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1) Emphasizing on the quote “Big Data” and “Data Science” and 
its impact on Cosmology and Astrophysics. 

2) The role of  Topological and Statistical measures to model 
building. 

Some illustrations 
3) Anomalies in the real space of  CMB 
4) Characteristic angular scales: new measurement  
5) How can detect and determine the type of  GWs?

The main goal of  my talk:
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For more details see:
 1) Persistent Homology of Weighted Visibility Graph from Fractional Gaussian Noise, H.
 Masoomy, B. Askari, M. N. Najafi, SMSM, arxiv.org/2101.03328
 2) Clustering of Local Extrema in Planck CMB maps,  A. Vafaei Sadr, SMSM, MNRAS
(2021).
 3) Multifractal Analysis of Pulsar Timing Residuals: Assessment of Gravitational Wave
Detection, I. Eghdami, H. Panahi, SMSM, APJ, (2018), 864:162 (18 pp).



1) An overview on Data analysis in Cosmology and 
Astrophysics   

2) Stochastic & Self-similar fields in Cosmology and 
Astronomy 

3) Quantitative measures 

4) CMB temperature field 

5) Complex networks and TDA

Outline
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Part 1 
An overview on observables and 

data so far 



AstrophysicsTheoretical Physics Cosmology

An exclusive for Cosmology

Principles 
Laws of  nature 

Models

Phenomena

Extrapolation

C     J. P. Uzan, Les Houches 2016

Constraints 
Frequentists and  

Bayesian approaches
Data science



Data analysis points of  view (1)
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Data analysis points of  view (2)
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12 CHAPTER 1. INTRODUCTION

Figure 1.6: Adiabatic Non-Gaussianity: One-point p.d.f

One-point probability density distribution function (p.d.f) of the CMB anisotropy, ∆T/T ,
comparing a Gaussian p.d.f with non-Gaussian p.d.f’s of non-linear adiabatic fluctuations
produced in inflation. The dashed line plots Gaussian distribution. The solid line plots non-
Gaussian distribution for fNL = 1000, the dotted line for fNL = 5000. The larger fNL is, the
more negatively skewed p.d.f becomes. If fNL < 0, then p.d.f becomes positively skewed.

Eiichiro Komatsu, astro-ph/0206039

e.g. Primordial NG

قید ناگوسیت موضعی از پالنک بگذارم
و تاکید کنم که این به نظر بهینه است برای بررسی
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One-point probability density distribution function (p.d.f) of the CMB anisotropy, ∆T/T ,
comparing a Gaussian p.d.f with non-Gaussian p.d.f’s of non-linear adiabatic fluctuations
produced in inflation. The dashed line plots Gaussian distribution. The solid line plots non-
Gaussian distribution for fNL = 1000, the dotted line for fNL = 5000. The larger fNL is, the
more negatively skewed p.d.f becomes. If fNL < 0, then p.d.f becomes positively skewed.

Eiichiro Komatsu, astro-ph/0206039

e.g. Primordial NG
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ABSTRACT

The Planck full mission cosmic microwave background (CMB) temperature and E-mode polarization maps are analysed to obtain constraints on
primordial non-Gaussianity (NG). Using three classes of optimal bispectrum estimators – separable template-fitting (KSW), binned, and modal –
we obtain consistent values for the primordial local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result from temperature
alone f local

NL = 2.5 ± 5.7, f equil
NL = �16 ± 70, and f ortho

NL = �34 ± 33 (68% CL, statistical). Combining temperature and polarization data we obtain
f local
NL = 0.8 ± 5.0, f equil

NL = �4 ± 43, and f ortho
NL = �26 ± 21 (68% CL, statistical). The results are based on comprehensive cross-validation

of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques, pass an extensive suite of
tests, and are consistent with estimators based on measuring the Minkowski functionals of the CMB. The e↵ect of time-domain de-glitching
systematics on the bispectrum is negligible. In spite of these test outcomes we conservatively label the results including polarization data as
preliminary, owing to a known mismatch of the noise model in simulations and the data. Beyond estimates of individual shape amplitudes, we
present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and derive constraints on early universe scenarios
that generate primordial NG, including general single-field models of inflation, axion inflation, initial state modifications, models producing parity-
violating tensor bispectra, and directionally dependent vector models. We present a wide survey of scale-dependent feature and resonance models,
accounting for the “look elsewhere” e↵ect in estimating the statistical significance of features. We also look for isocurvature NG, and find no
signal, but we obtain constraints that improve significantly with the inclusion of polarization. The primordial trispectrum amplitude in the local
model is constrained to be glocal

NL = (�9.0± 7.7)⇥ 104 (68% CL statistical), and we perform an analysis of trispectrum shapes beyond the local case.
The global picture that emerges is one of consistency with the premises of the ⇤CDM cosmology, namely that the structure we observe today was
sourced by adiabatic, passive, Gaussian, and primordial seed perturbations.

Key words. cosmic background radiation – cosmology: observations – cosmology: theory – early Universe – inflation – methods: data analysis
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ABSTRACT

The Planck full mission cosmic microwave background (CMB) temperature and E-mode polarization maps are analysed to obtain constraints on
primordial non-Gaussianity (NG). Using three classes of optimal bispectrum estimators – separable template-fitting (KSW), binned, and modal –
we obtain consistent values for the primordial local, equilateral, and orthogonal bispectrum amplitudes, quoting as our final result from temperature
alone f local

NL = 2.5 ± 5.7, f equil
NL = �16 ± 70, and f ortho

NL = �34 ± 33 (68% CL, statistical). Combining temperature and polarization data we obtain
f local
NL = 0.8 ± 5.0, f equil

NL = �4 ± 43, and f ortho
NL = �26 ± 21 (68% CL, statistical). The results are based on comprehensive cross-validation

of these estimators on Gaussian and non-Gaussian simulations, are stable across component separation techniques, pass an extensive suite of
tests, and are consistent with estimators based on measuring the Minkowski functionals of the CMB. The e↵ect of time-domain de-glitching
systematics on the bispectrum is negligible. In spite of these test outcomes we conservatively label the results including polarization data as
preliminary, owing to a known mismatch of the noise model in simulations and the data. Beyond estimates of individual shape amplitudes, we
present model-independent, three-dimensional reconstructions of the Planck CMB bispectrum and derive constraints on early universe scenarios
that generate primordial NG, including general single-field models of inflation, axion inflation, initial state modifications, models producing parity-
violating tensor bispectra, and directionally dependent vector models. We present a wide survey of scale-dependent feature and resonance models,
accounting for the “look elsewhere” e↵ect in estimating the statistical significance of features. We also look for isocurvature NG, and find no
signal, but we obtain constraints that improve significantly with the inclusion of polarization. The primordial trispectrum amplitude in the local
model is constrained to be glocal

NL = (�9.0± 7.7)⇥ 104 (68% CL statistical), and we perform an analysis of trispectrum shapes beyond the local case.
The global picture that emerges is one of consistency with the premises of the ⇤CDM cosmology, namely that the structure we observe today was
sourced by adiabatic, passive, Gaussian, and primordial seed perturbations.

Key words. cosmic background radiation – cosmology: observations – cosmology: theory – early Universe – inflation – methods: data analysis
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Classification of  processes

• Deterministic processes 


• Chaotic processes


• Stochastic Processes  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Stochastic fields 
Stochastic processes  

Random fields 

1) Measure-theoretic definition

2) Probabilistic framework definition

Long-range temporal correlation in Auditory

Brainstem Responses to Spoken Syllable /da/
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ABSTRACT

We explore the statistical behavior of the brainstem in response to complex auditory stimuli using a pipeline including Multifractal
Detrended Moving Average Analysis (MFDMA) modified by Singular Value Decomposition (SVD). To evaluate multifractal
nature of speech Auditory Brainstem Response (sABR) to synthetic /da/ stimuli, we apply SVD algorithm as a pre-processor to
remove superimposed trends. The scaling exponent derived by SVD-MFDMA confirms that all normal sABR are classified into
the non-stationary process. The average Hurst exponent derived by SVD-MFDMA is H = 0.77±0.12 at 68% confidence interval
indicating long-range correlation behavior indicating first universality behavior of sABR. Our findings exhibit that fluctuations in
the sABR series are dictated by a mechanism associated with long-term memory of the dynamic of the auditory system in the
brainstem level. The q�dependency of h(q) demonstrate that underlying data sets have multifractal nature revealing second
universality behavior of normal sABR samples. The width of singularity spectrum which is a measure of signal complexity, on
average equates to Da = 0.36±0.22 at 1s confidence interval. Comparing Hurst exponent of original sABR with the results
of the corresponding shuffled and surrogate series, we conclude that its multifractality is almost due to long-range temporal
correlations which are devoted to the third universality.

Introduction

{W,F ,P}

f d : W ! RT

T ⇢ RN

f is a (d +N)�Dimensional Stochastic field

The scalp-recorded Auditory Bra Response (ABR) is the most common auditory evoked potential that reflects the dynamics of
the large populations of neurons along the auditory brainstem to simple acoustic sounds (e.g., tones, click)1, 2. This evoked
potential can be used for oto-neurological diagnosis, particularly possible lesions in the auditory nerve3–5. The complexities
and the effects of inter-subject variations on the encoding of sounds are features of the brainstem processing.

In the recent studies, more complex stimuli such as speech or music have been used to evaluate the behavior of the
brainstem to the more complex stimuli6, 7. The speech ABR (sABR) comprises transient and sustained responses. Transient and
non-periodic characteristics of the stimulus are seen in the transient responses, while sustained time-locked responses including
periodic characteristics are shown in the sustained responses7–9. The sABR signal is a non-invasive and objective tool that is
suited for evaluating individuals with developmental and learning problems and also for studying the role of the brainstem in
encoding complex sounds7, 8, 10–12.

The sABR signal is mostly contaminated by several types of external artifacts such as muscular movement, electroencephalo-
gram, trends, non-biological noises, etc. Over the past two decades, various methods in time and frequency domains have
been used to analyze sABR using peak latency and amplitude, cross-correlation, Fourier analysis, and cross-phasogram7, 10, 13.
However, these methods discard the intricate details of the sABR signals. Furthermore, most quantitative methods to evaluate
the temporal dynamics of sABR need the sABR series to be stationary in which the mean and variance of signal do not change
with time14. While, the recent studies have described non-linear and non-stationary dynamics of sABR signals, limiting the
utility of these methods for examining long-range temporal correlation15, 16. In addition, due to complex nature of sABR
signals and the presence of several types of noises, underlying signals are mimicked by noises and trends. Examining such
data based on linear analysis is not reliable encouraging taking into account non-linear methods which are effective ways of
explaining these complex relationships. Therefore, it is crucial to implement robust methods for analyzing sABR signals in
order to remove destructive effects of various trends and noises.
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We explore the statistical behavior of the brainstem in response to complex auditory stimuli using a pipeline including Multifractal
Detrended Moving Average Analysis (MFDMA) modified by Singular Value Decomposition (SVD). To evaluate multifractal
nature of speech Auditory Brainstem Response (sABR) to synthetic /da/ stimuli, we apply SVD algorithm as a pre-processor to
remove superimposed trends. The scaling exponent derived by SVD-MFDMA confirms that all normal sABR are classified into
the non-stationary process. The average Hurst exponent derived by SVD-MFDMA is H = 0.77±0.12 at 68% confidence interval
indicating long-range correlation behavior indicating first universality behavior of sABR. Our findings exhibit that fluctuations in
the sABR series are dictated by a mechanism associated with long-term memory of the dynamic of the auditory system in the
brainstem level. The q�dependency of h(q) demonstrate that underlying data sets have multifractal nature revealing second
universality behavior of normal sABR samples. The width of singularity spectrum which is a measure of signal complexity, on
average equates to Da = 0.36±0.22 at 1s confidence interval. Comparing Hurst exponent of original sABR with the results
of the corresponding shuffled and surrogate series, we conclude that its multifractality is almost due to long-range temporal
correlations which are devoted to the third universality.

Introduction

{W,F ,P}

f d : W ! RT

T ⇢ RN

f is a (d +N)�Dimensional Stochastic field

X(t,w) is stochastic variable

P{X(t1),X(t2), ...,X(tm)}

The scalp-recorded Auditory Bra Response (ABR) is the most common auditory evoked potential that reflects the dynamics of
the large populations of neurons along the auditory brainstem to simple acoustic sounds (e.g., tones, click)?, ?. This evoked
potential can be used for oto-neurological diagnosis, particularly possible lesions in the auditory nerve?, ?, ?. The complexities
and the effects of inter-subject variations on the encoding of sounds are features of the brainstem processing.

In the recent studies, more complex stimuli such as speech or music have been used to evaluate the behavior of the
brainstem to the more complex stimuli?, ?. The speech ABR (sABR) comprises transient and sustained responses. Transient and
non-periodic characteristics of the stimulus are seen in the transient responses, while sustained time-locked responses including
periodic characteristics are shown in the sustained responses?, ?, ?. The sABR signal is a non-invasive and objective tool that is
suited for evaluating individuals with developmental and learning problems and also for studying the role of the brainstem in
encoding complex sounds?, ?, ?, ?, ?.

The sABR signal is mostly contaminated by several types of external artifacts such as muscular movement, electroencephalo-
gram, trends, non-biological noises, etc. Over the past two decades, various methods in time and frequency domains have
been used to analyze sABR using peak latency and amplitude, cross-correlation, Fourier analysis, and cross-phasogram?, ?, ?.
However, these methods discard the intricate details of the sABR signals. Furthermore, most quantitative methods to evaluate
the temporal dynamics of sABR need the sABR series to be stationary in which the mean and variance of signal do not change
with time?. While, the recent studies have described non-linear and non-stationary dynamics of sABR signals, limiting the
utility of these methods for examining long-range temporal correlation?, ?. In addition, due to complex nature of sABR signals
and the presence of several types of noises, underlying signals are mimicked by noises and trends. Examining such data based
on linear analysis is not reliable encouraging taking into account non-linear methods which are effective ways of explaining

The Geometry of Random Fields, Robert J Adler, 1981
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Evolution equation of  a stochastic field

�(a) ⇠ aR

�(n+3)/2

� = aR

dH = a

3/2
dH0

� ⇠ dH ! R ⇠ a

1/2
dH0

�(a)
horizon�crossing

⇠ a

⇥
dH0a

1/2]�(3+n)/2

n = 1 ! � ⇠ cts

hF(A)i =
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AF(A)P (A)

hF(A)i = hF(A)iG +
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K(3)

µ1µ2µ3
hF ;µ1µ2µ3 iG + ...

{F , T} 2 M
Fd : ⌦ ! RT

T ⇢ RN

Now F is a (N, d)-stochastic(random) field
Suppose that F is a (N, d) stochastic field. The independent parameter

is N -dimensional parameter called T .

@P ({F}; {T})
@Tj

= LjP ({F}; {T})

Lj ⌘
1X

⌫=1

(�@)⌫

@Fi1@Fi2 ...@Fi
⌫

D

(⌫)
i1,i2...i⌫

({F};Tj)

If D(⌫) = 0 for ⌫ � 3 therefore

@Fi

@Tj

= D

(1)

i ({F};Tj) +
q
D

(2)

ik ({F};Tj)⌘k({F};Tj)

where
h⌘i({F}; {T})⌘j({F}; {T})i = �ij�D(Fi,Fj)

In recent years, extensive research has been conducted on the use of nano-
materials in various technologies. One of nanomaterial applications is in
nanofluids[1]. Due to the complexity of the movements of nanoparticles in
nanofluids, calculating the velocity of each of the particles in the fluid is not

2



Example: CMB field

1 Introduction
According to our current understanding of the Universe, the morphology of the cosmic
microwave background (CMB) temperature field, as well as all cosmological structures
that are now visible, like galaxies, clusters of galaxies and the whole web of large-scale
structure, are probably the descendants of quantum process that took place some 10�35

seconds after the Big Bang. In the standard lore, the machinery responsible for these
processes is termed cosmic inflation and, in general terms, what it means is that micro-
scopic quantum fluctuations pervading the primordial Universe are stretched to what
correspond, today, to cosmological scales (see [1, 2, 3] for comprehensive introductions
to inflation.) These primordial perturbations serve as initial conditions for the process
of structure formation, which enhance these initial perturbations through gravitational
instability. The subsequent (classical) evolution of these instabilities preserves the main
statistical features of these fluctuations that were inherited from their inflationary origin
– provided, of course, that we restrain ourselves to linear perturbation theory.

