎧
⎨
⎩

⎫
⎬
⎭

1/q

F0 (s) = exp
1

2M s

ln F(s,v)[ ]
v=1

M s

∑
⎛

⎝⎜
⎞

⎠⎟

Fq (s) : s
λ (q)

Fq (s) : s
h(q)




 ,B. Podobnik and H. Eugene Stanley
(PRL 100, 084102 (2008



2D version of MF-DCCA

 

x(i, j) y(i, j) i = 1,...,M j = 1,...,N

M s = int
M

s

⎛
⎝⎜

⎞
⎠⎟

Ns = int
N

s

⎛
⎝⎜

⎞
⎠⎟

Xv,w (i, j) = xv.w (k,l)
l=1

j

∑
k=1

i

∑

Yv,w (i, j) = yv.w (k,l)
l=1

j

∑
k=1

i

∑

Fv,w (s) =
1

s
2

Xv.w (i, j) − %Xv,w (i, j)⎡⎣ ⎤⎦ Yv.w (i, j) −
%Yv,w (i, j)⎡⎣ ⎤⎦

j=1

s

∑
i=1

s

∑

Fq (s) =
1

M sNs

Fv,w (s)⎡⎣ ⎤⎦
q /2

w=1

Ns

∑
v=1

M s

∑
⎛

⎝⎜
⎞

⎠⎟

1/q

F0 (s) = exp
1

2M sNs

ln Fv,w (s)⎡⎣ ⎤⎦
w=1

Ns

∑
v=1

M s

∑
⎛

⎝⎜
⎞

⎠⎟

Fq (s) : s
−λ (q)



Wei-Xing Zhou, PRE 77, 066211 2008



 B. B. Mandelbrot, J. Fluid Mech. 62, (1

.331 1974

 C. Meneveau and K. R. Sreenivasan, (2

.Phys. Rev. Lett. 59, 1424 1987

 E. A. Novikov, Phys. Fluids A 2, 814(3

1990

 C. Meneveau and K. R. Sreenivasan, (4

.J. Fluid Mech. 224, 429 1991



Cross-correlation exponent for stationary series
x(i, j) y(i, j) i = 1,...,M j = 1,...,N

µx =
1

N
x(i)

i=1

N

∑ σ x

2 =
1

N −1
x(i) − µx[ ]

2

i=1

N

∑

µy =
1

N
y(i)

i=1

N

∑ σ y

2 =
1

N −1
y(i) − µy
⎡⎣ ⎤⎦

2

i=1

N

∑

Cx (τ ) =
(x(i + τ ) − µx )(x(i) − µx )

σ x

2
: τ −γ x

Cxy (τ ) =
(x(i + τ ) − µx )(y(i) − µy )

σ xσ y

: τ
−γ xy

Fv (s) =
1

s
[Yv (i) −Y ][Xv (i) − X]

i=1

s

∑

F
2

2
(s) =

1

M s

Fv (s)[ ]
v=1

M s

∑ ≡ [Yv (s) −Y ][Xv (s) − X]

= sCxy (0) + [s − i][Cxy (i) + Cxy (−i)] ; s
1−γ xy

i=1

s−1

∑ + s
2−γ xy

F
2

2
(s) : s2λ : s

2−γ xy → 2 − γ xy = 2λ→ γ xy = 2 − 2λ

if x ≡ y→ γ = 2 − 2H



Cross-Correlation in the presence of trends

 

x(i, j) y(i, j) i = 1,...,M j = 1,...,N

F(s,v) =
1

s
Y [(v −1)s + i]− yv (i){ } × X[(v −1)s + i]− xv (i){ }

i

s

∑

F
2

2
(s) =

1

M s

F(s,v)[ ]
v=1

M s

∑
⎧
⎨
⎩

⎫
⎬
⎭

: s
2λ

F
2

2
(s) : s

2λ
: s

2−γ xy → 2 − γ xy = 2λ→ γ xy = 2 − 2λ

if x ≡ y→ γ xx = 2 − 2H



Strategy for using methods

For stationary anti-correlated signal i.e.  H<0.5,         
                        SWV  
      


For stationary correlated signal, H>0.5,  
                          R/S  
 


For signal with superimposed trends,  
          WTMM, MF-DFA, MF-TWDFA, DMA



More about DFA
1) The longer the time series, the better the agreement with the 
theory in all methods but DFA behaves more reliable than others


