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Data analysis: A Bayesian Tutorial, by D.S. Sivia & J. SKkilling,
Oxford science Publication, 2010

Data reduction and error analysis for the physical sciences, P. R.
Bevington & D. K. Robinson, McGrawHill, 2003
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Error of Observations and their Treatment, J. Topping, 1972.
Practical Physics, G. L. Squires, 1985.
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® Python: www.python.org

@, python

® R: www.r-project.org

® |DL (Interactive Data Language)
® Matlab



http://www.r-project.org
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Model - Observation - Statistical analysis
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Background:

1(2), H(2),w(2),...

CMB code

Perturbations:

lensing code

d(k,z), ¥(k,z),
0, (k,z),0,(k,z)
etc.

Liner-nonlinear

mapping:
Ky Py (K,2)

T

Theoretical models

e e - e - e = - -

Spectrum

normalization —
Output: C.L.on Qg o, ng ) likelihood

CMB data lensing data Sn Ia

_ VIRMOS,
Schimd et al 2006 WMAP-1y CFHTLS Gold set
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1) Accuracy: Percentage difference
between experimental results and

accepted value
2) Reliability: Official scientific
homepage is more reliable than private
homepage
3) Validity: Derived correctly form
premise already accepted
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1) Accuracy: Percentage difference between
experimental results and accepted value.

It can be quantified by percentage
relative error

2) Precision: It is refer to the repeatability
of the measurement
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Lalaa £ lgn] gaiy dhiua
Salaicwns glallas ()
Systemartric errors
) 8,58 glallax (Y
Random errors

o glalka (Y
Blunder errors



www.physics4u.co.uk
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Global error

srdse sllaa
f(X) = f (%) + AXF'(x = %) + O(AX?)
N flnal lenltlal 3 N 3 O(Ax_l)

N x O(Ax*) = O(AX)
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Significance Number

0.001 1
0.01 1
1.0 2
1.00 ;
3P ; sliel S Baod 5 gen o (1
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Factor Name Symbol Factor

yotta
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(Determimistic) uss glasiii,s ()
(Stochastic) wéulad glaaiiys (Y
( Purely random ) ! 8,58 s < clasiyl,e -

( Dependent) <iculs gl 8,618 slaaiiys -
(Markov) ¢S,k (glaaii,s -

(Chaotic) gl glaaui,s (Y
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Probability function
&
Correlation function



Probability distribution

é/(f)[ gl(tl)a 4/2(I2)> Dé/N(tN)]
* Probability Density Function ( PDF)

P(x={ <x+dx)=p(x)dx
1

X)= number of &£ ex—Ax <& < x+Ax
p() = | f & -. )
1 & x-&
X)= W —
PU=3N Zl = %9
1 if x=0
1 .
w(x):{g if 0<xl|<l X—AX X X+ AX
0 otherwise




Probability distribution

G ()l 61(1), 6,(1,), o Loy (Ty) ]

(1) =x, 6, (1) =x, ..., 5 (Ty) = xy
* Probability Density Function ( PDF)

P(x<{ <x+dx)= p(x)dx
 Joint Probability Density

p(x,, 15 x,,1)
« Conditional Probability Density

p(xj:tj axjvr])
p(x;.1;)

p(x,.t; | x, 1) =



jp(x)a’x=l
Ip(xi7ti I xjatj)dx,' :1
p(x,-at,-):jp(x,-,f,.;xj,lj)dxj

p(x,.0) = | p(x.t, | x .1 ) plx .1 )dx,



Random Processes

Purely Random

Process  p(x .t |x, ¢ i.ix,0)=p(x,.t)

Dependent Process

p('xn" rz’ n l’tn—l;"" 12 1)_

p("\n’ N I Xn l?rn—l;’”;xl.’tl)xp(xn—lafn_l |xn_zatn_2;---

X p(x,, | X, 1) X p(x, 1)

f,<t,<..<ft,
Markov Process

p(.)k?, n’ l’rn 1’ ‘Xlﬁr) p()&’, n “Xn 1° n 1)

X p(‘xn_l 2 t?’?—l 9 ‘X‘n_z ) rn_z R

o X

s X, 1)

1)