However, given that matter has a natural tendency to cluster, and this inevitably
leads to non-linearities (not to mention the sorts of complications that come with bary-
onic physics), the structures which are visible today are far from ideal probes of those
statistical properties. CMB photons, on the other hand, to an excellent approximation
experience free streaming since the time of decoupling (z ⇥ 1100), and are therefore
exempt from these non-linearities (except, of course, for secondary anisotropies such
as the Rees-Sciama e�ect or the Sunyaev-Zel’dovich e�ect), which implies that they
constitute an ideal window to the physics of the early Universe – see, e.g., [4, 5, 6]. In
fact, we can determine the primary CMB anisotropies as well as most of the secondary
anisotropies on large scales, such as the Integrated Sachs-Wolfe e�ect, completely in
terms of the initial conditions by means of a linear kernel:

⇥(n̂) � �T (n̂; �0)

T (�0)
=

ˆ
d3x⇥
ˆ �0

0

d�⇥
�

i

Ki(�x
⇥, �⇥; n̂)S i(�x ⇥, �⇥) , (1)

where �⇥ is conformal time, and S i denote the initial conditions of all matter and metric
fields (as well as their time derivatives, if the initial conditions are non-adiabatic.) Here
Ki is a linear kernel, or a retarded Green’s function, that propagates the radiation field
to the time and place of its detection, here on Earth. Since that kernel is insensitive
to the statistical nature of the initial conditions (which can be thought of as constants
which multiply the source terms), those properties are precisely transferred to the CMB
temperature field ⇥.

The statistical properties of the primordial fluctuations are, to lowest order in per-
turbation theory, quite simple: because the quantum fluctuations that get stretched
and enhanced by inflation are basically harmonic oscillators in their ground state, the
distribution of those fluctuations is Gaussian, with each mode an independent random
variable. The Fourier modes of these fluctuations are characterized by random phases
(corresponding to the random initial values of the oscillators), with zero mean, and vari-
ances which are given simply by the field mass and the mode’s wavenumber k = 2⇤/⇥.

3

 تابع چشمه که مربوط به شرایط
 تابع گرین یا کرنل است که علی االصول مستقل ازاولیه است

شرایط اولیه است

L. R.  Abramo et. al., arXiv:1002.3173 24
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FIG. 1: Time evolution of some indexes.

where:

�2(h
xy

(q)) =
X

s

[F
obs.

(q; s)� F
fit

(s;h
xy

(q))]2

�2

obs.

(q; s)
(15)

Here F
fit

(s;h
xy

(q)) and F
obs.

(q; s) are fluctuation func-
tions determined by equation (8) and computed directly
from the data set by using DFA or DCCA, respectively.
Also, �

obs.

(q; s) is the mean standard deviation, associ-
ated to F

obs.

(q; s). Maximizing likelihood function cor-
responds to minimizing �2 for best value of h

xy

(q). The
value of error-bar at 1� confidence interval of h

xy

(q) is
computed by the likelihood function based on the follow-
ing condition:

68.3% =

Z
+�

+
(q)

��

�
(q)

L(Data|h
xy

(q))dh
xy

(q) (16)

The best fit value of scaling exponent at 1� confidence

interval will be reported according to h
xy

(q)+�

+
(q)

��

�
(q)

for
each moment, q’s. In the Gaussian case apparently,
��(q) = �+(q).

To make our results more sense and complete, we fol-
low approach introduced by G.F. Zebende [50] for so-
called cross-correlation coe�cient as:

�
DCCA

(q; s) ⌘
F2

xy

(q; s)

F
xx

(q; s)F
yy

(q; s)
(17)

and finally we report �
DCCA

= 1

s

P
s

i=1

�
DCCA

(q =
2; i). The �

DCCA

= +1 corresponds to prefect cross-
correlation and �

DCCA

= 0 indicates no cross-correlation
between underlying data sets.

III. DATA DESCRIPTION

The data used in this paper consists on adjusted mar-
ket capitalization stock market indices of 48 developed

and emerging markets, constructed by Morgan Stan-
ley Capital International (MSCI) and downloaded from
DataStream. We use daily index prices over the period
January 1995 to February 2014, corresponding to 4995
observations per index. The MSCI classification depends
on three criteria: economic development, size and liq-
uidity and market accessibility and divide markets on
developed, emerging and frontier markets (for more de-
tails, see http://www.msci.com). Our database includes
23 markets classified as developed, 21 markets classified
as emerging and 4 frontier markets. The developed mar-
kets are: Canada, United States (from America), Aus-
tria, Belgium, Denmark, Finland, France, Germany, Ire-
land, Israel, Italy, the Netherlands, Norway, Portugal,
Singapore, Spain, Sweden, Switzerland, United King-
dom (from Europe), Australia, Honk Kong, Japan, New
Zealand and Singapore (from the Pacific). The emerg-
ing markets are Brazil, Chile, Colombia, Mexico, Peru
(from Americas), the Czech Republic, Egypt, Greece,
Hungary, Poland, Russia, South Africa, Turkey (Europe,
Middle East & Africa), China, India, Indonesia, Ko-
rea, Malaysia, Philippines, Taiwan, and Thailand (Asia).
The frontier markets are Argentina (Americas), Morocco
(Africa), Jordan (Middle East) and Pakistan (Asia). The
data are the relative price indexes for these markets,
where the base 100 was set in the first observation. In
order to illustrate the behaviour of those markets, we
present the time evolution divided by type ok markets
(Figure 1). In a very simplistic way, we can observe some
similar behaviour between some stock markets, besides
the di↵erences of scale. For example, in the developed
markets group, the Europe shows some ”synchroniza-
tion”, such as some markets of Asia, namely Singapore
and Japan. The emerging markets also seem to show
high levels of ”synchronization” or similar behaviour, es-
pecially in Europe and South America. It is important
to note the higher values of the Turkish stock market,
which may induce that this market had strong increment
on the period under analysis. Of course, this kind of
analysis is merely preliminary. In order to evaluate the
relations between those markets, it is important to use
robust techniques in linear and nonlinear terms

IV. RESULTS OF STOCK MARKET
COMOVEMENTS

In the previous section the mathematical tools to ex-
tract reliable information regarding the underlying data
have been explained. In the section we are going to apply
mentioned method on series.

A. Evidence of cointegration and causality tests

We tested the stability of our time series by regress-
ing it on a nonsignificant constant. The results indi-
cate the presence of structural breaks for all the vari-

Paulo Ferreira, Andreia Dionsio, S.M.S.M., 
arXiv:1502.05603

4944 S. Hajian, M.S. Movahed / Physica A 389 (2010) 4942–4957

Fig. 1. Upper panel corresponds to the monthly sunspot number data set. The secular trend, obtained with a low-pass Fourier filter is shown as a thick
line in the upper panel. Lower panels indicate observed flux fluctuations of Daugava, French Broad, Nolichucky and Holston rivers, respectively. The inset
plot shows river flow for small scales.

an approach for analyzing correlation properties of a series by decomposing the original signal into its positive and
negative fluctuation components [62]. Based on the previous study, Podobnik et al. havemodified thementioned correlation
method and improved it to explore the cross-correlation between two non-stationary fluctuations, namedDetrended Cross-
Correlation Analysis (DCCA) [48] and its generalized, theMultifractal Detrended Cross-Correlation Analysis (MF-DXA)which
also examine higher orders detrended covariance [49].

As mentioned before, trends in data set may influence the accuracy of results. For reliable detection of the cross-
correlations, it is essential to distinguish trends from the intrinsic fluctuations in data. Generally, trends embedded in
measurements are of two types: Polynomial and Sinusoidal trends. Although the MF-DFA and MF-DXA methods eliminate
the polynomial trends, the sinusoidal trends remain [46,47]. There are several robust methods to eliminate the sinusoidal
one such as Fourier Detrended Fluctuations Analysis (F-DFA) [61,63], which is actually a high-pass filter, and Singular
Value Decomposition (SVD) [64,65]. One of the most disadvantage of the F-DFA method is the reduction of the size of

 S. Hajian, S.M.S.M,  2010
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FIG. 2: Upper panels show three petrophysical quantities, Gamma ray (GR), sonic transient time (DT) and Neutron porosity
(NPHI), respectively, versus depth recorded every 15.4cm at depth interval 3504.5m to 3946.8m for well #2. In these panels
the gray line corresponds to original fluctuations while the dark solid line indicates the trend fluctuation constructed by setting
wadaptive = 101 and K = 2 for fitting polynomial in each segment. The lower panels illustrate fluctuation function as a function
of scale for different series of well #2. The filled circle symbol shows f(s) for original data set. The filled square symbols are
results for clean data by adaptive detrending method with K = 2. Up-triangle and down-triangle symbols correspond to clean
data with K = 4 and K = 5, respectively.

spond to clean data with K = 4 and K = 5, respec-
tively. Obviously, the f(s) for original fluctuations has
not unique scaling behavior. This situation gives rise for
other sets of data used throughout this paper. Subse-
quently, one can not determine associated Hurst expo-
nent, then essentially, adaptive detrending or every addi-
tional method to remove trend in data must be applied
in order to find reliable Hurst exponent. Table I con-
tains the Hurst exponent determined by Adaptive-DFA
method. Our results confirm that all series belong to the
nonstationary process soH = h−1. This Hurst exponent
is necessary to set up theoretical prediction represented
by Eqs. (9) and (23).

VI. DATA ANALYSIS

In this article we implement multifractal random walk
model to characterize a reservoir by describing some fea-
tures of petrophysical quantities. As mentioned before,
one reliable method for multifractal characteristic of a
typical data sets is determined by evaluation of scaling

H #1 #2 #3 #4

GR 0.65 ± 0.02 0.86± 0.02 0.84± 0.02 0.92± 0.02

NPHI 0.80 ± 0.02 0.84± 0.02 0.76± 0.02 0.77± 0.02

DT 0.79 ± 0.02 0.81± 0.02 0.73± 0.02 0.77± 0.02

TABLE I: The Hurst exponent, H , of data sets recorded for
four wells of the reservoir at 1σ confidence interval.

λ2
0 #1 #2 #3 #4

GR 0.042 ± 0.020 0.200 ± 0.002 0.077 ± 0.003 0.040 ± 0.002

NPHI 0.023 ± 0.003 0.045 ± 0.002 0.028 ± 0.002 0.029 ± 0.002

DT 0.002 ± 0.001 0.004 ± 0.001 0.004 ± 0.001 0.005 ± 0.001

TABLE II: The non-Gaussian parameter, λ2
0 of data sets

recorded for four wells of the reservoir at 1σ confidence in-
terval.

exponent ξq from the linear state. To this end, Eq. (1) is
computed for our data. Upper panels of Fig. 3 indicate
log-log plot of m(q, ℓ) versus ℓ for well #2 at different

Z. Koohi, M.S.M.S., G. Jafari, arXiv:1507.07445
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FIG. 1. Sketch showing the Monte Carlo modeling set-up
for an ion-beam sputtering. As described in the text, an ion
beam trajectory makes an angle ✓ with the axes z, and the
projection of the ion-beam direction on the x�y plane, makes
an angle of �

exp

relative to the x axis. Anisotropic direction
is perpendicular to the x� y projection of the ion-beam.

III. METHODOLOGY: LEVEL CROSSING
ANALYSIS

As we will explain, in this paper we are interested
in finding a criterion to distinguish the isotropic and
anisotropic rough surfaces, consequently, the level cross-
ing method will be introduced in the two-Dimensions
(2D) framework. In order to make more sense for further
usage we introduce level crossing method with following
steps:

Step1: Definition of variables: Suppose that for a
rough surface in 2D, height of the fluctuations is repre-
sented by H(r) at coordinate r = (i, j) with resolution �
and size L⇥L (see Fig. 3). It is not compulsory that the
size of width and height of underlying rough surface to
be same. For convenience, suppose that the origin of the
coordinate system is placed at the center of rough sur-
face. We assign height fluctuations by H(xi, yi), where
xi and yi demonstrate the coordinate position through
the basis vectors namely, x and y, respectively. In this
case we have �L/2 < (xi, yi) < L/2 for the square shape
of rough surface.

Step2: Preparing data sets: We cut two categories
of slices for height fluctuation in two separate and orthog-
onal directions which are so-called u and w. It must point
out that these two direction are produced by rotation
counterclockwise with respect to the origin of coordinate
through the angle �. For � = 0 the common axes to be
retrieved. To make obvious, we called the (1 + 1)D fluc-
tuations throughout these direction as Hw(�;n,m) and
Hu(�;n,m). Here n refers to the nth slice throughout
the w or u directions. The size of these (1 + 1)D sig-
nals depend on the resolution and the direction of slicing
of underlying rough surface. The upper panel of Fig. 4
shows a schematic of (1+1)�D slice of underlying rough
surface. If H(r) to be invariant under Eulerian rotation,

y

x

w

u

φ
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FIG. 2. Upper: Isotropic simulated rough surface for ✓ = 0�

and �

exp

= 0�. Moddel: An preferred direction for ✓ = 25�

and �

exp

= 23� exists for simulated surface. Lower panel
corresponds to simulated anisotropic rough surface for ✓ =
50� and �

exp

= 0�
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FIG. 2: Left: Contour plot at some typical levels of a singular
multifractal rough surface generated by binomial cascade mul-
tifractal method with p = 0.22(H = 0.803). The right panel
indicates the contour lines of the same surface convolved with
H⇤ = 0.700. The system size is 256⇥ 256.

[34, 50]. Since it does not require the modulus maxima
procedure therefore this method is simpler than WTMM,
however, it involves a bit more e↵ort in programming.
In this work, we rely on the two dimensional multi-

fractal detrended fluctuation analysis (MF-DFA) to de-
termine the spectrum of the generalized Hurst exponent,
h(q). We then compare given results with theoretical
prediction to check the reliability of our simulation. Sup-
pose that for a rough surface in two dimensions height
of the fluctuations is represented by H(r) at coordinate
r = (i, j) with resolution �. The MF-DFA in two dimen-
sions has the following steps [34]
Step1 : Consider a two dimensional array H(i, j) where

i = 1, 2, ...,M and j = 1, 2, ..., N . Divide the H(i, j) into
Ms ⇥Ns non-overlapping square segments of equal sizes
s ⇥ s, where Ms = [Ms ] and Ns = [Ns ]. Each square
segment can be denoted by H⌫,w such that H⌫,w(i, j) =
H(l

1

+ i, l
2

+ j) for 1  i, j  s, where l
1

= (⌫ � 1)s and
l
2

= (w � 1)s.
Step 2 : For each non-overlapping segment, the cumu-

lative sum is calculated by:

Y⌫,w(i, j) =
iX

k1=1

jX

k2=1

H⌫,w(k1, k2); (7)

where 1  i, j  s.
Step 3 : Calculating the local trend for each segments

by a least-squares of the profile, linear, quadratic or
higher order polynomials can be used in the fitting pro-
cedure as follows:

B⌫,w(i, j) = ai+ bj + c, (8)

B⌫,w(i, j) = ai2 + bj2 + c. (9)

Then determine the variance for each segment as follows:

D⌫,w(i, j) = Y⌫,w(i, j)� B⌫,w(i, j), (10)

F 2

⌫,w(s) =
1

s2

sX

i=1

sX

j=1

D2

⌫,w(i, j). (11)

A comparison of the results for di↵erent orders of DFA
allows one to estimate the type of the polynomial trends
in the surface data.

FIG. 3: Upper panel: A part of height fluctuations of singular
measure mentioned in Fig. 2. Lower panel: The same surface
convolved with H⇤ = 0.700.

Step 4 : Averaging over all segments to obtain the q’th
order fluctuation function

Fq(s) =
⇣ 1

Ms ⇥Ns

MsX

⌫=1

NsX

w=1

⇥
F 2

⌫,w(s)
⇤q/2 ⌘1/q

, (12)

where Fq(s) depends on scale s for di↵erent values of q.
It is easy to see that Fq(s) increases with increasing s.
Notice that Fq(s) depends on the order q. In principle, q
can take any real value except zero. For q = 0 Eq. (12)
becomes

F
0

(s) = exp
⇣ 1

2Ms ⇥Ns

MsX

⌫=1

NsX

w=1

lnF 2

⌫,w(s)
⌘
. (13)

For q = 2 the standard DFA in two dimensions will be
retrieved.

S. Hosseinabadi, Rajabpour, 
S.M.S.M. and S.M. Vaez, PRE 2012

Gaussian stochastic field
primordial quantum fluctuations

Multifractal singular and 
smoothed surfaces

dimension analysis and Minkowski functionals (MFs),
which do not require prior assumptions about the number
of regions or features in an image. For example, Rose et al.
(17) used fractal dimensions to describe the heterogeneity
found in dynamic contrast enhanced (DCE)-MRI parame-
ter maps and showed that the measured heterogeneity
could distinguish between low-grade and high-grade glio-
mas, a distinction that could not be made using distribu-
tion-based summary statistics. MFs have been widely
employed in cosmology as precise morphological and
structural descriptors, and used in the study of the evolu-
tion and morphology of galaxies and clusters of galaxies
(18,19). More recently they have been used as shape func-
tionals in neuromorphometric characterization (20), for
classifying normal and pathological pulmonary tissue
(21,22) and as parameters for the analysis of mineral dis-
tribution in hip fractures (23). We demonstrated recently
that MFs can be used to parameterize the heterogeneous
distribution of a targeted MRI contrast agent for detecting
tumor cell death and showed that this increased the sensi-
tivity of cell death detection in a drug-treated tumor (24).
We show here that MFs can be used with T2-weighted
images to detect the morphological changes that accom-
pany tumor cell death following drug treatment in the ab-
sence of any exogenous contrast agent.