2) DFA cannot give correct results when h(q=2) ~ 0, In this case 
it is recommended to construct double profile and use DFA 
method  



DMA (BDMA & CDMA) 
and MF-TWDFA

: Refer to

arXiv:cond-mat/0507395 (1
(PRE 71, 051101 (2005 (2
(PRE 73, 016117 (2006 (3
 (JSTAT P06021 (2010 (4



Limei Xu et. al., PRE 71, 051101 (2005)



Limei Xu et. al., PRE 71, 051101 (2005)



 Crossover and effect of
trends

 Polynomial trends: MF-DFAm


 Sinusoidal trends: F-DFA, SVD, chaotic SVD 
and Empirical mode decomposition(EMD) 

Z. Wu et al., PNAS, 104, 38 (2007)



 It has been demonstrated that by MF-DFAm, polynomial
 of order m-1 to be diminished

Polynomial Trends

K. Hu et. al., PRE 64, 011114 (2001)



Sinusoidal Trends

K. Hu et. al., PRE 64, 011114 (2001)



S. Kimiagar, M. Sadegh Movahed et. al., JSTAT P03020 (2009) 

 Competition between noise
and sinusoidal trends



• Indeed, this method bases on High-pass filter

Fourier-Detrended

 We transform the data set to the
 Fourier space and then truncate the first
 few coefficients of the Fourier expansion,
 finally by inverse transformation, the

   clean data will be retrieved

Physica A 357, 447-454 (2005); Physica A 354, 182-198 (2005); Chaos, Solitons and fractals 26, 777-784 
(2005), Jstat P03020 (2009)
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 The p dominant eigenvalue and associating
 eigendecomposed vector represent the
 superimposed trend and the remaining (d-p)
 demonstrates intrinsic fluctuations

Singular Value Decomposition (SVD) 

S. hajian and M. Sadegh Movahed, arXiv:0908.0132

p will be given by power spectrum
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Empirical Mode decomposition (EMD)

This method is known as non-parametric method


There is a good review by Norden E. Huang 
Proceedings: Mathematical, Physical and Engineering Sciences, 

Vol. 454, No. 1971 (Mar. 8, 1998) 

In this case, the intrinsic mode functions (IMFs) 
satisfy two conditions:  
1) The number of extrema and zero-crossing  
   differs only by one 
2) The local average is zero

http://www.jstor.org/action/showPublication?journalCode=procmathphysengi


1) Identify the local extrema and find their average (Generating 
upper envelop and lower envelope)

2) Subtracting the envelop mean from signal

3) Check the IMF conditions 

 D. Kim et.
 all.,R

 Journal,
 Vol.1, 1
may 2009



 D. Kim et.
 all.,R

 Journal,
 Vol.1, 1
may 2009



 gray  corresponds to variance and

 black corresponds to IMF for

various stopping criteria

Z. Hu, et. al., PNAS, 104, 38 (2007)




 Advantages and
disadvantages

The size of underlying data won’t be 
invariant by using F-DFA, while the size will 
be preserved in SVD and EMD 
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Part 6 
PTRs and GWB
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Pulsar 
• It was observed for the first time on 1967 by Bell and Hewish

• Received Nobel prize on 1974.

• Fast rotating object: Period~ msec -sec

• Pulse periods can be measured with accuracies approaching  
1 part in 10^16

• A best model for pulsar is Neutron starǑǔ ͳرونŮنو سůاره های .١ فصل

[Ǒǖ] Paیkes ΋ƋƺŮوپ ƙƊوŮ Ǝده رصد ͳƺɕƽ ثاǄɕǁ ای ǪŮ اůžر ǂǷد ǀɕȣǁاɕƽ ǪŮ Ƹ΋Ǝ :ǔ . Ǒ Ƹ΋Ǝ
Ǝده اǁد. ƼƊر PSRCHIVE ǁرم اƭزار ŨوǄƺɕƊ ی Ǆک