Binomial Distribution

pra-p)"*
c = k _ N!
N )T (N —k)
N! k Nk
P = 1—
(p+9) ‘ip“i g =]
= S k(N-k)!
(k)= ZkP pip(pﬂz) = pN

o =((k~(k)* )= (k(k ~1))+ (k) (k)
= p’N(N-1)+Np—p°N-
= Npq



Poisson Distribution

e N' -
Py, = m f = lim av i)t (1-p)

A
ppo _k_!e
<k> :kapo =4
k=0
o =((k~(k)?) = (k(k =) +(k) - (k)

k=A% \ A - Source detection




(Gaussian Distribution

1 (r—mz
0 if n=odd
<x"> =< n! <x2 >n/2
k2"/2(n/2)!

P(|x|0) ~ [ pyudx=68%



s> slylls
N — oo
Np— A

p—0

Gaussian
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Error estimation

p(x) probability density function

P(x)= r'z](\.;c)

P(x) = p(x)dx
~_AP(x)  An(x)

()= dx  Ndx We suppose the

An(x)* = NP(x)(1—P(x)) Poisfm tid:nnsity
_NP(x)(1- P(x))

Ap(x) = N

o (p(x)) = Ap(x) _ JNP(x)(1- P(x)) _ JNP(x)(1- P(x)) _ JA—P(x))

e J1(x) Ndx\/n(x) Ndx\/NP(x) Ndx

JNP(x) 1

or small P(x) the error is o X)) = =
f (x) PO = e Ve




PDF Transformation

x p(x) @i &t
n=g(x) Jul &b

p,(»)=(S(y—-m))=(5(y—-g(x)))
p, ()= j o(y—n)p,(n)dn = f o(y—g(x))p(x)dx

—1

dg
dx

p,(n)=2.r(g, (1)

—r —a Ll
x=x,=g  (¥)



a(y)
- y=Y(x)
@: . g=f)
&4

u=U(x,y) v=V(x,y)

gu)=f(x.y)

u.v

2|2






Example

v p»)
1 1, 2E
E=o(v)=—mv > E——mv" =0>ov, A =+, [—
gv) 5 ) 1,2 V m
% _ v
dv
de|” de|”
dv V=V dv v=y2
| 2E | 2E

p(E)= fpv(VFH TEPV(V )

2E
\ m N m

m
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z=T(X,y)
X — P(X)

y — P(y)
z— P(2) = f dx P(x) P(y)



Characteristic Function

Z, (M) =(e")=[dx ™ plogis &b wisé dass

. — 1 —IxXA
p(x) 2ﬂjdﬂue Z (A)

— -1n

n N/ d .
M. =<x >=dex p(x) = Tm Z (L)
oos / v (aw
Z (A)=1+ s )Mn=exp Z(Z )
Q-:LI}.LOLS | =1 n! \nl }’]'/ )
h \

Free energy




K, = (-D"HM, M,

K, =M, - M7 =(x*) - (x)
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(SR da duas
Central limit theorem
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1 _(X—X)Z 04:

— 202 0.35t
p(X) N e < :
27TO 0.3k

68.3% = p(x)dX o

~lo 5 0.23'

D

05.45% = f_;zg (x)dx %15

0.1F

99.73% = f_j" D(x)dx 005
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Fluctuations

Fluctuations

Correlation function

S. Hajian, M.S. Movahed / Physica A 389 (2010) 4942-4957
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Sicusad &l
Correlation function
C:((y(tl’tZ) = <X(t1)y(t2)>ensemble
CX (tl’tZ) = <X(t1)x(t2)>ensemble
For ergodic and stationary processes
Cx (T) 1 Cx (tl’tZ)
C (7) = (x(t +7)x(t))

A
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Auto-correlation (Time averaging)

X | X | X X X]_XJX|X|X X | X | X
W N

1 N-5

C(1.6) = {(X(D) - X)(X(6) - X)) = (X(k+DX(K)) = ——= > X(k+B5)X(K)

N-5&
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15 —

Anti-correlated, Uncorrelated and
Correlated Gaussian noise

1 1 1
250 500 750
|
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T(0,0) = Eam\ﬂm(ﬁ,q))
18