METHODS

Drug Treatment and Tumor Histologic Evaluation

Tumors were grown by subcutaneous injection of 5 !
106 EL-4 murine lymphoma cells into the lower flank of
female C57BL/6 mice, and allowed to grow for 10 days.
Tumor cell death was induced either by treatment with a
cytotoxic drug, etoposide, which also induced tumor
shrinkage, or by using a vascular disrupting agent,
combretastatin A4-phosphate (CA4P), which produced
hemorrhagic necrosis in the absence of any significant
change in tumor size. Drug-treated animals received
intraperitoneal injections of 67 mg/kg etoposide or
100 mg/kg CA4P. Control animals were injected with the
solvent vehicle. Procedures were conducted in accord-
ance with project and personal licenses issued under the
United Kingdom Animals (Scientific Procedures)
Act 1986 and were designed with reference to the UK
Co-ordinating Committee on Cancer Research Guidelines
for the Welfare of Animals in Experimental Neoplasia.

The presence of tumor cell death was confirmed
histologically. Tumors were fixed in 10% formalin and
embedded in paraffin, and 5 mm sections were stained
with hematoxylin and eosin (Fig. 1). The fraction of cells
with fragmented nuclei (both apoptotic and necrotic
cells) was estimated using ImageJ software (National
Institutes of Health) as described in Refs. 8,25.

MRI

Experiments were performed at 9.4 T using a vertical
89-mm bore Oxford Instruments magnet (Oxford, UK)
interfaced to a Varian Inova console (Varian, Palo Alto,
CA) and a 45-mm-diameter volume coil (Millipede,
Varian). Multi-slice T2-weighted (repetition time
(TR)¼1.5 s, echo time (TE)¼40 ms, four transients per

slice, bandwidth¼100 kHz, field-of-view (FOV)¼35 mm
! 35 mm, data matrix 256 ! 128, slice thickness 1.5
mm) images were acquired using a spin-echo sequence.
The etoposide treatment group (N¼8) was imaged pre-
treatment, and again 24-h post-treatment, while for the
CA4P treatment group imaging was performed pre-treat-
ment and at 6 h (N¼8) or 24 h (N¼9) post-treatment. A
group of untreated control tumor-bearing mice (N¼11)
were also imaged twice, where the imaging sessions
were 24 h apart. A summary of the relevant information
about the different treatment categories is given in
Table 1.

FIG. 1. Representative sections of tumors stained with hematoxy-
lin and eosin from (a) an untreated control tumor, (b) a tumor 24 h
post-treatment with etoposide, and (c) 6 h post treatment with
CA4P. The etoposide treated tumors show widespread regions of
cell death, whereas at 6 h post CA4P treatment these regions are
more localized and smaller. Scale bar¼300 mm.
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Analysis of Image Heterogeneity Using 2D Minkowski
Functionals Detects Tumor Responses to Treatment

Timothy J. Larkin,1,2 Holly C. Canuto,1,2 Mikko I. Kettunen,1,2 Thomas C. Booth,1,2

De-En Hu,1,2 Anant S. Krishnan,1 Sarah E. Bohndiek,1,2 Andr!e A. Neves,1,2

Charles McLachlan,3 Michael P. Hobson,3 and Kevin M. Brindle1,2*

Purpose: The acquisition of ever increasing volumes of high
resolution magnetic resonance imaging (MRI) data has created
an urgent need to develop automated and objective image
analysis algorithms that can assist in determining tumor mar-
gins, diagnosing tumor stage, and detecting treatment
response.
Methods: We have shown previously that Minkowski function-
als, which are precise morphological and structural descriptors
of image heterogeneity, can be used to enhance the detection,
in T1-weighted images, of a targeted Gd31-chelate-based
contrast agent for detecting tumor cell death. We have used
Minkowski functionals here to characterize heterogeneity in
T2-weighted images acquired before and after drug treatment,
and obtained without contrast agent administration.
Results: We show that Minkowski functionals can be used to
characterize the changes in image heterogeneity that accom-
pany treatment of tumors with a vascular disrupting agent,
combretastatin A4-phosphate, and with a cytotoxic drug,
etoposide.
Conclusions: Parameterizing changes in the heterogeneity of
T2-weighted images can be used to detect early responses of
tumors to drug treatment, even when there is no change in
tumor size. The approach provides a quantitative and therefore
objective assessment of treatment response that could be
used with other types of MR image and also with other imag-
ing modalities. Magn Reson Med 71:402–410, 2014. VC 2013
Wiley Periodicals, Inc.

Key words: heterogeneity; tumor; Minkowski functionals;
image analysis

Magnetic resonance imaging of tissue morphology has
been widely used in oncology to detect the presence of
disease and to detect treatment response by measuring

decreases in tumor size (1). Since for some therapies
treatment-induced tumor cell death can be correlated
with patient survival (2–4), a more general method for
detecting treatment response would be to image tumor
cell death. This could be used to detect response to those
therapies that have little or no effect on tumor size and
provide earlier detection of response to those therapies
that do eventually induce tumor shrinkage (5).

Even relatively low resolution images, such as those
produced by computed tomography (CT) or MRI, can be
a sensitive indicator of underlying tissue biology (6)
and therefore could potentially be used to interrogate
more subtle features of tumor physiology and changes
in this physiology in response to treatment. Such an
approach, however, requires the development of image
metrics that give objective and quantitative assessments
of tissue morphology and that capture the underlying
biological information in a routine and automated
fashion.

A characteristic of tumors is their heterogeneous
appearance in MR images, a consequence of their irregu-
lar and uncoordinated growth and a chaotic and inter-
mittent blood supply that leads to periods of transient
ischemia and hypoxia. The resulting areas of necrosis
and hemorrhage can lead to hyper- and hypointensity,
respectively, in T2-weighted images (7) and may also be
influenced by treatment, where successful treatment can
result in a change in the size and distribution of these
areas (8).

Various approaches have been adopted for analyzing
heterogeneity in MR images of tumors, including k-means
clustering (9,10), texture analysis (11–13), and fractal
dimensions (14–16). However, texture analysis and the
k-means clustering algorithm, have some important limita-
tions. Texture analysis requires a large set of image
parameters to be calculated with a subset of these parame-
ters then chosen and used to differentiate between tissues
of different types. In a recent study, where texture analy-
sis was used to distinguish between benign and malignant
soft tissue masses on MR images, only small differences
were identified between the two and it was concluded
that more data were required to confirm the value of this
approach (13). A number of variations of the k-means
clustering algorithm have been used in MRI; however, in
most cases, the algorithm requires prior knowledge of the
number of expected regions or features and, furthermore,
due to the fact that the algorithm has a randomly assigned
starting point, the resulting clusters may not always con-
verge to the same point.

More recent approaches to image analysis have focused
on the use of shape-orientated descriptors, such as fractal
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Excursion set theory 21

(a) Porous media. (b) Matrix-inclusion media.

Figure 1.9: Two excursion sets of the same realization with different level sets.

of porous media (see 4.2.1 in this chapter). By comparison, high values of κ lead to
meatball-like topology (FIG. (1.9(b))) where just several connected components remain.
These excursions, despite their very low volume fraction, could represent disconnected
media such as aggregates within a matrix. This last point raises the main issue of excur-
sion set modeling. In this chapter, solutions are proposed in order to yield high volume
fraction morphologies with disconnected topologies.

As the level set value has an impact on the kind of morphology obtained, both prob-
ability distribution of the RF and its covariance function have a major influence as well.
Among them, the correlation length Lc, fixing the length-scale of the excursion set, has a
key role. Playing with all these parameters gives a wild range of morphologies. But, in
order to manipulate these “objects”, tools that quantify them mathematically speaking are
needed.

In the next section functionals that measure both geometrical and topological quanti-
ties are defined. They provide global descriptors for excursion sets, giving a mathematical
basis for the main results presented in this chapter.

3.2 Measures of excursion set
3.2.1 General aspect

In order to specify a morphology both geometrical and topological properties have
to be considered. It has been proved that in a N-dimensional space, N + 1 descriptors
are enough to fully describe it. A large family of functionals aims to quantify those

Meso-scale FE and morphological modeling of heterogeneous media

Emmanuel Roubin Thesis, 2013

EXAMPLES in (1+3)-D

http://www.esa.int


28

Part 3 
Quantitative measures  

& 
Probabilistic framework 



 Observables
1) Quantitative measures 
2) Dual Space measures  
3) Geometrical and Topological measures 

29

 

f → "f ≡ f − f → "f = 0 σ 0 = f 2 =
1

2π( )d /2 ddkP(k)∫ α ≡
f
σ 0

Aµνη... = α(rµ ),α(rµ );1,α(rµ );2 ,α(rµ );3,α(rµ );11,α(rµ );22 ,α(rµ );33,( α(rµ );12 ,α(rµ );13,α(rµ );23,

α(rν ),α(rν );1,α(rν );2 ,α(rν );3,α(rν );11,α(rν );22 ,α(rν );33,( α(rν );12 ,α(rν );13,α(rν );23,...)

ZA (λ) ≡ exp iλiA( ) A
= dN A P(A)exp iλiA( )

−∞

+∞

∫

= 1+
in

n!
... ... M µ1µ2 ..µa ;ν1 ,ν2 ..νb

(a+b=n) λµ1
λµ2

...λµa
λν1
λν2

...λνb
νb =1

N

∑
ν2 =1

N

∑
ν1 =1

N

∑
µa =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑
.

/
0

1

2
3

n=1
∑

ln ZA (λ)( ) =
in

n!
... ... Kµ1µ2 ..µa ;ν1 ,ν2 ..νb

(a+b=n) λµ1
λµ2

...λµa
λν1
λν2

...λνb
νb =1

N

∑
ν2 =1

N

∑
ν1 =1

N

∑
µa =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑
.

/
0

1

2
3

n=1
∑

 

δ (t; X) ≡
ρ(t; X) − ρ(t; X)

ρ(t; X)

δ
!
V (t; X) ≡

!
V (t; X) −

!
V (t; X)

!
V (t; X)

δΦ(t; X) ≡
Φ(t; X) − Φ(t; X)

Φ(t; X)

δT (t; X) ≡
T (t; X) − T (t; X)

T (t; X)
�(a) ⇠ aR

�(n+3)/2

� = aR

dH = a

3/2
dH0

� ⇠ dH ! R ⇠ a

1/2
dH0

�(a)
horizon�crossing

⇠ a

⇥
dH0a

1/2]�(3+n)/2

n = 1 ! � ⇠ cts

hF(A)i =
Z

d

N
AF(A)P (A)

In recent years, extensive research has been conducted on the use of nano-
materials in various technologies. One of nanomaterial applications is in
nanofluids[1]. Due to the complexity of the movements of nanoparticles in
nanofluids, calculating the velocity of each of the particles in the fluid is not
possible, but using statistical methods, the average speed of particles can be
found[2,3]. In this paper, nanofluid were exposed to Gaussian laser beam, the
laser light is scattered due to the presence of nanoparticles. The scattered
waves in Fresnel di↵raction zone interfere with each other and create the
bright and dark areas on screen namely Speckle. By measuring the intensity
of the speckles and drawing the intensity variations versus time curve, we are
about to examine the following items: This paper is organized as follows: In
Section 2, we will explain theoretical background of crossing statistics and
its generalizations. Data description and experimental setup to collect data
sets will be demonstrated in section 3. Section 4 is devoted to applications
of crossing statistics on intensity fluctuation of scattered laser light through
a nano-fluid. Summary and concluding remarks will be given in section 5.

2. Theoretical Model: Up and down crossing statistics

level crossing or generally crossing statistics has been introduced by S.
O. Rice (20). After that in various disciplines raging from complex systems
and material sciences to cosmology and early universe, mentioned method
has been used and improved(9; 21; 22; 23; 24; 25; 26). Crossing statistics
represents geometrical properties of a typical stochastic process, therefore, it
has proper capability in order to quantify fluctuations in a robust manner.

2

 

δ (t; X) ≡
ρ(t; X) − ρ(t; X)

ρ(t; X)

δ
!
V (t; X) ≡

!
V (t; X) −

!
V (t; X)

!
V (t; X)

δΦ(t; X) ≡
Φ(t; X) − Φ(t; X)

Φ(t; X)

δT (t; X) ≡
T (t; X) − T (t; X)

T (t; X)



30

 

f → "f ≡ f − f → "f = 0 σ 0 = f 2 =
1

2π( )d /2 ddkP(k)∫ α ≡
f
σ 0

Aµνη... = α(rµ ),α(rµ );1,α(rµ );2 ,α(rµ );3,α(rµ );11,α(rµ );22 ,α(rµ );33,( α(rµ );12 ,α(rµ );13,α(rµ );23,

α(rν ),α(rν );1,α(rν );2 ,α(rν );3,α(rν );11,α(rν );22 ,α(rν );33,( α(rν );12 ,α(rν );13,α(rν );23,...)

ZA (λ) ≡ exp iλiA( ) A
= dN A P(A)exp iλiA( )

−∞

+∞

∫

= 1+
in

n!
... ... M µ1µ2 ..µa ;ν1 ,ν2 ..νb

(a+b=n) λµ1
λµ2

...λµa
λν1
λν2

...λνb
νb =1

N

∑
ν2 =1

N

∑
ν1 =1

N

∑
µa =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑
.

/
0

1

2
3

n=1
∑

ln ZA (λ)( ) =
in

n!
... ... Kµ1µ2 ..µa ;ν1 ,ν2 ..νb

(a+b=n) λµ1
λµ2

...λµa
λν1
λν2

...λνb
νb =1

N

∑
ν2 =1

N

∑
ν1 =1

N

∑
µa =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑
.

/
0

1

2
3

n=1
∑

Moment

CumulantFree energy

2

Perturbative expansion of  Statistics 1



31

 

ZA (λ) ≡ exp iλiA( ) A
= dN A P(A)exp iλiA( )

−∞

+∞

∫

P(
!
A) =

1
(2π )N dNλ ZA (λ)exp −iλiA( )

−∞

+∞

∫

= exp (−1)n

n!
... ... Kµ1µ2 ..µa ;ν1 ,ν2 ..νb

(a+b=n) ∂n

∂Aµ1
...∂Aµa

∂Aν1
...∂Aνbνb =1

N

∑
ν2 =1

N

∑
ν1 =1

N

∑
µa =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑
*

+
,

-

.
/

n=3

∞

∑
*

+
,

-

.
/

× PG (
!
A)

PG (
!
A) =

exp −
1
2
!
AT i K (2)( )−1

i
!
A*

+,
-
./

(2π )N /2 Det K (2) Covariance matrix or
The inverse of Fisher 
information matrix 

Perturbative expansion of  Statistics 2



32

 

F A = dN A P(A)F
−∞

+∞

∫

F A = = exp (−1)n

n!
... ... Kµ1µ2 ..µa ;ν1 ,ν2 ..νb

(a+b=n) ∂n

∂Aµ1
...∂Aµa

∂Aν1
...∂Aνbνb =1

N

∑
ν2 =1

N

∑
ν1 =1

N

∑
µa =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑
'

(
)

*

+
,

n=3

∞

∑
'

(
)

*

+
, F

G

F A = F G +
1
3!

K µ1µ2 µ3

(3) F; µ1µ2 µ3 G
+ ....

µ3 =1

N

∑
µ2 =1

N

∑
µ1 =1

N

∑

F ≡ δ (α − β) α ≡
f
σ 0

P(α ) = dAµ2∫ dAµ3
...dAµN

δ (α − β)P(
!
A)

P( f ) =
1

2πσ 0
2

exp −
α 2

2
'

()
*

+,
+

1
3!

K111
(3) ∂3δ (α − β)

∂β 3
G

+ ...

P( f ) =
1

2πσ 0
2

exp −
α 2

2
'

()
*

+,
1+

1
6

K111
(3)H 3(α ) +Ο(σ 0

3)4

56
7

89

Perturbative expansion of  Statistics 3

T. Matsubara, 2003, 2013

Skewness

Hermit polynomial



Why topology?

To answer to this question let me explain PDF and 
correlation function 
- PDF shows the abundance of features 
while 
-correlation corresponds to probability of finding 
features with a condition 

To distinguish between various stochastic fields 
mentioned tools are not enough 



Why topological and geometrical measures?

Both of these fields have same power spectrum
But their textures are completely different 
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Figure 7. Density of peaks as a function of threshold level for
simulated pure Gaussian CMB map and accumulated by cosmic
string component have been illustrated in this plot. Upper left:
Gµ = 2× 10−8. Upper right: Gµ = 1× 10−7. Middle left: Gµ =
8×10−7. In the middle right panel the Gaussian+String simulated
map has been replaced by a simulated Gaussian map that posses
the power spectrum like a Gaussian+String simulated map with
Gµ = 8 × 10−7. The lower panels indicate the residue between
theoretical prediction of number density and that of directly given
by simulation.

of extrema alone is not sufficient, nevertheless it is able to
pick up the footprints of CS for almost Gµ ! 5× 10−7.