Ƹ΋Ǝ در ƽوجود ǅ ǄƺƱای ƣŮداد Ũا ͳȢدɕǸɕǫ Ɵǁر از را ǅ ǪŮا ǀɔا ͳƺک ƚور ǄŨ و ŨاƎد ǄǁاȢجدا ƚور ǄŨ آن ǅا
΋ƋƺŮوپ ƙƊوŮ Ǝده رصد ͳƺɕƽ ثاǄɕǁ ای ǪŮ اůžر ǂǷد ǪŮ Ƹ΋Ǝ ،ǔ . Ǒ Ƹ΋Ǝ در ͳƽ کǂǂد. دǂŨ ǄůƊدی ǪŮ
Ǆک اصͳƺ ای ǪŮ ͳƽ کɕǂد. ǄƟźلاƽ را Ǝده اǁد ƼƊر PSRCHIVE ǁرم اƭزار ŨوǄƺɕƊ ی Ǆک [Ǒǖ] Paیkes
Έɔ در .[Ǔ]ŭƊا ǁاƞر دɔد ƙž و ǪŮ اůžر ͳƋɕƚاǂغƽ ɕƽدان Ǝدن Ƽǅ راůƊا اثر در ͳƽ کǂد ŭƭاɔدر ǁاƞر
ŭƊا ǀ΋ƾƽ ǁوری، ſƽروط در ƍŨاŮ ͳźواǁ ơɔوزŮ Żǁوه ی ǄŨ ǄůƋŨ دوران، Żƽور źول Ƹƽکا دوران
ͳƽ دǅد. Əǁان را ǁاƞر ǄŨ ǪŮ رɕƊدن Żǁوه ی از ͳƺک ƚرح Έɔ Ǖ . Ǒ Ƹ΋Ǝ Ǝوǁد. دɔده Ƽǅ ɓɔاǅ ǪŮ زɔر

ȢرǄůƭ اǁد. Ʊرار ǄوجŮ ƽورد ɕǁز ǅ ǪŮا ǀɔا ǔ٩ƉوکůƊا ǫاراůƽرǅای ،ǀɕȣǁاɕƽ ǪŮ Ƹ΋Ǝ Ũر Ƣلاوه
U و Q ǫاراůƽرǅای ،ŭƊا ͳƋɕƚاǂغƽروů΋ƹا ƽوج Ƹک Ǝدت Ǆک I ǫاراůƽر از: ũƢارǂŮد ǫاراůƽرǅا ǀɔا
ƽوج ǕǑرویɔدا ƍũƛƱ Ǆک V ǫاراůƽر و ǂůƋǅد ǒ ǒ Ǖ٠ͳƛž ƍũƛƱ ƽوǅ ǄƮƹای Ǆک
Έɔ ǂƢوان ǄŨ ǫاراůƽر ǔ ǀɔا از اƮůƊاده ،PSR/IEEE ưƭواŮ در ΄Ʊوا در Ũ ͳƽاƎد. ͳƋɕƚاǂغƽروů΋ƹا

ǔ٩
Ǖ٠
ǕǑ

Ǒǒ٠ کتاب نامه

FIGURE 13

Pulsar Astronomy

A DISTANCE OF ���� !5� ,OW TIME
RESOLUTION hMOVIESv OF THE CENTRAL REGION OF THE #RAB
SUPERNOVA REMNANT OBTAINED BY LONG
TERM OBSERVATIONS BY (34 AND #HANDRA ARE ACTUALLY
ABLE TO SHOW THE EXPANSION AND EVOLUTION OF THAT PORTION OF THE NEBULA� 3OME OF THE WISPS
APPEAR TO MOVING OUTWARD AT BETWEEN � �� AND � � ��

"EFORE DESCRIBING THE DETAILS OF A MODEL PULSAR� IT IS WORTH TAKING A CLOSER LOOK AT THE PULSES
THEMSELVES� !S CAN BE SEEN IN &IG� ��� THE PULSES ARE BRIEF AND ARE RECEIVED OVER A SMALL
FRACTION OF THE PULSE PERIOD �TYPICALLY FROM �� TO ��	� 'ENERALLY� THEY ARE RECEIVED AT RADIO
WAVE FREQUENCIES BETWEEN ROUGHLY �� -(Z AND �� '(Z�

!S THE PULSES TRAVEL THROUGH INTERSTELLAR SPACE� THE TIME
VARYING ELECTRIC lELD OF THE RADIO
WAVES CAUSES THE ELECTRONS THAT ARE ENCOUNTERED ALONG THE WAY TO VIBRATE� 4HIS PROCESS
SLOWS THE RADIO WAVES BELOW THE SPEED OF LIGHT IN A VACUUM� � WITH A GREATER RETARDATION
AT LOWER FREQUENCIES� 4HUS A SHARP PULSE EMITTED AT THE NEUTRON STAR� WITH ALL FREQUENCIES
PEAKING AT THE SAME TIME� IS GRADUALLY DRAWN OUT OR AS IT TRAVELS TO %ARTH �SEE
&IG� ��	� "ECAUSE MORE DISTANT PULSARS EXHIBIT A GREATER PULSE DISPERSION� THESE TIME
DELAYS CAN BE USED TO MEASURE THE DISTANCES TO PULSARS� 4HE RESULTS SHOW THAT THE KNOWN
PULSARS ARE CONCENTRATED WITHIN THE PLANE OF OUR -ILKY 7AY 'ALAXY �&IG� ��	 AT TYPICAL
DISTANCES OF HUNDREDS TO THOUSANDS OF PARSECS�

&IGURE �� SHOWS THAT THERE IS A SUBSTANTIAL VARIATION IN THE SHAPE OF THE INDIVIDUAL
PULSES RECEIVED FROM A GIVEN PULSAR� !LTHOUGH A TYPICAL PULSE CONSISTS OF A NUMBER OF BRIEF

� THE � AN AVERAGE BUILT UP BY ADDING TOGETHER A TRAIN OF
��� OR MORE PULSES� IS REMARKABLY STABLE� 3OME PULSARS HAVE MORE THAN ONE AVERAGE PULSE
PROlLE AND ABRUPTLY SWITCH BACK AND FORTH BETWEEN THEM �&IG� ��	� 4HE SUBPULSES MAY
APPEAR AT RANDOM TIMES IN THE hWINDOWv OF THE MAIN PULSE� OR THEY MAY MARCH ACROSS IN
A PHENOMENON KNOWN AS � AS SHOWN IN &IG� ��� &OR ABOUT ��� OF ALL
KNOWN PULSARS� THE INDIVIDUAL PULSES MAY SIMPLY DISAPPEAR OR � ONLY TO REAPPEAR UP TO
��� PERIODS LATER� $RIFTING SUBPULSES MAY EVEN EMERGE FROM A NULLING EVENT IN STEP WITH
THOSE THAT ENTERED THE NULL� &INALLY� THE RADIO WAVES OF MANY PULSARS ARE STRONGLY LINEARLY
POLARIZED �UP TO ����	� A FEATURE THAT INDICATES THE PRESENCE OF A STRONG MAGNETIC lELD�

� � � � �

4IME฀�S	

FIGURE 19 0ULSES FROM 032 ������� WITH A PERIOD OF ����� S� �&IGURE ADAPTED FROM -ANCH

ESTER AND 4AYLOR� Pulsars� 7� (� &REEMAN AND #O�� .EW 9ORK� �����	

� 3EE (ESTER� ET AL�� � � ,��� ����� 4HE MOVIES ARE AT
�

�

�
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Pulsar’s Time of  Arrival

Pulsar timing is the regular monitoring of the rotation of  pulsar by 
tracking (nearly exactly) the times of arrival of the radio pulses

time 

si
g

n
al

 

ΔT 

Fold the incoming signal at the pulse period to form a 

pulse profile (signal averaging).  Then calculate a time of 

arrival from the profile. 

Pulse Time of Arrival:    

TOA = scan start time + ΔT 

David Nice 
Lafayette College
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Pulsar’s Timing residual

Residual is difference between measured pulse’s time of arrival and 
expected time of arrival:
Residual=Observed ToA-Computed ToA or vise versa 
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PSR J0437-4715

ǑǗ ͳرونŮنو سůاره های .١ فصل

:[ǑǙ]Ƽɕǂȕ ͳƽ ͳƭرƣƽ را Ǝ ͳƽود اŷǁام Ǒ źدود در ɓɔاƛخ Ũا ͳǁاƽز ƾƋǫاǁد ǄŨ رɕƊدن Ũرای TEMPOǒ

∆t = ∆c +∆A +∆E!
+∆R!