8y = [AQT(0,9) Yin(6,9)

(B0 ) = [AQ [dQ'Y,,(0.9)Y, (0'.0)(T(0.0)T(0'.9))
C(AA) = (TO.QTO.¢))  C(A« )= C(AA)

C(f+ i) == D@ +1C, R(f- i)

<a|ma|’m’> = 5II’6mm’C| C:I = 1 z almalm*
G|2 = <C|2> — <C| >2

3 3 2
<CI > 2 (2| +1)2 ;<almalm><almalm> = 3<CI>

o =(C?)—(C s=i (Ch

e . — or :2<C|>2~ 2C;
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y = T(x)



M.A. Thomson

...... I
Calculated ——}- .]'
“Correct” ——,
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X‘l 1 m
X 1ol
’ f(X) L.
Xn 1m
_ o df 2y _
f (X X)) = 1, +21 (MM +0(A?) = f, + RAX
0 of of n o\ 0 of of
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(O ... Oo
cov—sc=| @ .. ¢ | (P00 f)
2. o2 | ax, ax, “ox |
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X(l)fo P(X) = ﬁ P(x;0,",X)
X(2) dP(X) :_o

X(3)" d dx
. N ol XY
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X+GX y+((:y 7 = X+y —S Z ?1G§ )2 _’)

o +0 o -0 o -0
O = ; O = ; AE N -
2 2 o +o0
X=ou+Aou® PU)=G(u;10), P(x)= G(Lgi“ 0)
du

(X) = a, <X2>:(72+3a2, <X3>:9a02+15a3

p=X+()=%+a, V=(x*)-(x)" =0 +20’
S=(x*) - 3(x)(x*) +2(x)’ = 60°c + 8’
L g 9T s 0 ) (ul 555 9 520 19 o aitne g0 sl Lalba juolae Glils L

ousSae &S o b g an sl (oo s 4 g yadie (sl |y LT waa sualie LiaeS ol S 5
Wl g S 0z gln [ onb s Vb glalba 5 buyis



(Likelihood) galet &y @L

wj\gua.aua‘ajh.o@buﬁmﬂdblsuu.ms bALchJ@LAwl
arXiv:physics/0406 120 coul sadd slgidng oalgdas 1 gl

5 oty aidie (65aS 831 s 4 suabline K <SS
Sreyd BB Spum Gl o a6 il cuaS G G 51 analas
sla eSS o bLS) 1 5 J8iiwe (S alla 5o 090 cneS (oled
193 JAlgA ) Sy 4 4sil g 4l
Bl aa ) Jaiews dlgl (slayudie oS o0l (1558 hads & lae cpl o
E(z):HZi(x) and z= f(X,%,,...X.)
3

1 / (XI X)Z\ LWAd 4 dag b A el
K(X) = 2 exp - ) ) \9:\9& -
\/ZJ[()‘i 207 adish Gls5 (oo (S 0 aa
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(Asymmetric) ;80 glaa

X — X)? -
reep U] ot el gl

Xbest:_jgzl Xbestzog
o\2
Ing(x) = 2 X=X
2 0,0, * (01 - 02)()(_ X)
1
—In/i(x = + -
n/(x =+o,) >
1
—In/l(x = - = —
ni(x=-o,) >

O3S el £ nl casgana

ar Xiv:physics/0406 120 70




z=x+y x=X7  y=y'”
1 X — X)* 1 ~ V)
InAxy) = (+ )_ 1 (y+ y)_ _
2 0,0, +(GX - Ox)(x_ X) 2 Gyay +(Oy - Gy)(y_ y)
1 — X)? 1 v _ )2
—-In/(z Xx) = — (X+ X)_ — + — (Z+ A _y) —
20,0, +(0, -0, )(X=-X) 20,0, +(0, -0, )(Z-X-Y)
1 Zz-7)°
—Inf(z):f—lné(z,x)dx: — ( - ) - —
20202 +(Oz —O'Z)(Z—Z)
Z—Z=X+Yy 1812 18 .
8_ \\——— o'=1 o=1 ; 8_
7f \ 7¢
Xe | q T
< 5 | , = 5
N 4 | | N 4
. 3f
2 2f
1f 1f
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