This inference could be justified regarding Fig. 8. The
morphology of Gaussian+String map is completely different
from a Gaussian map that contains the same power spec-
trum as Gaussian+String map, in addition the role of su-
perimposed CS in the second map is similar to noise. Sub-
sequently one can expect that the clustering method to be
much more powerful than n(ϑ) and also can be used as a
benchmark for tracking non-Gaussianity. It is interesting to
point out that, recently, Pogosyan et.al. determined theoret-
ical formula for computing the number density of extrema on
weakly non-Gaussian 2-Dimensional field. They showed that
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Both of these fields have same power spectrum
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FIG. 4: Positive slope crossing at the level H = ↵.

FIG. 5: Sketch of joint probability density function of a typi-
cal fluctuation and its derivative with respect to correspond-
ing dynamical parameter (position) in the level crossing the-
ory. The shaded area indicates the total probability of finding
crossing with positive slope at level H⇧ = ↵.

an extra condition for having up-crossing point in 2-D or
3-D, namely we have to check the situation of stochastic
field in perpendicular direction of up-crossing point. Be-
side mentioned definition one can use another approach
to compute the statistics of up-crossing points. Namely,
we ignore the behavior of underlying field in perpendicu-
lar direction at up-crossing points, consequently to distin-
guish this kind of up-crossing with previous one, we label
them conditional-up-crossing and up-crossing for the for-
mer and the latter approaches, respectively. In this paper
we use the up-crossing statistics through a line taken in
arbitrary direction as a criterion to pick up anisotropy
imposed on a stochastic field in 2-D.

Step2: Preparing data sets: We cut two categories
of slices for height fluctuation in two separate and orthog-
onal directions which are u and w. It must be pointed
out that these two direction are produced by rotation
counterclockwise with respect to the origin of coordinate
through the angle �. For � = 0 the common axes to be
retrieved. We called the (1 + 1)-D fluctuations through
these direction as H

w

(�;n,m) and H
u

(�;n,m). Here
n refers to the nth slice through the w or u directions.
The size of these (1 + 1)-D signals depend on the res-
olution and the direction of slicing of underlying rough
surface. The upper panel of Fig. 4 shows a schematic of
(1 + 1)-D slice of underlying rough surface. If H(r) to
be invariant under Eulerian rotation, consequently the
statistical isotropy will be valid, and in this case each of
mentioned cuts belong to the so-called isotropic Gibbs
ensemble. For the isotropic and homogenous process, in
long run, the conservation law for up-crossing and down-
crossing will be satisfied [50]. Here in this study, we only
take up-crossing events in order to find a benchmark for
anisotropy.

Step3: Theoretical approach: Let the probability
distribution function (PDF) of the height of rough sur-
face be represented by P(H) and the corresponding con-
ditional PDF be defined by P

⌘

(~⌘|H), here ~⌘ ⌘ ~rH. The
gradient of the height can be written as: ~⌘ = ⌘

u

û+ ⌘
w

ŵ.
For both direction u and w, we construct one dimen-
sional fluctuations as H⇧(�;n,m), in which ⇧ symbol can
be replaced by u and w and m runs from 1 to N , here
N is sample size as: L = � ⇥ N . Let n+

⇧ (�;↵) denote
the number of up-crossing (crossing with positive slope)
the height fluctuations at an arbitrary level ↵. Where
the additional parameter � corresponds to the angle be-
tween the direction of a fixed frame and positive axis of
e.g. u (see Fig. 2 for more details). For convenient, we
set ↵ ⌘ H⇧(�;n,m) � hHi. The ensemble averaging for
level crossing with positive slope is also given by:

N+
⇧ (�;↵, L) = hn+

⇧ (�;↵, L)i. (3)

To evaluate the conditions of up-crossing, we consider
a 1-D interval with length � started from position k1�
with its axis parallel to x̂⇧. The sample fluctuations,
H⇧(�;n,m) will intersect the level ↵ in direction x̂⇧ if and
only if two following necessary and su�cient conditions
are satisfied (see the lower panel of Fig. 4):

H⇧(�;n,m1)� hHi < ↵ (4)

and the slope of signal should be larger or at least equal
to the slope of line which is plotted by using the point at
the beginning of interval and point located at the level
↵, namely:

↵� [H⇧(�;n,m1)� hHi]
�

 ⌘⇧(�;n,m1). (5)

For each slicing we set the mean value to zero. Accord-
ing to joint PDF of height fluctuations and its derivative
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Peak-Peak correlation function of CMB map in the presence of cosmic strings 3

Figure 1. A sketch for calculating two-point correlation of a
typical feature on a 2-Dimensional stochastic field. The filled cir-
cular symbols show the position of local maxima above a given
threshold value, ϑ. Two concentric circles have just been drawn
to show that in practice how the clustering of peaks is computed
(see text).

The number density of local extrema will be discussed
in section 2. In section 3 the simulation of a CMB map
using the most recent observation based on WMAP 7-year
mission+ Supernova type Ia + Large scale structures +
Baryonic acoustic oscillation will be explained. CMB map
making containing straight cosmic strings by means of
Kaiser-Stebbins phenomenon will be introduced in this
section. Section 4 will be devoted to our analysis and
discussion. Summary, conclusion and strategy of detecting
cosmic strings based on future surveys will be given in
section 5.

2 PEAK-PEAK CORRELATION FUNCTION

Generally, many systems on the nature behave in a stochas-
tic way. Therefore, to explore their relevant properties, we
have to rely on robust methods in statistical approaches. To
this end, there are many criteria proposed to discriminate
various stochastic fields from statistical point of view as well
as to quantify their nature.

The so-called two-point correlation function (TPCF) is
one of the powerful methods in statistical analysis of a de-
sired stochastic field. This method actually provides reliable
inference about clustering and excess probability of finding
typical features in the underlying stochastic field. Conse-
quently it became one of the most advantageous statistical
tools in cosmology and astronomy.

This quantity has been introduced in various references
from different approaches, so several estimators have been
provided (Peacock and Heavens 1985; Bardeen et al. 1986;
Peebles 1980; Bond and Efstathiou 1987; Lumsden et al.
1989; Davis and Peebles 1983; Hamilton 1993; Szapudi and

Szalay 1998; Hewett 1982; Landy and Szalay 1993; Fatemi-
Ghomi et al. 1999). This tool is also able to examine the
Non-Gaussianity of CMB (Tojeiro et al. 2006; Larson and
Wandelt 2005). Generally, estimators of TPCF is divided
in two main categories (Kerscher et al. 2000): I) estimators
based on counting pairs and II) geometric edge correction
approach. The central definition corresponding to the first
category which is used to define TPCF is as follows:

PDR(r) ≡
!

ri∈D

!

rj∈R

Φr(ri, rj) (1)

where ”D” means points coming from original data set. ”R”
stands for field in which the underlying features have been
distributed in completely random way with the same physi-
cal properties with respect to original one. Φr(ri, rj) ≡ [r !"

(xi − xj)2 + (yi − yj)2 + (zi − zj)2 < r+∆r]. In the case
of statistical isotropy and homogeneity violation, one should
write PDR(ri, rj). So the probability not only depends on
length scale of separation, r, but also on ri and rj as well. It
has been shown that all TPCF estimators give almost sim-
ilar results in small length scales and are encountered with
boundary effects at large scales (Kerscher et al. 2000). Here
to make it more obvious and for the sake of clarity, we are
going to present the mathematical frame work of TPCF and
then apply it to local maxima (peaks) of cosmic microwave
background fluctuations as a 2-Dimensional stochastic field.
According to probability of finding pair of desired features,
dP (r) in the underlaying field and that of in uniform or so-
called an un-clustered field distribution, dPR, one can define
TPCF as (Peacock and Heavens 1985):

dP (r) = [1 + ξ(r)]dPR (2)

In order to examine a 2-Dimensional feature space, consider
∆A to be an infinitesimal area element, consequently the
probability of finding a feature in this area is supposed to
be O(∆A). So we assume that the probability of finding a
feature (e.g. peak) in ∆A is ∆P = n∆A where n is the
surface number density of features. In addition ∆P12 is the
probability of finding a feature in ∆A1 and another in ∆A2

at a certain separation r and is written by:

∆P12(r) = n2∆A1∆A2[1 + ξ12(r)] (3)

If they are not spatially correlated, therefore ξ12(r) becomes
zero for all locations and separations. Therefore the mathe-
matical form of TPCF can be written as:

ξ(r) =
1

NpairsPR(r)

ND!

i=1

ND!

j>i

δDirac (r − |ri − rj |)− 1 (4)

where ND is the total number of features in underlying
stochastic field, Npairs is the total number of pairs. We note
that ri, i ∈ [1, ND] is the position of features and the double
summation over the Dirac delta here gives the number of
pairs Npairs(r) with separation r. Eq. (4) becomes:

ξ(r) =
Npairs(r)
nCrdr

− 1 (5)

where Cr is the circumference of the boundary of Ar and
dr is the bin size (see Fig. 1 to make more sense). Above
estimator is encountered with boundary effect in finite size
sample. One way to resolve the boundary effect problem is as
follows: one should use an extended window (see Fig. 2). To
this end, for each given map size, Θ1, an extended map with
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تابع همبستگی غیروزندار
Un-weighted TPCF

 

ΔP12 (r) = nΔA1 × nΔA2 × (1+ ξ(r))
ΔP12 (r) = npairΔA(r) × (1+ ξ(r))

npair =
M (M −1)

2A
∼

M
2

n

ξ(r) =
N pairs

npair 2πrΔr
−1

این تابع مبتنی بر مفهوم احتمال اضافی یافنت یک ویژگی دلخواه •
تعریف می شود. 
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FIGURE 10.6 An equilibrium configuration of hard disks that displays steric effects leading to oscillations in the pair
correlation function. The inner dashed circle with radius D is the closest approach distance to the central disk. In
this case, the centers of five disks are close to the distance D which contributes to the enhancement in g(r) near
r = D. The outer dashed circle shows the next shell of particles that contribute to the second peak in g(r).
In-between these distances, we have a reduced probability of finding the center of a particle, leading to g(r) < 1.

and is called short-range order since the correlations decay exponentially with distance:
g(r) � 1 ⇠ exp(�r/⇠), where ⇠ is called the correlation length.

The pair correlation function can be used to directly calculate the pressure in a fluid.
For a classical fluid whose potential energy can be written as a sum of pair potentials,

UN (r1, r2, . . . , rN ) =
X

i<j

u(rij), (7)

the pressure is determined by the average of the quantity r(@u/@r) between pairs of par-
ticles, as discussed in Section 3.7. In the canonical ensemble, the pressure P is given by

P ⌘ �
✓

@A
@V

◆

T ,N
= kT

ZN

✓

@ZN

@V

◆

T ,N
, (8)

where ZN is the configurational partition function

ZN = 1
N !

Z

dN r exp

0

@��
X

i<j

u(rij)

1

A. (9)

The d-dimensional integrals over the volume V can be rewritten in terms of a set of scaled
variables {si} defined by ri = V 1/dsi, so the scaled integrals are over regions with unit
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volume:

ZN = V N

N !

Z

dN s exp

0

@��
X

i<j

u(V 1/dsij)

1

A. (10)

Equations (8) and (10) then give

P = nkT
✓

1 � n
2dkT

Z

du
dr

rg(r)dr
◆

. (11)

This is called the virial equation of state and is useful for determining pressure from
approximate expressions for the pair correlation function. Compare equation (11) with
the form of the virial equation of state in equation (3.7.15).

For the particular case of hard spheres, the discontinuous potential results in the pres-
sure being determined by the pair correlation function at contact. In one, two, and three
dimensions, the hard sphere pressure is given by

PHS

nkT
=

8

>

<

>

:

1 + ⌘g(D+) ⌘ = nD d = 1,
1 + 2⌘g(D+) ⌘ = ⇡

4 nD2 d = 2,
1 + 4⌘g(D+) ⌘ = ⇡

6 nD3 d = 3,
(12)

where g(D+) is the correlation function at contact and ⌘ is the volume fraction, that is, the
fraction of the d-dimensional volume of the sample occupied by the spheres; see Problem
10.14. Likewise, the internal energy of the fluid can be written as an integral over the pair
correlation function and the pair potential:

U(N ,V ,T) = hHi = dNkT
2

+ nN
2

Z

u(r)g(r)dr. (13)

The pair correlation function itself contains all the statistical information needed to
construct the full thermodynamic behavior of the system. For example, equation (4) can
be used to show that the isothermal compressibility, which is proportional to the number
density fluctuations, is also proportional to an integral over the pair correlation function:

nkTT = T

 ideal
T

= 1 + n
Z

(g(r) � 1)dr =
⌦

N2↵ � hNi2

hNi ; (14)

this is known as the compressibility equation of state. Since �1
T = n

⇣

@P
@n

⌘

T
, one can use

equation (14) to determine the pressure and free energy of the system by performing
thermodynamic integrations with respect to the particle density.

10.7.A Static structure factor

The pair correlation function g(r) can be measured experimentally using quasielastic
scattering. If a sample is illuminated with a monochromatic beam of x-rays, neutrons, vis-
ible light, and so on, the scattered intensity as a function of the angle from the incident
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Theoretical approach for Clustering of  Up-Crossing

42



43

Clustering of Local Extrema in Planck maps 17

1987):

�

2
0 ⌘ h�2T i =

X

`

(2`+ 1)
4⇡

C

TT
` W

2
` (A2)

h�T ⇠��i = h�T ⇠✓✓i = �
X

`

(2`+ 1)
4⇡

`(`+ 1)
2

C

TT
` W

2
`

h⇠2✓✓i =
X

`

(2`+ 1)
4⇡

(3`(`+ 1)� 2)`(`+ 1)
8

C

TT
` W

2
`

h⇠✓✓⇠��i =
X

`

(2`+ 1)
4⇡

(`(`+ 1) + 2)`(`+ 1)
8

C

TT
` W

2
`

h⇠2�✓i =
X

`

(2`+ 1)
4⇡

(`+ 2)(`+ 1)`(`� 1)
8

C

TT
` W

2
`

where W` = exp
��✓

2
beam`(`+ 1)/2

�
and ✓beam ⌘

✓FWHM/

p
8 ln(2) for a Gaussian smoothing kernel associ-

ated with beam transfer function (Bond & Efstathiou 1987;
Heavens & Sheth 1999; Hikage et al. 2006). Also C

TT
` is the

power spectrum of CMB temperature fluctuations. Other
terms are h⌘2

�i = h⌘2
✓i = �h�T ⇠��i and h⇠2✓✓i = h⇠2��i.

n

NG
pix(↵ > #�0) ⌘ h⇥(�T � #�0)i = N

tot
pix

4⇡
1
2
erfc

✓
#p
2

◆
+

N

tot
pix

4⇡

2

4e

�#

2

2
�
#

2 � 1
�
S0

6
p
2⇡

3

5
�0

+
N

tot
pixe

�#

2

2

4⇡


3K0#(#

2 � 3) + S

2
0#(#

4 � 10#2 + 15)

72
p
2⇡

�
�

2
0 +O(�3

0) (A3)

This paper has been typeset from a TEX/LATEX file prepared by
the author.

MNRAS 000, 000–000 (0000)

Clustering of Local Extrema in Planck maps 17

1987):

�

2
0 ⌘ h�2T i =

X

`

(2`+ 1)
4⇡

C

TT
` W

2
` (A2)

h�T ⇠��i = h�T ⇠✓✓i = �
X

`

(2`+ 1)
4⇡

`(`+ 1)
2

C

TT
` W

2
`

h⇠2✓✓i =
X

`

(2`+ 1)
4⇡

(3`(`+ 1)� 2)`(`+ 1)
8

C

TT
` W

2
`

h⇠✓✓⇠��i =
X

`

(2`+ 1)
4⇡

(`(`+ 1) + 2)`(`+ 1)
8

C

TT
` W

2
`

h⇠2�✓i =
X

`

(2`+ 1)
4⇡

(`+ 2)(`+ 1)`(`� 1)
8

C

TT
` W

2
`

where W` = exp
��✓

2
beam`(`+ 1)/2

�
and ✓beam ⌘

✓FWHM/

p
8 ln(2) for a Gaussian smoothing kernel associ-

ated with beam transfer function (Bond & Efstathiou 1987;
Heavens & Sheth 1999; Hikage et al. 2006). Also C

TT
` is the

power spectrum of CMB temperature fluctuations. Other
terms are h⌘2

�i = h⌘2
✓i = �h�T ⇠��i and h⇠2✓✓i = h⇠2��i.

n

NG
pix(↵ > #�0) ⌘ h⇥(�T � #�0)i = N

tot
pix

4⇡
1
2
erfc

✓
#p
2

◆
+

N

tot
pix

4⇡

2

4e

�#

2

2
�
#

2 � 1
�
S0

6
p
2⇡

3

5
�0

+
N

tot
pixe

�#

2

2

4⇡


3K0#(#

2 � 3) + S

2
0#(#

4 � 10#2 + 15)

72
p
2⇡

�
�

2
0 +O(�3

0) (A3)

hn⇧(r1,#1)n⇧(r2,#2)i =
Z

d6A1d
6A2�D(r1 � r⇧1)�D(r2 � r⇧2)P(A1;A2) (A4)

This paper has been typeset from a TEX/LATEX file prepared by
the author.