+∆S!
−D/fǒ

+∆V P +∆B. (ǒǑ . Ǒ)

: ŭƢاƊ ŹɕŻƓŮ .Ǒ
ǕǔͳƺŻƽ رƒدخاǄǁ ای Ɗاǅ ŭƢای ŨوǄƺɕƊ ی Ǝ ͳƽود اǁدازه گɕری ΋ƋƺŮوپ ǅا ƙƊوŮ Ǆȕ ͳǁدɕƊر زƽان
ƸŨاƱ ƚور ǄŨ Ɗال) ǂǷد Ůا ƽاه (ǂǷد ͳǁʭوƚ ͳǁاƽز ɕƲƽاس ǅای در Ɗاǅ ŭƢا ǀɔا Ǝده اǁد. Ƽǅراƭ
Ɗاǅ ŭƢا Ǆƾǅ ی Ǆŷɕůǁ در ǂůƋɕǁد. ƾǅزƽان دΎɔر و ǂǂȕ ͳƽد ɕǫدا اخʮůف ΋ɔدΎɔر Ũا źʮƽظǄ ای

Ǝوǁد. Ƽǅ زƽان ǕǕاویƾƊ ΄Ŷرƽ ƊاƽاǄǁ ی Ũا Ũاɔد
: Ŷ̂و̷ی اƏůǁار Ůاخɕر .ǒ

ǕǖویˆŶ اƏůǁار Ůاخɕر .ŭƊا Ʈůƽاوت ŗʮخ در ǁور ŭƢرƊ Ũا Ŷو̷ در ɓɔوɔراد اƽواج گروه ŭƢرƊ
Əǁود اʮƒح Ǆȕ ͳŮورƒ در و ͳƽ اůƭد اƮŮاق ǕǙرƮƊوǫروŮ و ǕǘرƮƊوǁوɔ در ƽوج ǕǗارƋȖǁا اثر Ũر

ǂȕد. اŷɔاد ͳǁاƽز ƾƋǫاǁد در Ǒ٫Ǖ źدود در ɓɔاƛخ Ů ͳƽواǁد
: ǀɕůƏǂɔا Ůاخɕر .Ǔ

ͳƎاǁ ͳƏǁگرا Ɗرخ ǄŨ اƲůǁال ǀɕǂǸƾǅ و Ǆǁدخاƒر و ŭȕرź źال در ǪŮ اخůرِ ǀɕŨ ǖان٠ƽز اƋŮاع
.ŭƊا ǆƏƽور ǀɕůƏǂɔا Ůاخɕر ǄŨ ɓɔاŮدو Ɗاƽاǅ Ǆǁای و ɕƊاره ǅا خورɕƎد، از

: رˇƽ̃ر Ůاخɕر .ǔ
ǀɕƽز ƽدار در ͳƋɕƚاǂƧƽروů΋ƹا ƽوج Ǆȕ ŭƊا (ΈɕƊʮȕ) ͳůɕũƋǁرɕƦ ͳǁاƽز ƽدت ǖǑ̃رƽˇر Ůاخɕر
ƭاǄƺƒ ی ɕɕƧŮر و خورɕƎد دور ǄŨ ǀɕƽز ŭȕرź Ƹɕƹد ǄŨ Ůاخɕر ǀɔا ŨرƊد. ΋ƋƺŮوپ ǄŨ Ůا ǂȕ ͳƽد ƮƊر

ɔŘ ͳƽد. ŨوŶود ǪŮ اخůر و Ǆǁدخاƒر ǀɕŨ
: Ǝاɕǫرو Ůاخɕر .Ǖ

ǄŨ رɕƊدن Ũرای ƽوج ɕƋƽر و Ǝ ͳƽود اŷɔاد اǂŻǁا ƭضا‐زƽان در ůƊاره ǅا و ɕƊاره ǅا Ŷرم اثر در
Ǖǔ
ǕǕ
Ǖǖ
ǕǗ
Ǖǘ
ǕǙ
ǖ٠
ǖǑ
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Pulsar Timing Array
1) Parkes Pulsar Timing Array (PPTA),        

64-meter Radio Telescope from 1961
2) Square Kilometer Array (SKA)
3) International Pulsar Timing Array (IPTA)
4) European Pulsar Timing Array  