MNRAS 000, 000–000 (0000)

Clustering of Local Extrema in Planck maps 17

1987):

�

2
0 ⌘ h�2T i =

X

`

(2`+ 1)
4⇡

C

TT
` W

2
` (A2)

h�T ⇠��i = h�T ⇠✓✓i = �
X

`

(2`+ 1)
4⇡

`(`+ 1)
2

C

TT
` W

2
`

h⇠2✓✓i =
X

`

(2`+ 1)
4⇡

(3`(`+ 1)� 2)`(`+ 1)
8

C

TT
` W

2
`

h⇠✓✓⇠��i =
X

`

(2`+ 1)
4⇡

(`(`+ 1) + 2)`(`+ 1)
8

C

TT
` W

2
`

h⇠2�✓i =
X

`

(2`+ 1)
4⇡

(`+ 2)(`+ 1)`(`� 1)
8

C

TT
` W

2
`

where W` = exp
��✓

2
beam`(`+ 1)/2

�
and ✓beam ⌘

✓FWHM/

p
8 ln(2) for a Gaussian smoothing kernel as-

sociated with beam transfer function (Bond & Efstathiou
1987; Heavens & Sheth 1999; Hikage et al. 2006). Also C

TT
`

is the power spectrum of CMB temperature fluctuations.
Other terms are h⌘2

�i = h⌘2
✓i = �h�T ⇠��i and h⇠2✓✓i = h⇠2��i.

n

NG
pix(↵ > #�0) ⌘ h⇥(�T � #�0)i = N

tot
pix

4⇡
1
2
erfc

✓
#p
2

◆
+

N

tot
pix

4⇡

2

4e

�#

2

2
�
#

2 � 1
�
S0

6
p
2⇡

3

5
�0

+
N

tot
pixe

�#

2

2

4⇡


3K0#(#

2 � 3) + S

2
0#(#

4 � 10#2 + 15)

72
p
2⇡

�
�

2
0 +O(�3

0) (A3)

hn⇧(r1,#1)n⇧(r2,#2)i =
Z

d6A1d
6A2�D(r1 � r⇧1)�D(r2 � r⇧2)P(A1;A2) (A4)

P(A1;A2) = exp

 1X

j=3

(�1)j

j!

✓ 12X

µ1=1

...

12X

µ
j

=1

K(j)
µ1,µ2,...,µ

j

⇥ @

j

@Aµ1 ...@Aµ
j

◆�
PG(A1;A2) (A5)

This paper has been typeset from a TEX/LATEX file prepared by
the author.

MNRAS 000, 000–000 (0000)

8 Vafaei et al.

3.2.1 Notation

Here we outline some definitions and introduce our nota-
tion, used in the rest of the paper. The CMB temperature
anisotropies is a stochastic field, represented by a 2D map
T 2 L2(R2) which is obtained according to Eq. (3). One can
construct a vector A at each spatial point as:
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is the density contrast of the stochastic field. For
the CMB anisotropies here �
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⌘ T (temperature fluctua-
tion). We have also defined ⌘
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/@x, ⌘
y

⌘ @�
T

/@y and
⇠
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⌘ @2�
T

/@x@y. In general, A can be expanded to include
higher order derivatives. On the other hand, in certain cases,
the first order derivative may su�ce to explore the statisti-
cal feature one is interested in. For example, studying the
crossing statistics only requires the knowledge of the first or-
der derivatives while peak analysis requires the second order
as well.

The characteristic function of A, intimately related to
its free energy, is defined by:

Z(�) =

Z +1

�1
d6AP(A)ei�.A, (10)

where � is an array with the same dimension as A. Z can
be expanded as (Matsubara 2003)
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where K(n)
µ1,µ2,...,µn ⌘ hA

µ1Aµ2 ...Aµnic are the cumulants
and hic stresses that only connected cumulants are taken
into account. Here N is the dimension of A and throughout
this paper N = 6. Also C ⌘ hA ⌦ Ai represents the 6 ⇥ 6
covariance matrix of A at each spatial point. Note that with
the zero-mean CMB fluctuations the cumulants are the same
as moments. Various spectral parameters for the CMB field
are defined by
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for small sky coverage. In this expression, W̃ stands for any
smoothing function, such as the beam, and L is the smooth-
ing scale.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
PDF) of a distribution describes the statistical abundance
of the field values and can be calculated from the inverse
Fourier transform of the characteristic function. For the joint

probability density function (JPDF) of A we have
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The anisotropies produced by the CS network are non-
Gaussian (Ringeval 2010). The perturbative form of the one-
point PDF of the temperature fluctuations, P

�T (↵), in the
presence of CSs, keeping only terms up to O(�3
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0 are the mod-

ified skewness and kurtosis quantities, respectively. The
H

n

(�
T

/�0) represents the probabilistic’s Hermite polyno-
mial of order n. Note that the Gµ levels we are interested
in have tiny contributions to the CMB fluctuations com-
pared to inflation-induced anisotropies. However, we show
that proper sequences of image-processing and statistical
steps can explore these regimes and possibly detect the tiny
imprints.
2– The (weighted) TPCF

The (weighted) two-point correlation function (TPCF) is
defined as C

TT

= h�
T

(r1)�T (r2)i where r1 and r2 represent
the coordinates of the points. C

TT

is another statistical mea-
sure we employ in this work to search for possible deviation
from the C

TT

produced by inflationary anisotropies.
3– The unweighted TPCF of peaks

Topological and geometrical criteria to characterize mor-
phology of cosmological stochastic fields in one, two and
three dimensions, have been considered in various researches
(see e.g. Matsubara 2003; Ducout et al. 2013; Pogosyan et al.
2009; Gay et al. 2012; Codis et al. 2013). The clustering of
these measures based on their TPCF also provides a useful
statistical framework. Here we focus on the local maxima
clustering. The unweighted TPCF of a certain feature of a
stochastic field, also referred to as its excess probability, is
a robust measure of the clustering of that feature. From the
statistical-mechanics point of view, the information about
an interacting system is encoded in the excess probability of
finding certain features of the stochastic field representing
that system. In this paper we compare the clustering of the
local maxima of CMB maps for Gaussian-only fluctuations
with those including contributions from the CS network as
well. The excess probability of finding peak pairs  pk�pk
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clustering. The unweighted TPCF of a certain feature of a
stochastic field, also referred to as its excess probability, is
a robust measure of the clustering of that feature. From the
statistical-mechanics point of view, the information about
an interacting system is encoded in the excess probability of
finding certain features of the stochastic field representing
that system. In this paper we compare the clustering of the
local maxima of CMB maps for Gaussian-only fluctuations
with those including contributions from the CS network as
well. The excess probability of finding peak pairs  pk�pk

MNRAS 000, 000–000 (0000)



44

16 A. Vafaei Sadr & S. M. S. Movahed

Planck Collaboration et al., 2016b, A&A, 594, A13
Planck Collaboration et al., 2016c, A&A, 594, A16
Planck Collaboration et al., 2020a, A&A, 641, A2
Planck Collaboration et al., 2020b, A&A, 641, A3
Planck Collaboration et al., 2020c, A&A, 641, A4
Planck Collaboration et al., 2020d, A&A, 641, A6
Planck Collaboration et al., 2020e, A&A, 641, A7
Planck Collaboration et al., 2020f, A&A, 641, A9
Pogosian L., Tye S.-H. H., Wasserman I., Wyman M., 2003, Phys-

ical Review D, 68, 023506
Pogosyan D., Pichon C., Gay C., Prunet S., Cardoso J., Sousbie

T., Colombi S., 2009, Monthly Notices of the Royal Astro-
nomical Society, 396, 635

Pogosyan D., Pichon C., Gay C., 2011, Physical Review D, 84,
083510

Polchinski J., 2005, Int. J. Mod. Phys., A20, 3413
Politzer H. D., Wise M. B., 1984, The Astrophysical Journal, 285,

L1
Pranav P., et al., 2019, Monthly Notices of the Royal Astronom-

ical Society, 485, 4167
Prunet S., Uzan J.-P., Bernardeau F., Brunier T., 2005, Physical

Review D, 71, 083508
Rath P. K., Jain P., 2013, Journal of Cosmology and Astroparticle

Physics, 2013, 014
Rath P. K., Mudholkar T., Jain P., Aluri P. K., Panda S., 2013,

Journal of Cosmology and Astroparticle Physics, 2013, 007
Rath P. K., Samal P. K., Panda S., Mishra D. D., Aluri P. K.,

2018, Monthly Notices of the Royal Astronomical Society, 475,
4357

Reischke R., Maturi M., Bartelmann M., 2015, Monthly Notices
of the Royal Astronomical Society, 456, 641

Renaux-Petel S., 2015, Comptes Rendus Physique, 16, 969
Rice S. O., 1944, Bell Labs Technical Journal, 23, 282
Rice S. O., 1945, The Bell System Technical Journal, 24, 46
Rice S., 1954, ed. N. Wax, Dover Publ. Inc.(NY)
Ringeval C., Bouchet F. R., 2012, Physical Review D, 86, 023513
Ringeval C., Sakellariadou M., Bouchet F. R., 2007, Journal of

Cosmology and Astroparticle Physics, 2007, 023
Rossi G., 2013, Monthly Notices of the Royal Astronomical Soci-

ety, 430, 1486
Rossi G., Sheth R. K., Park C., Hernández-Monteagudo C., 2009,

Monthly Notices of the Royal Astronomical Society, 399, 304
Rossi G., Chingangbam P., Park C., 2011, Monthly Notices of the

Royal Astronomical Society, 411, 1880
Ryden B. S., 1988, The Astrophysical Journal, 333, L41
Ryden B. S., Melott A. L., Craig D. A., Gott III J. R., Weinberg

D. H., Scherrer R. J., Bhavsar S. P., Miller J. M., 1989, The
Astrophysical Journal, 340, 647

Sakellariadou M., 1997, Int. J. Theor. Phys., 36, 2503
Sakellariadou M., 2007, Lect. Notes Phys., 718, 247
Sarangi S., Tye S. H. H., 2002, Phys. Lett., B536, 185
Sazhin M., 1985, Monthly Notices of the Royal Astronomical So-

ciety, 216, 25P
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APPENDIX A: COMPLEMENTARY
DEFINITIONS

In this appendix, we give some complementary definitions
used for computing critical sets of the CMB field. The co-
variance matrix which is represented by Eq. (2) is given by:

K(2) ⌘ hA⌦Ai =

2

6666664

h�2T i h�T ⌘�i h�T ⌘✓i h�T ⇠��i h�T ⇠✓✓i h�T ⇠�✓i
h�T ⌘�i h⌘2�i h⌘�⌘✓i h⌘�⇠��i h⌘�⇠✓✓i h⌘�⇠�✓i
h�T ⌘✓i h⌘✓⌘�i h⌘2✓i h⌘✓⇠��i h⌘✓⇠✓✓i h⌘✓⇠�✓i
h�T ⇠��i h⇠��⌘�i h⇠��⌘✓i h⇠2��i h⇠��⇠✓✓i h⇠��⇠�✓i
h�T ⇠✓✓i h⇠✓✓⌘�i h⇠✓✓⌘✓i h⇠✓✓⇠��i h⇠2✓✓i h⇠✓✓⇠�✓i
h�T ⇠�✓i h⇠�✓⌘�i h⇠�✓⌘✓i h⇠�✓⇠��i h⇠�✓⇠✓✓i h⇠2�✓i

3

7777775
(A1)

The non-zero elements of K(2) for separation angle,
cos( ) = |n̂i.n̂j | = 1 are as follows (Bond & Efstathiou
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1987):
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8 ln(2) for a Gaussian smoothing kernel as-

sociated with beam transfer function (Bond & Efstathiou
1987; Heavens & Sheth 1999; Hikage et al. 2006). Also C
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is the power spectrum of CMB temperature fluctuations.
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ability of finding pairs using Eq. (A4) becomes:

 ⇧�⇧(r;#1,#2) =
hn⇧(r1,#1)n⇧(r2,#2)i

n⇧(#1)n⇧(#2)
� 1, (11)

In our pipeline, we rely on the numerical evaluation
of unweighted TPCF of local extrema in both ob-
served and simulated maps. To this end, some robust
numerical estimators for determining  ⇧�⇧(r;#1,#2)
which are free of the boundary e↵ect are listed below:

 N
⇧�⇧(r;#1,#2) =

✓
D⇧(r1,#1)D⇧(r2,#2)
R⇧(r1,#1)R⇧(r2,#2)

◆
N

⇧
R(N

⇧
R � 1)

N

⇧
D(N⇧

D � 1)
� 1

(12)

 H
⇧�⇧(r;#1,#2) =

R⇧(r1,#1)R⇧(r2,#2)D⇧(r1,#1)D⇧(r2,#2)

[D⇧(r1,#1)R⇧(r2,#2)]
2 � 1

(13)

 LS
⇧�⇧(r;#1,#2) =

✓
D⇧(r1,#1)D⇧(r2,#2)
R⇧(r1,#1)R⇧(r2,#2)

◆
N

⇧
R(N

⇧
R � 1)

N

⇧
D(N⇧

D � 1)
�

✓
D⇧(r1,#1)R⇧(r2,#2)
R⇧(r1,#1)R⇧(r2,#2)

◆
N

⇧
R(N

⇧
R � 1)

N

⇧
DN

⇧
R

+ 1

(14)

The  N is called the ”natural estimator” (Landy & Sza-
lay 1993b). Also, the  H is proposed by Hamilton (1993)
while the  LS introduced by Landy & Szalay (1993b)
has a nearly Poisson variance. In the above equation,
D⇧(r1,#1)D⇧(r2,#2) and R⇧(r1,#1)R⇧(r2,#2) represent the
number of peak or trough pairs in the data and random cat-
alogs, respectively. Also D⇧(r1,#1)R⇧(r2,#2) corresponds to
cross-pairs. In the above equations, N⇧

D and N

⇧
R are respec-

tively the total number of local extrema in the data and ran-
dom catalogs. The lower part of Fig. 1, indicates the peak
pairs separated by r in a magnified patch.

2.3 General definition of bias factor

General statistical expression for the relation between un-
weighted TPCF as excess probability of finding a typical
feature and the weighted TPCF which is known as auto-
correlation function at the first order approximation reveals
a linear and scale-independent bias factor. For a Gaussian
random field, the excess probability of finding the sharp
clipping pairs is statistically magnified by the fluctuation
of random field for long separation distance (angle) at high
threshold, # � 1. In this regime, we have  pix�pix(✓;#) ⇠
e

B2
pix

(#)C
TT

(✓) � 1 with Bpix(#) ⇠ # (Kaiser 1984; Taqqu
1977; Politzer & Wise 1984; Jensen & Szalay 1986; Bardeen
et al. 1986; Szalay 1988b,c) (for extensive discussion see
(Martinez & Saar 2001; Desjacques et al. 2018, and refer-
ences therein)).

Now, we turn to the modulation of local maxima
number density at threshold # in the CMB map by the
temperature fluctuations at the last scattering surface. In
other words, we look for the relation between unweighted
TPCF of peaks and weighted TPCF of temperature fluc-
tuations. The general form of bias factor enables us to es-
timate the unweighted TPCF of typical feature by using
the weighted TPCF. Generally, we expect that the number
density of peaks is enhanced where the temperature fluc-
tuations are high. For CMB map, we define peaks num-

ber density contrast as: �pk ⌘ n
pk

�hn
pk

i
hn

pk

i . To determine

the scale-independent bias factor averaged on all peak cur-
vature values, we are interested in examining such rela-
tion �pk = Bpk(#)�T . Following Kaiser (1984) for sharp
clipping statistics, we exploit a systematic relation be-
tween unweighted TPCF of local extrema,  ⇧�⇧(✓;#1,#2),
and weighted TPCF of temperature fluctuations, CTT (✓),
for separation angle, ✓, in analogy with  ⇧�⇧(✓;#) =
B2

⇧(#)CTT (✓), when we ignore the scale-dependent part.
Mentioned relation is satisfied for large separation angle.
For very high threshold value, the pixel above threshold can
delineate the peak better than small threshold and conse-
quently, we obtain Bpk(#) ⇠ Bpix(#) for large enough sep-
aration angle in a Gaussian field (Martinez & Saar 2001).
To examine the scale-dependent part of bias for peak statis-
tics, we rely on a more general model for bias in the Fourier
space as: Bpk(k,#) = Bpk(#) + Bpk

k (#)k2. Here k represents
the wavelength of typical mode. It turns out that for either
# � 1 or large scale, the value of scale-dependent part of
bias is Bpk

k (#) ! 0 (Desjacques et al. 2010, 2018). We de-
fine B2

⇧(✓,#) ⌘  ⇧�⇧(✓;#)/CTT (✓) for proper range of ✓.
Subsequently, any features existed in B2

⇧(✓,#) versus ✓ for a
typical value of # represents the contribution of the scale in
this type of bias factor. We will assess the behaviour of such
bias factor and accordingly the consistency of Planck maps
and associated state-of-the-art simulations.

3 DATA DESCRIPTION AND SIMULATION

The Planck sky observational data sets contain full-sky maps
at nine frequency channels for temperature intensity. The
polarization maps are available only for 30 to 353 GHz fre-
quency range. Throughout this paper, we only focus on the
temperature field. Mentioned data sets are processed by
Planck team resulting in di↵erent component separation al-
gorithms, namely Commander-Ruler (CR), NILC, SEVEM and
SMICA (Planck Collaboration et al. 2020c) and they are pub-
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ABSTRACT
The clustering of local extrema, will be exploited to examine Gaussianity, asymmetry
and the footprint of cosmic strings network on the CMB observed by the Planck. The
number density of local extrema (n

pk

for peak and n
tr

for trough) and sharp clipping
(n

pix

) statistics support the Gaussianity hypothesis for all component separations.
However the pixel at the threshold reveals more consistent treatment with respect
to end-to-end simulations. A very tiny deviation from associated simulations in the
context of trough density, in the threshold range, # 2 [�2� 0] for NILC and CR com-
ponent separations, are detected. The unweighted Two-Point Correlation Function,
 , of the local extrema illustrates good consistency between di↵erent component sep-
arations and corresponding Gaussian simulations for almost all available thresholds.
However, for high thresholds, a small deficit in the clustering of peaks is observed
with respect to the Planck fiducial ⇤CDM model. To put the significant constraint
on the amplitude of the mass function based on the value of  around the Doppler

peak (✓ ⇡ 700 � 750), we should consider # . 0.0. The scale-independent bias factors
for peak above a threshold for large separation angle and high threshold level are in
agreement with that value expected for a pure Gaussian CMB. Applying the n

pk

, n
tr

,
 

pk�pk

and  
tr�tr

measures on the tessellated CMB map with patches of 7.52 deg2

size, approve statistical isotropy in the Planck maps. The peak clustering analysis puts
the upper bound on the cosmic string’s tension, Gµ(up) . 5.59⇥ 10�7, in SMICA.

Key words: methods: data analysis - methods: numerical - methods: statistical -
cosmic microwave background ; theory - early Universe.

1 INTRODUCTION

Cosmological stochastic fields are ubiquitous in various ob-
servations. Any conceivable theory incorporating initial con-
ditions (Malik & Wands 2009), cosmic microwave back-
ground (CMB) (Dodelson 2003; Lesgourgues et al. 2013; Les-
gourges 2013; Planck Collaboration et al. 2016b), large scale
structures (Bernardeau et al. 2002; Cooray & Sheth 2002)
and other relevant fields (Kashlinsky 2005; Lewis & Challi-
nor 2006) essentially includes stochastic notion. The initial
conditions and/or evolution for cosmological fields are spec-
ified with random behaviour. To infer any reliable bridge
between model building and observational quantities, it is
necessary to use robust statistical tools. By means of Cen-
tral Limit Theorem and statistical isotropy, it is possible to
use a perturbative approach to characterize stochastic field
(Matsubara 2003; Codis et al. 2013; Matsubara 2020).

Many topological and geometrical measures have been
introduced to characterize morphology of cosmological

? E-mail: m.s.movahed@ipm.ir

stochastic fields, F , in 1 + 1, 1 + 2 and 1 + 3 dimensions1.
Critical and excursion sets are generally the backbone for the
definition of more significant features on smoothed stochas-
tic field. Critical sets include features incorporating condi-
tions for having local and extended extrema (Matsubara
2003; Pogosyan et al. 2009; Gay et al. 2012; Codis et al.
2013; Matsubara 2020). A rigorous definition for excursion
sets for a function of given stochastic field, F(X), above a
threshold # is defined by: A#(F) ⌘ {X|F(X) � #} (Adler
1981). Accordingly, in the real or harmonic spaces, we are
able to achieve theoretical descriptions for the corresponding
features in a cosmological stochastic field irrespective to its
dimension. The mentioned benchmarks have advantages and

1 According to the measure theoretic approach which is ulti-
mately identical to the probabilistic description, a typical (n+D)-
Dimensional stochastic field, F(n,D), is a measurable mapping
from probability space into a �-algebra of Rn-valued function
on RD Euclidian space (Adler 1981; Adler & Taylor 2011; Adler
et al. 2010). Here, the index n refers to n-dependent parameters
and D represents D-independent parameters describing a (n+D)-
Dimensional random field or a stochastic process.

c� 0000 The Authors
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and D represents D-independent parameters describing a (n+D)-
Dimensional random field or a stochastic process.

c� 0000 The Authors

Novelties:
1) Check the consistency between various component separation pipelines
2) Check the non-Gaussianity based on capability of local extrema 

clustering. 
3) Modify the series expansion for number density of sharp clipping. 
4) Determining the scale-dependent and independent bias factors 

according to the general definition of bias.
5) Evaluation of CMB asymmetry according to unweighted TPCF of peaks, 
troughs and number density of local extrema  for various component 
separations
5) We will compute the value of upper bound on the cosmic string tension,
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APPENDIX A: COMPLEMENTARY
DEFINITIONS

In this appendix, we give some complementary definitions
used for computing critical sets of the CMB field. The co-
variance matrix which is represented by Eq. (2) is given by:

K(2) ⌘ hA⌦Ai =

2

6666664

h�2T i h�T ⌘�i h�T ⌘✓i h�T ⇠��i h�T ⇠✓✓i h�T ⇠�✓i
h�T ⌘�i h⌘2�i h⌘�⌘✓i h⌘�⇠��i h⌘�⇠✓✓i h⌘�⇠�✓i
h�T ⌘✓i h⌘✓⌘�i h⌘2✓i h⌘✓⇠��i h⌘✓⇠✓✓i h⌘✓⇠�✓i
h�T ⇠��i h⇠��⌘�i h⇠��⌘✓i h⇠2��i h⇠��⇠✓✓i h⇠��⇠�✓i
h�T ⇠✓✓i h⇠✓✓⌘�i h⇠✓✓⌘✓i h⇠✓✓⇠��i h⇠2✓✓i h⇠✓✓⇠�✓i
h�T ⇠�✓i h⇠�✓⌘�i h⇠�✓⌘✓i h⇠�✓⇠��i h⇠�✓⇠✓✓i h⇠2�✓i

3

7777775
(A1)

The non-zero elements of K(2) for separation angle,
cos( ) = |n̂i.n̂j | = 1 are as follows (Bond & Efstathiou
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ability of finding pairs using Eq. (A4) becomes:

 ⇧�⇧(r;#1,#2) =
hn⇧(r1,#1)n⇧(r2,#2)i

n⇧(#1)n⇧(#2)
� 1, (11)

In our pipeline, we rely on the numerical evaluation
of unweighted TPCF of local extrema in both ob-
served and simulated maps. To this end, some robust
numerical estimators for determining  ⇧�⇧(r;#1,#2)
which are free of the boundary e↵ect are listed below:

 N
⇧�⇧(r;#1,#2) =

✓
D⇧(r1,#1)D⇧(r2,#2)
R⇧(r1,#1)R⇧(r2,#2)

◆
N

⇧
R(N

⇧
R � 1)

N

⇧
D(N⇧

D � 1)
� 1

(12)

 H
⇧�⇧(r;#1,#2) =

R⇧(r1,#1)R⇧(r2,#2)D⇧(r1,#1)D⇧(r2,#2)

[D⇧(r1,#1)R⇧(r2,#2)]
2 � 1

(13)

 LS
⇧�⇧(r;#1,#2) =

✓
D⇧(r1,#1)D⇧(r2,#2)
R⇧(r1,#1)R⇧(r2,#2)

◆
N

⇧
R(N

⇧
R � 1)

N

⇧
D(N⇧

D � 1)
�

✓
D⇧(r1,#1)R⇧(r2,#2)
R⇧(r1,#1)R⇧(r2,#2)

◆
N

⇧
R(N

⇧
R � 1)

N

⇧
DN

⇧
R

+ 1

(14)

The  N is called the ”natural estimator” (Landy & Sza-
lay 1993b). Also, the  H is proposed by Hamilton (1993)
while the  LS introduced by Landy & Szalay (1993b)
has a nearly Poisson variance. In the above equation,
D⇧(r1,#1)D⇧(r2,#2) and R⇧(r1,#1)R⇧(r2,#2) represent the
number of peak or trough pairs in the data and random cat-
alogs, respectively. Also D⇧(r1,#1)R⇧(r2,#2) corresponds to
cross-pairs. In the above equations, N⇧

D and N

⇧
R are respec-

tively the total number of local extrema in the data and ran-
dom catalogs. The lower part of Fig. 1, indicates the peak
pairs separated by r in a magnified patch.

2.3 General definition of bias factor

General statistical expression for the relation between un-
weighted TPCF as excess probability of finding a typical
feature and the weighted TPCF which is known as auto-
correlation function at the first order approximation reveals
a linear and scale-independent bias factor. For a Gaussian
random field, the excess probability of finding the sharp
clipping pairs is statistically magnified by the fluctuation
of random field for long separation distance (angle) at high
threshold, # � 1. In this regime, we have  pix�pix(✓;#) ⇠
e

B2
pix

(#)C
TT

(✓) � 1 with Bpix(#) ⇠ # (Kaiser 1984; Taqqu
1977; Politzer & Wise 1984; Jensen & Szalay 1986; Bardeen
et al. 1986; Szalay 1988b,c) (for extensive discussion see
(Martinez & Saar 2001; Desjacques et al. 2018, and refer-
ences therein)).

Now, we turn to the modulation of local maxima
number density at threshold # in the CMB map by the
temperature fluctuations at the last scattering surface. In
other words, we look for the relation between unweighted
TPCF of peaks and weighted TPCF of temperature fluc-
tuations. The general form of bias factor enables us to es-
timate the unweighted TPCF of typical feature by using
the weighted TPCF. Generally, we expect that the number
density of peaks is enhanced where the temperature fluc-
tuations are high. For CMB map, we define peaks num-

ber density contrast as: �pk ⌘ n
pk

�hn
pk

i
hn

pk

i . To determine

the scale-independent bias factor averaged on all peak cur-
vature values, we are interested in examining such rela-
tion �pk = Bpk(#)�T . Following Kaiser (1984) for sharp
clipping statistics, we exploit a systematic relation be-
tween unweighted TPCF of local extrema,  ⇧�⇧(✓;#1,#2),
and weighted TPCF of temperature fluctuations, CTT (✓),
for separation angle, ✓, in analogy with  ⇧�⇧(✓;#) =
B2

⇧(#)CTT (✓), when we ignore the scale-dependent part.
Mentioned relation is satisfied for large separation angle.
For very high threshold value, the pixel above threshold can
delineate the peak better than small threshold and conse-
quently, we obtain Bpk(#) ⇠ Bpix(#) for large enough sep-
aration angle in a Gaussian field (Martinez & Saar 2001).
To examine the scale-dependent part of bias for peak statis-
tics, we rely on a more general model for bias in the Fourier
space as: Bpk(k,#) = Bpk(#) + Bpk

k (#)k2. Here k represents
the wavelength of typical mode. It turns out that for either
# � 1 or large scale, the value of scale-dependent part of
bias is Bpk

k (#) ! 0 (Desjacques et al. 2010, 2018). We de-
fine B2

⇧(✓,#) ⌘  ⇧�⇧(✓;#)/CTT (✓) for proper range of ✓.
Subsequently, any features existed in B2

⇧(✓,#) versus ✓ for a
typical value of # represents the contribution of the scale in
this type of bias factor. We will assess the behaviour of such
bias factor and accordingly the consistency of Planck maps
and associated state-of-the-art simulations.

3 DATA DESCRIPTION AND SIMULATION

The Planck sky observational data sets contain full-sky maps
at nine frequency channels for temperature intensity. The
polarization maps are available only for 30 to 353 GHz fre-
quency range. Throughout this paper, we only focus on the
temperature field. Mentioned data sets are processed by
Planck team resulting in di↵erent component separation al-
gorithms, namely Commander-Ruler (CR), NILC, SEVEM and
SMICA (Planck Collaboration et al. 2020c) and they are pub-
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For very high threshold value, the pixel above threshold can
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One-point statistics



56

One-point statistics



57

Clustering statistics
59 CMB دمایی اختالالت میدان ه ای شب تحلیل .5 فصل

(ب) (آ)

تابش دو‐نقطه ای همبستگ ای (ب) [13] کیهان زمینه ی تابش توان طیف (آ) :1 .5 ل ش
نمودارها) (سایر مشاهدات داده های و خط چین) (نمودار نظری پیش بین برای کیهان زمینه ی

.[14]

طوری که به بخشیده است. آن به مضاعف ارزش ،CMB دمایی وخیزهای افت در  موجود اطالعات
CMB نقشه های روی بر موجود کوچ دمایی اختالالت پایه ی بر کیهان ساختارهای از ما ”فهم
، کیهان تحول طول در بوده  است. ن ناهم 10−5 مرتبه ی از اولیه کیهان م دهد نشان که است
.[21] شده است” بزرگ تر غیرخط ساختارهای به کوچ اختالالت این رشد باعث گرانش
سنجش معیارهای مهم ترین از ی دادیم، توضیح 3 .2 .2 بخش در که همانطور ر دی طرف از
اختالالت بنابراین است، CMB نقشه ی روی بر موجود ناهمسانگردی های همان ماده، ال چ
حاضر جهان ساختار توصیف لحاظ از چه و اولّیه جهان ساختار توصیف لحاظ از چه ،CMB دمایی
تا کنون ، کیهان زمینه ی تابش دمایی اختالالت کردن کم برای دارد. زیادی اهمیت ما برای
دو نقطه ای همبستگ و توان طیف آن ها مهم ترین احتماال اما رفته است، به کار متفاوت رهیافت های
به مربوط لژاندر تابع م گردد، مشاهده  5. 1آ ل ش در چنان که بوده است. CMB دمایی میدان نقاط
افت توصیف در غالبی سهم درجه است، 1 تقریبی زاویه ای مشخصه ی طول دارای که l = 200

متغیرهای به مستقیماً CMB توان طیف کل ل ش نظری صورت به دارد. CMB دمایی خیزها و
(ΩDM) تاری ماده  ال چ و (Ωb) باریون ال چ ،(Λ) کیهان شناس ثابت مانند کیهان شناخت
زمان تا صوت افق اندازه ی تغییر آن تبع به (و باریون ال چ تغییر اثر میان، این در دارد. بستگ
با م توان بنابراین م دهد. نشان را خود توان، طیف قلّه ی محل در تغییر صورت به ،( واجفتیدگ
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Parameters constraints

- COSMOLOGICAL PARAMETER ESTIMATION FROM THE TWO-DIMENSIONAL GENUS  
TOPOLOGY -MEASURING THE EXPANSION HISTORY USING THE GENUS AMPLITUDE AS A STANDARD RULER, 
arXiv:2102.01365

- CMB filed and Complex network correspondence, M. Rahimi & S.M.S.M and M. Farhang, in progress 
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Mapping Cosmic fields to Complex Networks

A new constraint on the CMB Shift parameter

Number of connected 
component: 0-Betti

 M. Rahimi & S.M.S.M and M. Farhang, in progress
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A.  Szalay, The Astrophysical Journal (1988);  V. Desjacques, PRD (2013)
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lay 1993b). Also, the  H is proposed by Hamilton (1993)
while the  LS introduced by Landy & Szalay (1993b)
has a nearly Poisson variance. In the above equation,
D⇧(r1,#1)D⇧(r2,#2) and R⇧(r1,#1)R⇧(r2,#2) represent the
number of peak or trough pairs in the data and random cat-
alogs, respectively. Also D⇧(r1,#1)R⇧(r2,#2) corresponds to
cross-pairs. In the above equations, N⇧

D and N

⇧
R are respec-

tively the total number of local extrema in the data and ran-
dom catalogs. The lower part of Fig. 1, indicates the peak
pairs separated by r in a magnified patch.

2.3 General definition of bias factor

General statistical expression for the relation between un-
weighted TPCF as excess probability of finding a typical
feature and the weighted TPCF which is known as auto-
correlation function at the first order approximation reveals
a linear and scale-independent bias factor. For a Gaussian
random field, the excess probability of finding the sharp
clipping pairs is statistically magnified by the fluctuation
of random field for long separation distance (angle) at high
threshold, # � 1. In this regime, we have  pix�pix(✓;#) ⇠
e
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(✓) � 1 with Bpix(#) ⇠ # (Kaiser 1984; Taqqu
1977; Politzer & Wise 1984; Jensen & Szalay 1986; Bardeen
et al. 1986; Szalay 1988b,c) (for extensive discussion see
(Martinez & Saar 2001; Desjacques et al. 2018, and refer-
ences therein)).