(Including 5 radio telescopes)
5) Indian Pulsar Timing Array (2016)

San Basilio, Sardinia, Italy

Nançay, Nançay, France

Cheshire East, United Kingdom
North Rhine-Westphalia, GermanyHooghalen, Netherlands

Australia
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f ~ 1/(weeks-years) (10-6 – 10-9 Hz) "

 

Ierapetra, Crete

Applications of  Pulsar
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The big picture of gravitational-wave astronomy

h
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•Primordial gravitational 
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compact binaries
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Ierapetra, Crete
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PTR and GWB model
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Pulsar

ǒǑ ͳرونŮنو سůاره های .١ فصل

Έɔ در ǘǓزůǁورƹ ŭſƹ ǷارǷوب Ũا ǂůƽاظر و Ɠůſƽات دȣůƊاه žاص اſůǁاب Έɔ ǀɔا
ŭƊا ͳƖرƢ اůžلال ǀɔا Ǆک ͳƽ کǂد ɕŨان ŭźراƒ ǄŨ Ǆǁاƾɕپ ǀɔا .ŭƊا ǘǔلالůžا Ũدون و ŭſŮ زǄǂɕƽ ی
ƙƋũǂƽ ɔا Əƭرده را Ɨƭا‐زƽان ǂƢاƒر ͳǂƣɔ ŭƊا رد Ũدون ƣŨلاوه .ŭƊا ƾƢود اƏůǁار راůƊای Ũر ͳǂƣɔ
Ǆک ͳƏǁراȢ ƽوج ǄŻƮƒ Έɔ Ǆǁاƾɕپ ǀɔا در ͳƽ کǂد. Ůوɕƹد ǘǕاورداǁ Ƽŷź ƍǁکر Έɔ ƙƲƭ و ͳƾǁ کǂد

:ŭƎوǁ زɔر Ƹ΋Ǝ ǄŨ Ů ͳƽوان را ͳƽ کǂد ŭرکź Żƽور راůƊای در

hTT
µν (t, z) = hTT

µν (t−
z

c
) =






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
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٠
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h×

٠
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٠

٠
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٠





















, (ǒǕ . Ǒ)

ȢراͳƏǁ ای ƽوج ǀɕǂǷ اثر ǂůƋǅد. ƽوج ƍũƛƱ دو و و ŭƊا ŗلاž در ǁور ǂŮدی Řن در Ǆک
Ůغɕɕر Έɔ دارǁد، Ʊرار ΋ɔدΎɔر از ɓɔاƗƭ ƭاǄƺƒ ی در Ǆک Řزاد ƲƊوط źال در Řزƽونِ Ŷرم دو روی
Ǝود. ΋ƎŘار LIGO ƽاǂǁد ǘǖɓɔاǅ ;ǂƊ ƸžداŮ ƙƊوŮ Ů ͳƽواǁد Ǆƺƒاƭ Ůغɕɕر ǀɔا .ŭƊا زƽان ǄŨ ǄůƋŨوا
;ǂƊ ƸžداŮ Ũازوی دو ƚول ɓũƋǁ Ůغɕɕر ǄũƊاŻƽ Ũا ;ǂƊ ƸžداŮ ŨوǄƺɕƊ ی Ǝده رƒد ͳƏǁراȢ ƽوج Ǝدت
راǄƛŨ ی ǄƺɕƊوŨ ͳƏǁراȢ اƽوج ƍŨاŮ ɔŘ ͳƽد. ŭƊدŨ Ǒ Ǒ ǒ ǒ ƒورت ǄŨ ǒ و Ǒ ͳǂƣɔ

:[ǑǕ ،ǔ]ودƎ ͳƽ ƬɕƒوŮ زɔر ǘǗɓũƛƱارǆǷ

ǒ
ǔ

Ǒ (ǒǖ . Ǒ)

Ůاɕžر Ǆŷɕůǁ در و ƽوج ơũǂƽ Ůا Ǆƺƒاƭ ،ŗلاž در ǁور ǂŮدی ،ƍǁراȢ ͳǁاǆŶ ŭŨثا ǄƛŨرا ǀɔا در
ƾƽان و ŭƊا زƽان ǄŨ ŭũƋǁ ưůƏƽ ƣƽرف ”ǄƛƲǁ” ŭƽلاƢ ǄƛŨرا ǀɔا در ǀɕǂǸƾǅ .ŭƊا ͳǁاƽز