Now, we turn to the modulation of local maxima
number density at threshold # in the CMB map by the
temperature fluctuations at the last scattering surface. In
other words, we look for the relation between unweighted
TPCF of peaks and weighted TPCF of temperature fluc-
tuations. The general form of bias factor enables us to es-
timate the unweighted TPCF of typical feature by using
the weighted TPCF. Generally, we expect that the number
density of peaks is enhanced where the temperature fluc-
tuations are high. For CMB map, we define peaks num-

ber density contrast as: �pk ⌘ n
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i . To determine

the scale-independent bias factor averaged on all peak cur-
vature values, we are interested in examining such rela-
tion �pk = Bpk(#)�T . Following Kaiser (1984) for sharp
clipping statistics, we exploit a systematic relation be-
tween unweighted TPCF of local extrema,  ⇧�⇧(✓;#1,#2),
and weighted TPCF of temperature fluctuations, CTT (✓),
for separation angle, ✓, in analogy with  ⇧�⇧(✓;#) =
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⇧(#)CTT (✓), when we ignore the scale-dependent part.
Mentioned relation is satisfied for large separation angle.
For very high threshold value, the pixel above threshold can
delineate the peak better than small threshold and conse-
quently, we obtain Bpk(#) ⇠ Bpix(#) for large enough sep-
aration angle in a Gaussian field (Martinez & Saar 2001).
To examine the scale-dependent part of bias for peak statis-
tics, we rely on a more general model for bias in the Fourier
space as: Bpk(k,#) = Bpk(#) + Bpk

k (#)k2. Here k represents
the wavelength of typical mode. It turns out that for either
# � 1 or large scale, the value of scale-dependent part of
bias is Bpk

k (#) ! 0 (Desjacques et al. 2010, 2018). We de-
fine B2

⇧(✓,#) ⌘  ⇧�⇧(✓;#)/CTT (✓) for proper range of ✓.
Subsequently, any features existed in B2

⇧(✓,#) versus ✓ for a
typical value of # represents the contribution of the scale in
this type of bias factor. We will assess the behaviour of such
bias factor and accordingly the consistency of Planck maps
and associated state-of-the-art simulations.

3 DATA DESCRIPTION AND SIMULATION

The Planck sky observational data sets contain full-sky maps
at nine frequency channels for temperature intensity. The
polarization maps are available only for 30 to 353 GHz fre-
quency range. Throughout this paper, we only focus on the
temperature field. Mentioned data sets are processed by
Planck team resulting in di↵erent component separation al-
gorithms, namely Commander-Ruler (CR), NILC, SEVEM and
SMICA (Planck Collaboration et al. 2020c) and they are pub-
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for separation angle, ✓, in analogy with  ⇧�⇧(✓;#) =
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quently, we obtain Bpk(#) ⇠ Bpix(#) for large enough sep-
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Subsequently, any features existed in B2
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typical value of # represents the contribution of the scale in
this type of bias factor. We will assess the behaviour of such
bias factor and accordingly the consistency of Planck maps
and associated state-of-the-art simulations.
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The Planck sky observational data sets contain full-sky maps
at nine frequency channels for temperature intensity. The
polarization maps are available only for 30 to 353 GHz fre-
quency range. Throughout this paper, we only focus on the
temperature field. Mentioned data sets are processed by
Planck team resulting in di↵erent component separation al-
gorithms, namely Commander-Ruler (CR), NILC, SEVEM and
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lay 1993b). Also, the  H is proposed by Hamilton (1993)
while the  LS introduced by Landy & Szalay (1993b)
has a nearly Poisson variance. In the above equation,
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tively the total number of local extrema in the data and ran-
dom catalogs. The lower part of Fig. 1, indicates the peak
pairs separated by r in a magnified patch.

2.3 General definition of bias factor

General statistical expression for the relation between un-
weighted TPCF as excess probability of finding a typical
feature and the weighted TPCF which is known as auto-
correlation function at the first order approximation reveals
a linear and scale-independent bias factor. For a Gaussian
random field, the excess probability of finding the sharp
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number density at threshold # in the CMB map by the
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other words, we look for the relation between unweighted
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tuations. The general form of bias factor enables us to es-
timate the unweighted TPCF of typical feature by using
the weighted TPCF. Generally, we expect that the number
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tuations are high. For CMB map, we define peaks num-
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the scale-independent bias factor averaged on all peak cur-
vature values, we are interested in examining such rela-
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clipping statistics, we exploit a systematic relation be-
tween unweighted TPCF of local extrema,  ⇧�⇧(✓;#1,#2),
and weighted TPCF of temperature fluctuations, CTT (✓),
for separation angle, ✓, in analogy with  ⇧�⇧(✓;#) =
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⇧(#)CTT (✓), when we ignore the scale-dependent part.
Mentioned relation is satisfied for large separation angle.
For very high threshold value, the pixel above threshold can
delineate the peak better than small threshold and conse-
quently, we obtain Bpk(#) ⇠ Bpix(#) for large enough sep-
aration angle in a Gaussian field (Martinez & Saar 2001).
To examine the scale-dependent part of bias for peak statis-
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k (#)k2. Here k represents
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of unweighted TPCF of local extrema in both ob-
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The  N is called the ”natural estimator” (Landy & Sza-
lay 1993b). Also, the  H is proposed by Hamilton (1993)
while the  LS introduced by Landy & Szalay (1993b)
has a nearly Poisson variance. In the above equation,
D⇧(r1,#1)D⇧(r2,#2) and R⇧(r1,#1)R⇧(r2,#2) represent the
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tively the total number of local extrema in the data and ran-
dom catalogs. The lower part of Fig. 1, indicates the peak
pairs separated by r in a magnified patch.

2.3 General definition of bias factor

General statistical expression for the relation between un-
weighted TPCF as excess probability of finding a typical
feature and the weighted TPCF which is known as auto-
correlation function at the first order approximation reveals
a linear and scale-independent bias factor. For a Gaussian
random field, the excess probability of finding the sharp
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Now, we turn to the modulation of local maxima
number density at threshold # in the CMB map by the
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other words, we look for the relation between unweighted
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tuations. The general form of bias factor enables us to es-
timate the unweighted TPCF of typical feature by using
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Mentioned relation is satisfied for large separation angle.
For very high threshold value, the pixel above threshold can
delineate the peak better than small threshold and conse-
quently, we obtain Bpk(#) ⇠ Bpix(#) for large enough sep-
aration angle in a Gaussian field (Martinez & Saar 2001).
To examine the scale-dependent part of bias for peak statis-
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typical value of # represents the contribution of the scale in
this type of bias factor. We will assess the behaviour of such
bias factor and accordingly the consistency of Planck maps
and associated state-of-the-art simulations.

3 DATA DESCRIPTION AND SIMULATION

The Planck sky observational data sets contain full-sky maps
at nine frequency channels for temperature intensity. The
polarization maps are available only for 30 to 353 GHz fre-
quency range. Throughout this paper, we only focus on the
temperature field. Mentioned data sets are processed by
Planck team resulting in di↵erent component separation al-
gorithms, namely Commander-Ruler (CR), NILC, SEVEM and
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the map. In order to address this problem, we have used semi-
analytical methods to design an optimal anti-aliasing filter, both
in harmonic space and in real space. As discussed in Fraisse et al.
(2008); Bevis et al. (2010), the small scale angular temperature
power spectrum slowly decays as a power law `�p such that any
deviations from this behaviour can only come from the aliasing.
For each Nside = 2048 raw map, we have performed a multi-
parameter fit of the power spectrum, and of the one-point dis-
tribution function, to extract, and then removes, its small scale
aliasing contribution. In order to validate the procedure, we have
checked that the power spectrum of each of the filtered maps
matches the one associated of the raw Nside = 4096 map, the lat-
ter being also being a↵ected but at half the scale. In Fig. 5, we
have plotted the power spectra of one of the Nside = 2048 maps
before and after convolution with our anti-aliasing filter. As ex-
pected, it matches with the one extracted from the Nside = 4096
map (here truncated at ` = 4096). Finally, in order to include
the e↵ects associated with the HEALPix pixelization scheme, the
anti-aliased maps have been convolved with the HEALPix pixel
window function before being used for further processing.

In total, this method has provided four theoretical full sky
string maps that have been used in the string searches we will
discuss in Sect. 4. As an illustration, we have represented in
Fig. 6, one of the filtered string map after convolution by a
Gaussian beam of FWHM = 50. The color scale traces the rel-
ative temperature anisotropies �T/T , divided by the string ten-
sion Gµ/c2. The anisotropy patterns may look Gaussian at first
because most of the string signatures show up on the smallest
length scales. In Fig. 7, we have plotted a gnomic projection rep-
resenting a field of view of 20�, in which the temperature steps
are now clearly apparent. The right panel of Fig. 7 represents the
magnitude of the spherical gradient, which enhances the steps.

Finally, in order to provide a much larger statistical sample
beyond only four string realisations, we have also produced a
collection of 1000 small angle patches (7.20) of the CMB sky de-
rived in the flat sky approximation (Stebbins 1988; Hindmarsh
1994; Stebbins & Veeraraghavan 1995; Bouchet et al. 1988;
Fraisse et al. 2008). Although the large-scale correlations are
lost, these maps have been shown to accurately reproduce var-
ious analytically expected non-Gaussian string e↵ects such as
the one-point and higher n-points functions by Takahashi et al.
(2009); Hindmarsh et al. (2009, 2010); Regan & Shellard (2010);
Yamauchi et al. (2010b,a); Ringeval (2010).

3. Power spectrum constraints on cosmic strings

and other topological defects

In order to compute constraints on cosmic string scenarios we
just add the angular power spectrum to that for an simple adia-
batic model—which assumes that they are uncorrelated— with
the fraction of the spectrum contributed by cosmic strings be-
ing f10 at ` = 10. This parameter is then added as an ex-
tra parameter to the standard six parameter fit using COSMOMC
and the Planck likelihood described in Planck Collaboration XV
(2013). We use a Flat ⇤CDM cosmology defined through the
physical densities of baryons, ⌦bh2, and cold dark matter, ⌦ch2,
the acoustic scale, ✓MC , the amplitude, As and spectral index,
ns of density fluctuations and the optical depth to reionization
⌧. The Hubble constant is a derived parameter and is given by
H0 = 100 h km sec�1 Mpc�1. We use the same priors on the
cosmological and nuisance parameters as are used in Planck
Collaboration XVI (2013) and use WMAP polarization data to
help fix ⌧. In addition to just using the Planck data, we have also

Table 2. 95% upper limits on the constrained parameter f10
and the derived parameter Gµ/c2 for the five defect models
discussed in the text. We present limits using Planck and po-
larization information from WMAP (Planck + WP), and from
also including high ` CMB information from ACT and SPT
(Planck +WP+highL).

Defect type . . . Planck+WP Planck+WP+highL
. . . . . . . . . . . . . . . . f10 Gµ/c2 f10 Gµ/c2

NAMBU . . . . . . . . 0.015 1.5 ⇥ 10�7 0.010 1.3 ⇥ 10�7

AH-mimic . . . . . . . 0.033 3.6 ⇥ 10�7 0.034 3.7 ⇥ 10�7

AH . . . . . . . . . . . . . 0.028 3.2 ⇥ 10�7 0.024 3.0 ⇥ 10�7

SL . . . . . . . . . . . . . 0.043 11.0 ⇥ 10�7 0.041 10.7 ⇥ 10�7

TX . . . . . . . . . . . . . 0.055 10.6 ⇥ 10�7 0.054 10.5 ⇥ 10�7

added high-` CMB data from SPT and ACT to obtain stronger
constraint(Sievers et al. 2013; Hou et al. 2012).

For the USM-based models we use the approach used in
Battye et al. (2006) and Battye & Moss (2010). We find that
the constraints on the standard six parameters are not signif-
icantly a↵ected by the inclusion of the extra string parameter
and that there are no significant correlations with other param-
eters (see Table 3). For the case of Planck data only and us-
ing the NAMBU model we find that Gµ/c2 < 1.5 ⇥ 10�7 and
f10 < 0.015, whereas for the AH-mimic model we find that
Gµ/c2 < 3.6 ⇥ 10�7 and f10 < 0.033, with all the upper lim-
its being at 95% confidence level. The 1D marginalized likeli-
hoods for f10 are presented in the upper panels of Fig. 8. The
di↵erences between the upper limits for the NAMBU and AH-
mimic models is compatible with those seen previously using
WMAP 7-year and SDSS data (Battye & Moss 2010). The upper
limits from this version of the Planck likelihood are better than
those computed from WMAP7+SPT (Dvorkin et al. 2011) and
WMAP7+ACT (Dunkley et al. 2011) and are significantly better
than those from WMAP7+SDSS (Battye & Moss 2010). Based
on the Planck “Blue Book” values for noise levels we predicted
(Battye et al. 2008) a limit of Gµ/c2 < 6⇥10�8, while the present
limit is about a factor of two worse than this. The main reason
for this is that the projected limit ignored the need for nuisance
parameters to model high ` foregrounds and that not all the fre-
quency channels have been used. The corresponding limits for
the AH model are f10 < 0.028 and Gµ/c2 < 3.2 ⇥ 10�7.

There is now very little degeneracy between the f10 and nS
parameters, something that was not the case for WMAP alone
(Battye et al. 2006; Bevis et al. 2008; Urrestilla et al. 2011).
This has implication for supersymmetric hybrid inflation mod-
els as discussed in Battye et al. (2010) that typically require
nS > 0.98. The simplest versions of these models appear to be
ruled out. The strongest correlation using the NAMBU and AH
mimic models is between f10 and ⌦bh2 as illustrated in Fig. 10.
In addition, we find agreement with Lizarraga et al. (2012), that
there are significant correlations between the amount of strings
f10 in the AH model and the number of relativistic degrees of
freedom Ne↵ as well as between f10 and the primordial helium
abundance YHe. We leave a detailed study of these correlations
to later work.

In Fig. 8 we also present the 1D marginalized likelihoods
for the texture and semilocal string models (compared to the
AH field theory strings). The resulting constraints on the f10
parameter are given in Table 2 as well. For the conversion
into constraints on Gµ/c2 we have that for semilocal strings
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Table 3. The upper bound on the tension of cosmic strings net-
work, Gµ(up), utilizing  pk�pk(# � 0) as a criterion for recogni-
tion.

Map Gµ(up) (95.5%)

NILC 8.38⇥ 10�7

SEVEM 6.71⇥ 10�7

SMICA 5.59⇥ 10�7

CR 7.17⇥ 10�7

Dvali & Vilenkin 2004; Kibble 2004; Henry Tye 2008). The
energy density characterization of CS is given by string ten-

sion: Gµ
c2

= O
⇣

$2

M2
Planck

⌘
. Here MPlanck ⌘ p

~c/G is the

Planck’s mass, c indicates the speed of light and $ is the
energy of symmetry breaking scale. The search for the foot-
print of CS network leads to find proper bounds on the Gµ

(see Planck Collaboration et al. (2014d); Vafaei Sadr et al.
(2017, 2018) and references therein).

To find the upper bound on the CS’s tension in the
Planck data using the local extrema clustering approach,
we follow same recipe for simulation CS-induced CMB map
as discussed by Bennett & Bouchet (1990); Ringeval et al.
(2007); Fraisse et al. (2008); Vafaei Sadr et al. (2017, 2018).
We use high-resolution flat-sky 602 deg2 patches of CMB
maps extended of a full sky simulation for large redshift
interval by map stacking method (Bouchet et al. 1988;
Ringeval & Bouchet 2012). The CS tensions used in this
work are in the range 2.6⇥ 10�11  Gµ  5.0⇥ 10�7 classi-
fied into 18 classes for each simulation category. The simu-
lated map for a given Gµ is constructed as T = TGaussian +
GµTString + N , where TGaussian, TString and N are respec-
tively corresponding to end-to-end map associated with each
component separation, normalized string simulated map and
proper noise component. The proper beam e↵ect has been
taken into account (Planck Collaboration et al. 2014d). We
compare  pk�pk(# � 0) computed for di↵erent observations
and the one computed for various Gµ simulations.

For a given Gµ, we compute the  pk�pk(# � 0)
for di↵erent observations and for various Gµ sim-
ulations. The covariance matrix is also considered
as: C⇧�⇧(Gµ, ✓m, ✓n; ,#, i) ⌘ h[ sim

⇧�⇧(✓m;Gµ,#, i, j) �
h sim

⇧�⇧(✓m;Gµ,#, i, j)ij ][ sim
⇧�⇧(✓n;Gµ,#, i, j) �

h sim
⇧�⇧(✓n;Gµ,#, i, j)ij ]ij , and �

2
⇧�⇧(Gµ,#, i). Now

for observed map, we also determine correspond-
ing �

2
⇧�⇧(#, i). Finally we compare the observa-

tion and simulations by checking the inequality as
PC.L. � R1

�2>�2
pk�pk

(#)
P (�2(Gµ,#, i))d�2(Gµ,#, i). The

PC.L. is adopted for a given confidence level (C.L.). There-
fore, the minimum value of Gµ for which, the mentioned
inequality is satisfied will be considered by the upper value
of CS tension recognized in the observations. We report the
Gµ

(up) for # � 0.0 in Table 3 at 95.5% level of confidence.
Comparing our upper bound on CS tension with that of
reported by Planck team confirms that taking into account
the clustering local extrema achieves almost consistent
upper bound determined by considering bispectrum and
Minkowski functionals (Planck Collaboration et al. 2014d).