Ǝ ͳƽود: ƬɔرƣŮ زɔر ƒورت ǄŨ Ǆک ŭƊا ơũǂƽ ɓũƛƱارǆǷ

Ǒ
Ǔ

ǒ Ǔ (ǒǗ . Ǒ)
ǘǓ
ǘǔ
ǘǕ
ǘǖ
ǘǗ

Characteristic strain spectrum is: 



103

Synthetic Datasets 

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

G ´

t t- - ´ - -

G =

t´ - -

S

S

G = = G~
+ -

= -

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

G ´

t t- - ´ - -

G =

t´ - -

S

S

G = = G~
+ -

= -

Pure PTR PTR+GW

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

G ´

t t- - ´ - -

G =

t´ - -

S

G = = G~
+ -

of = -10yr
15.

PTRs of PSR J0437

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

G ´

t t- - ´ - -

G =

t´ - -

S

G = = G~
+ -

= - take ζ=−2/3.
from the PPTA
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Trend and Noise models
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Generalized form of  Hellings & Downs (1983)

C×(τ,Θab)= hPTRa(t, n̂a)PTRb(t+ τ, n̂b)it,here Θab = arccos |n̂a.n̂b|.
poral parts of cross-cor

a b

y PTRa(t) = PTRpure
a (t)+BaRGWB(t)

pure Brepresented by PTRa(t) = PTRa (t)+
d PTRb(t) = PTRpure

b (t) + BbRGWB(t),
pure

Bi ⌘ −
1

2
cos(2φi)(1− cos(θi))

C×(τ,Θ)= h C×(τ,Θab)ipairs ⇠ Γ(Θ)⇥ τγ×

where γ× = 2 − 2H× = 2 − 2h×(q = 2).

Γ(Θ) =
3

2
ψ ln(ψ)−

ψ

4
+

1

2
,

where ψ ⌘ [1− cos(Θ)]/2.
ings and Downs curve

ǒǕ ͳرونŮنو سůاره های .١ فصل
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ǪŮ اخůرǅا. ͳǁاƽز ƾƋǫاǁد ضرŨدری ͳȣůƋŨ Ƽǅ Ũرای ƾǁودار :Ǘ . Ǒ ΋Ǝل

ƽوج اŲر ǆǂŮا ͳƽ کǂǂد، اɔجاد ͳȣůƋŨ Ƽǅ ǪŮ اخůرǅا ͳǁاƽز ƾƋǫاǁد در Ǆک ͳلƽعوا ƾŮام ɕƽان از زɔرا Ũود.
ǀɔا ǀůƭاɔ Ǝ ͳƽود. ǪŮ اخůرǅا داده ǅای در ɓũارقطǆچ ͳȣůƋŨ Ƽǅ Έɔ اɔجاد űاعŨ ŭƊا Ǆǂɕƽز ̥ͳƏǁراȢ
Ũا اƽا ŭƊا Əǁده źاƒل کǂون Ůا Ǆک دارد ǪŮ اخůرǅا ͳجǂƊ انƽز در Ũالا ɕƋŨار ŭدق ǄŨ ɕǁاز ͳȣůƋŨ Ƽǅ
ͳƏǁراȢ ƽوج Ǝدت روی Ů ͳƽوان Ƽɔدار اخɕůار در źاضر źال در Ǆک زƽاͳǁ ای ƾƋǫاǁدǅای از اƮůƊاده
Ɗ ǄɕũƎازی ͳǁاƽز ƾƋǫاǁد ƾǁودار ǘ . Ǒ ΋Ǝل در .Ƽɔردازǫ ͳƽ آن ǄŨ Ǔ Ɠƭل  در Ǆک ŭƎذاȢ Ũالا źد Έɔ
ͳǁاƽز ƾƋǫاǁد و ŭƊا ǄůƭرȢ قرار Ǆǂɕƽز ͳƏǁراȢ ƽوج ŮاɕŲر ŭŻŮ Ǆک Ǝده ای Ɗ ǄɕũƎازی اɔده آل، Ǝده

.Ƽɔداده ا Əǁان را ŭƊده اƎ رƒد [Ǔǖ] PPTA ǫروژه ی ǄلɕƊوŨ Ǆک J٠ǔǓǗ-ǔǗǑǕ ǪŮ اخůر

ƾǅسان Ȣرد زƽیǄǂ ی از حاصل ͳشǁراȢ ƽوج ضربدری ͳȣبست Ƽǅ ǒ . Ǔ . Ǒ
Əƽاǅده ƋŨاƽد ɓũƋǁ Ůغɕɕر اůŨدا در .Ƽɔردازǫ ͳƽ Ǔǒ . Ǒ راŨطǄ ی ƾǆƮƽوم ͳƊررŨ و اũŲات ǄŨ ŭƾƋق ǀɔا در

:ŭƎوǁ زɔر ΋Ǝل ǄŨ Ů ͳƽوان را ام ǪŮ اخůر داده ǅای در Ǝده

(ǓǓ . Ǒ)

arXiv:1410.8256
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Irregular Data Interpolation Regular Data AD or SVD Detrended data 

Irre
g
u
la

r M
F
-D

X
A

( ), ( )h
Irregular -MF-DFA

Irregular -MF-DMA
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Eghdami, I., et al., APJ, 864:162 (18 pp), 2018
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Table 1

Hurst Exponent, H, Width of Singularity Spectrum, Δα, Scaling Exponent of Temporal Autocorrelation, γ, rms, Total Time Span (TTS) of Post-fit Timing Residuals,
and Upper Limit on Dimensionless Amplitude of GWB of 20 MSPs Observed in PPTA Project

PSR Number PSR Name H Δα γ rms (μs) TTS (yr) ( )95%yr
up

1 J0437–4715 0.78±0.03 0.89±0.06 −1.56±0.06 0.08 4.76 5.0×10−15

2 J0613–0200 0.68±0.06 1.22±0.04 −1.37±0.11 1.07 5.99 7.0×10−15

3 J0711–6830 0.56±0.10 1.40±0.08 −1.13±0.19 0.89 5.99 6.0×10−15

4 J1022+1001 0.65±0.06 1.04±0.04 −1.30±0.13 1.72 5.88 8.5×10−15

5 J1024–0719 0.87±0.03 1.60±0.03 −1.74±0.07 1.13 5.99 L

6 J1045–4509 0.84±0.02 1.29±0.04 −1.68±0.05 2.77 5.94 L

7 J1600–3053 0.75±0.05 1.34±0.04 −1.50±0.09 0.68 5.93 L

8 J1603–7202 0.68±0.04 1.29±0.05 −1.37±0.07 2.14 5.99 2.5×10−15

9 J1643–1224 0.83±0.04 0.89±0.02 −1.66±0.08 1.64 5.87 L

10 J1713+0747 0.74±0.04 1.20±0.05 −1.48±0.09 0.31 5.71 2.0×10−15

11 J1730–2304 0.60±0.11 1.79±0.04 −1.21±0.23 1.47 5.93 L

12 J1732–5049 0.81±0.03 1.56±0.03 −1.62±0.07 2.22 5.08 2.0×10−15

13 J1744–1134 0.85±0.04 1.52±0.03 −1.70±0.09 0.32 5.87 L

14 J1824–2452A 0.70±0.03 1.26±0.05 −1.40±0.07 2.44 5.75 10.0×10−15

15 J1857+0943 0.71±0.05 1.45±0.02 −1.42±0.10 0.84 5.93 L

16 J1909–3744 0.76±0.06 1.32±0.06 −1.52±0.11 0.13 5.75 6.0×10−15

17 J1939+2134 0.80±0.02 1.25±0.02 −1.61±0.04 0.68 5.88 L

18 J2124–3358 0.65±0.07 1.23±0.04 −1.30±0.13 1.90 5.99 6.0×10−15

19 J2129–5721 0.66±0.07 1.54±0.04 −1.32±0.13 0.80 5.86 7.0×10−15

20 J2145–0750 0.69±0.06 1.29±0.05 −1.38±0.11 0.78 5.99 L

Eghdami, I., et al., APJ, 864:162 (18 pp), 2018

Observed PTR, Parkes Pulsar Timing Array (PPTA) 
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Eghdami, I., et al., APJ, 864:162 (18 pp), 2018
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