5 SUMMARY AND CONCLUSIONS

CMB map as a (1+2)-D stochastic field includes thermo-
dynamic temperature and two types of polarizations. Men-
tioned components contain useful information ranging from
the early epoch to the late time era. Various physical phe-
nomena have di↵erent footprints on the CMB map. The
stochasticity nature of CMB fluctuations motivates us to
rely on geometrical and topological measures to achieve deep
insight through the physical mechanisms and associated evo-
lutions. In this paper, we focused on thermodynamic temper-
ature fluctuations and we addressed the critical sets prop-
erties not only in the one-point statistics but also in the
two-points analysis. After a comprehensive explorations in
di↵erent researches, we turn to the robust perturbative ap-
proach to determine joint PDF of di↵erent components of
CMB random field to clarify some examples of excursion
and critical sets in the form of one- and two-point statis-
tics. We particularly derived the perturbative definition of
number density of pixels above a threshold up to O(�3

0). By
means of excess probability of finding a typical feature, we
computed unweighted TPCF of local extrema and we revis-
ited the semi-analytical definition of unweighted TPCF of
peaks and troughs. In practice, utilizing semi-analytical ap-
proach may encounter with finite size e↵ect. Therefore we
considered three powerful estimators for the rest part of our
analysis (Eqs. (12), (13) and (14)).

In order to prepare a robust framework for comparison
the Gaussian prediction and those of computed for observed
maps, we applied the reliable estimators for unweighted
TPCF on the Planck fiducial ⇤CDM model (Planck Collab-
oration et al. 2020a,b) and various component separations
as observed by Planck (Planck Collaboration et al. 2020c).

One-point statistics of local extrema and sharp clipping
in the form of probability density as a function of threshold
and also cumulative number density function have been com-
puted for both end-to-end simulations and observed Planck

temperature CMB maps. Based on normalized cumulative
number density of troughs, we obtained that the NILC and
CR represent very tiny deviations from corresponding simula-
tions around the # 2 [�2� 0], while the cumulative number
density of peaks confirms the consistency for all component
separations. Number of peaks, troughs and sharp clippings
for di↵erent observed maps compared to corresponding end-
to-end simulated data sets indicated similar results support-
ing Gaussianity hypotheses in the di↵erent separation com-
ponents. However, the pixel statistics at the threshold was
less sensitive to the non-Gaussianity. As depicted in Fig.
2, the mean value of cumulative number density of peaks
and troughs for observed maps are almost higher than sim-
ulations. In addition, the value of number density of local
extrema at

# ⇡ 0 for all observed maps is less than expected
Gaussian simulation (see Fig. 3).

The unweighted TPCF of local extrema illustrated con-
sistent behaviour in di↵erent separation components in all
thresholds. For high enough threshold, the  pk�pk were al-
most less than the value expected for the fiducial Gaus-
sian simulations. However, the clustering of local extrema
reveal good consistency between di↵erent component sep-
arations (see Fig. 4). Our results revealed that foreground
and shot-noise have been excluded in a proper way from
di↵erent component separations and there is good consis-
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ABSTRACT
We propose a multi-scale edge-detection algorithm to search for the Gott-Kaiser-
Stebbins imprints of a cosmic string (CS) network on the Cosmic Microwave Back-
ground (CMB) anisotropies. Curvelet decomposition and extended Canny algorithm
are used to enhance the string detectability. Various statistical tools are then applied
to quantify the deviation of CMB maps having a cosmic string contribution with re-
spect to pure Gaussian anisotropies of inflationary origin. These statistical measures
include the one-point probability density function, the weighted two-point correlation
function (TPCF) of the anisotropies, the unweighted TPCF of the peaks and of the
up-crossing map, as well as their cross-correlation. We use this algorithm on a hundred
of simulated Nambu-Goto CMB flat sky maps, covering approximately 10% of the sky,
and for di↵erent string tensions Gµ. On noiseless sky maps with an angular resolution
of 0.90, we show that our pipeline detects CSs with Gµ as low as Gµ & 4.3⇥10�10. At
the same resolution, but with a noise level typical to a CMB-S4 phase II experiment,
the detection threshold would be to Gµ & 1.2⇥ 10�7.

Key words: cosmic background radiation - cosmology; theory - early Universe -
large-scale structure of Universe.

1 INTRODUCTION

The inflationary ⇤CDM model with nearly Gaussian and
scale-invariant primordial density perturbations has been
confirmed with high precision as a robust cosmological
model thanks in particular to the observations of the cos-
mic microwave background radiation (CMB) (Hinshaw et al.
2013; Ade et al. 2016). The initial conditions for the large-
scale structure of the Universe, determined by primordial
cosmological perturbations are seeded by quantum fluctua-
tions of a scalar field during the so-called inflationary epoch
(Guth 1981; Liddle & Lyth 1993; Steinhardt 1995; Liddle
1999). Despite the outstanding agreement between the stan-
dard model and the cosmic data, there is some limited room
for alternative scenarios as well. One such scenario is to con-
sider topological defects as minor contributors to the primor-
dial perturbations. Many quantum filed theories typically
predict these defects as a result of phase transition caused by
spontaneous breaking of their symmetries due to the expan-
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sion and cooling of the Universe (Kibble 1976, 1980; Hind-
marsh & Kibble 1995; Vilenkin & Shellard 2000; Copeland
& Kibble 2010; Polchinski 2005).

The line-like version of topological defects are called
cosmic strings (CSs) and are commonly present in theories
of hybrid inflation, brane-world models and superstring the-
ory (Kibble 1976; Zeldovich 1980; Vilenkin 1981a; Vachas-
pati & Vilenkin 1984; Vilenkin 1985; Shellard 1987; Hind-
marsh & Kibble 1995; Vilenkin & Shellard 2000; Sakellari-
adou 2007; Bevis et al. 2008; Depies 2009; Bevis et al. 2010;
Copeland et al. 1994; Sakellariadou 1997; Sarangi & Tye
2002; Copeland et al. 2004; Pogosian et al. 2003; Majum-
dar & Christine-Davis 2002; Dvali & Vilenkin 2004; Kibble
2004; Henry Tye 2008). They represent lines of trapped en-
ergy density parameterized by Gµ. G is Newton’s constant
and µ represents the mass per unit length of the string, also
equal to its tension. The string tension is closely related to
the energy of the symmetry breaking scale, $, as:

Gµ

c2
= O

✓
$2

M2
Planck

◆
. (1)

here MPlanck ⌘ p
~c/G represents the Planck’s mass and c
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Persistence Homology
- Under the banner of Big-Data, classifications, detections exotic features in 

extremely large and high dimensional data sets is a considerable challenge. 

- TDA is non-metric but topologically informative pre-analysis of cloud of data 
set.  

- TDA as an application of algebraic topology and a branch of computational 
topology, analyses the shape of high-dimensional complex data in terms of 
global features (number of connected components, loops, voids, etc.) 

- Homology is an algebraic method for describing topological features of shapes 
and functions,  

- Persistent homology is an extension of this method for both enriching these 
descriptions and for describing how topology undergoes changes 

- Mathematical formalism for analyzing topological invariants such as 
connectedness, loops, or holes in various dimensions 

- The building block of topological space is called simplicial complex. 

- The convenient representation of Persistence Homology is Persistence 
diagram, 

Robert J. Adler, Sarit Agami, and Pratyush Pranav, arXiv:1704.08248 
Figure 2.1: Examples of a 0-simplex, a 1-simplex, a 2-simplex and a 3-simplex (from left to right)
[20].

a) b) c) d)

Figure 2.2: a), b) and c) are examples of simplicial complexes. The collection of simplices we show
in d) is not a simplicial complex. The colours are used to indicate 2-simplices.

Remark 4. We use the notation ⌧  � to denote a face of � and ⌧ < � to denote a

proper face of �.

Remembering the building blocks we described in the beginning of this Section, we

can ask ourselves whether it is only possible to build shapes using 2-simplices (i.e.

triangles) or whether we could also combine these with higher- or lower-dimensional

simplices. The result such a combination is called a simplicial complex :

Definition 2.1.16 (simplicial complex). A simplicial complex is a finite collection of

simplices ⌃ such that

i. If � 2 ⌃ and ⌧  �, it follows that ⌧ 2 ⌃.

ii. If �, �̃ 2 ⌃, it follows that the intersection of both simplices is either the empty

set or a face of both.

Examples 2.1.1. 1. The simplest example of a simplicial complex is a simplex.

2. In Figure 2.2 we show examples of simplicial complexes. Example a) illustrates

that simplicial complexes are not necessarily equal to simplices. The three

edges do not form a 2- simplex, but form a simplicial complex consisting of

1-simplices. In examples b) and c), all 1- and 2-simplices are connected by 0-

simplices. Example d) is a collection of simplices that violates the definition of

a simplicial complex because the intersection between the two triangles does not

consist of a complete edge. Note that any combination of the three simplicial

complexes a), b) and c) is again a simplicial complex.

9
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FIG. 5. Probability distribution function of local features of WNVGs constructed from fGns for various Hurst exponent. The
upper left panel is p(cE) while the lower left panel shows the probability distribution of betweenness centrality for N = 210.
The right panels illustrate the corresponding scaling exponents for the proper range indicated by dashed line as a function of
Hurst exponent for various sizes.

The probability distribution function of eigenvector
(cE) and betweenness (cB) centralities are indicated in
Fig. 5, in terms of H for WNVGs. The upper and
lower right panels in this plot show the exponents of
p(y) ⇠ y��y , where y ⌘ cE , cB computed for the proper
range in which the probability distribution function re-
veals the scaling behavior (noticed by dashed-dot line).
The �cE is almost constant for the negatively correlated
regime (0 < H < 1

2

) and is a decreasing function of H
for the positively correlated regime ( 1

2

< H < 1). The
�cB is however constant for all H values, showing that
the betweenness centrality is not a↵ected by changing H.

Also Fig. 6 illustrates the probability distribution
function of closeness centrality (cC) and eigenvalue for
various H exponent for WNVGs with di↵erent sizes.
As shown in this plot, the p(cC) does not depend on
H (upper left panel of Fig. 6). The full spectrum of
the eigenvalues (Eq. (2)) is illustrated in the lower left

panel of Fig. 6. It shows the activity, or equivalently
the strength of the weights of the network [113]. We see
that the impact of H is changing the range of spectrum
and by increasing Hurst exponent the range of spectrum
for WNVGs become tight. This phenomenon can be
understood recalling that, as a well-known fact, correla-
tions (obtained by increasing H) smooths the underlying
time-series, causing the corresponding network has more
link with low weight. For more smoothed time-series, the
typical slopes for associated WNVG become low, leading
to lower weights according to Eq. (10), and equivalently
making shorter range for the distribution of �s. The
right panels in Fig. 6 indicate di↵erent moments for
p(cC) (upper panel) and p(�) (lower panel). The solid
and dashed lines correspond to M

2

and M
3

, respectively.
Let us summary the results of this section:

1- The distribution of the eigenvector and betweenness
centralities behave as power-law. The scaling exponent
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to various H. This diagram has been obtained by doing ensemble average. Right panel is associated with the ↵(lifetime)
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for di↵erent sizes represented by di↵erent symbols.
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FIG. 11. Left panel illustrates the trajectory of �-vector of weighted clique simplicial complex derived by filtration process of
WNVG associated with fGn with di↵erent values of Hurst exponent. Right panel indicates the number of 1-simplices (links),
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H = 0.5. We considered N = 1024. For convenient, we multiplied the |⌃1|, |⌃2| and �1 by factor 10.

almost size-independent and they grow by increasing H.

Another interesting property to asses is the probability
distribution of lifetime for 1-holes which is di↵erence be-
tween the death and birth thresholds of a typical measure
in a 1-homology class. The left panel of Fig. 10 shows
the probability distribution of topological 1-dimensional
holes lifetime, `

1

, for various synthetic data sets with dif-
ferent values for Hurst exponent. Our results confirm

that p(`
1

) / exp
h

�↵
(lifetime)

1

`
1

i

. The H-dependency of

↵
(lifetime)

1

for various systems sizes is depicted in the right

panel of Fig. 10. This result confirms that, ↵
(lifetime)

1

can be considered as a robust measure for determining

the Hurst exponent of fGn signal which is not a↵ected

by sample size even compared to ↵
(death)

0

, ↵
(birth)

1

and

↵
(death)

1

.

The trajectory of �-vector (�-curve) of weighted clique
simplicial complex of WNVGs associated with fGns is
also a sensitive criterion to reveal H-dependency. The
overall behavior of mentioned trajectory does not depend
on sample size during filtration process (the left panel of
Fig. 11). By increasing H the peak positions move to
left showing that higher H values favor smaller �

0

s and
higher �

1

s as discussed above.

To make more complete our investigation, regarding
the comparison of di↵erent topological measures, we de-

 Persistent Homology of Weighted Visibility Graph from Fractional Gaussian Noise,  H Masoomy, B
Askari, MN Najafi, SMS Movahed, arXiv:2101.03328
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Synthetic Datasets 

corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
Hajian & Movahed 2010).

(I) Construct a matrix whose elements are PTRs in the
following order,

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

# # # #

# # # #

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
( )

( )

( )

( )

PTR PTR ... PTR

PTR PTR ... PTR

PTR PTR ... PTR

, 25

N d

i i i N d

d d d N d

1 1 1 1 1

1 1

1 1

where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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16 14 considered in this research.

Our results are consistent with other reports (Shannon et al.
2015).

6. Summary and Conclusion

The PTR is a good indicator to examine relevant physical
phenomena from the interior of pulsars, as well as cosmolo-
gical events. In spite of high stability in some types of pulsars,
PTRs are classified as stochastic processes due to superimposed
unknown trends and noises. The GWs produced by either
primordial or late events affect the PTRs. Therefore,

quantifying the fluctuations of PTRs can be a proper measure
for GW detection.
In this paper, for the first time, we utilized a multifractal

approach in order to examine the statistical properties of
synthetic and observed PTRs affected by trends and noises. In
the presence of trends and unknown noises, only robust
methods are able to recover the correct multifractal nature of
the underlying series. In this research, we used MF-DFA, MF-
DMA, and MF-DXA modified by the preprocessors, so-called
AD or SVD algorithms. The pulsar timing observations are
unevenly sampled data sets. To mitigate this property, we
modified some internal parts of the multifractal analysis and
proposed the irregular MF-DXA method and examined its
accuracy. Our results demonstrated that computed scaling
exponents for anticorrelated and long-range-correlated irregular
signals are consistent with the expectations.
We used synthetic PTRs simulated by the TEMPO2 pulsar

timing package. A template proposed by Hobbs et al. (2009)
was used to take into account the contribution of GWs. We
simulated 1000 synthetic PTRs, and the MF-DFA, MF-DMA,
and MF-DXA methods were implemented on the simulated
series. Our results demonstrated that the ensemble average of
the Hurst exponent of the simulated data is á ñ =H 0.51 0.02,

Figure 9. Implementing of AD (upper panel) and SVD (lower panel) on the
PTR of PSR J1603–7202. In each panel, the top plot corresponds to the
observed data (red line) and trend (black line), while the bottom represents
the residual data corresponding to clean data.

Figure 10. Log–log plot of fluctuation function � ( )s2 as a function of s when
we apply AD and SVD as preprocesses on PSR J1857+0943. The upper panel
is for DFA, while the lower panel is for backward DMA.
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What the next?
  

1) Based on Machine Learning, we look for optimum 
pipeline for GW detection  

2) Applying Topological and geometrical measures 
on PTRs for further analysis  

3) q-moments can manipulate the contribution of  
noises   

4) Mapping the cosmological field to the complex 
network and compute statistical and Topological 
properties (exotic features, anomalies and 
tensions)
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n

scales

= 7 and n
angles

=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.

MNRAS 000, 1–10 (0000)

corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
Hajian & Movahed 2010).

(I) Construct a matrix whose elements are PTRs in the
following order,

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

# # # #

# # # #

⎛

⎝
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⎞

⎠

⎟⎟⎟⎟⎟
( )

( )

( )

( )

PTR PTR ... PTR

PTR PTR ... PTR

PTR PTR ... PTR

, 25

N d

i i i N d

d d d N d

1 1 1 1 1

1 1

1 1

where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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Summary 

  
1) An overview on Observables   

2) Cosmological Random fields  

4)     Clustering of  local extrema on CMB map 

3) Complex Network and TDA
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