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1) Emphasizing on the quote “Data Science” and its 
impact on Cosmology and Astrophysics 

2) The role of  ML method in making robust pipeline 

3) How can detect Cosmic Strings network (CSs)? 
4) How can detect and determine the type of  GWs? 
5) What is the robust sequences of  computational 

tools?

The main goal of  my talk:
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1) An overview on Data analysis in Cosmology and 
Astrophysics   

2) Stochastic & Self-similar fields in Cosmology and 
Astronomy, TDA (feature vector) 

3) Machine Learning: String networks simulation 
and observations 

4) Machine Learning: Pulsars Timing Residuals and 
GWB detection (in progress)

Outline
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Data analysis points of  view
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Stochastic fields 
Stochastic processes  

Random fields 

به طور کلی دو نوع رهیافت برای تعریف میدان تصادفی وجود دارد 

1) Measure-theoretic definition

2) Probabilistic framework definition
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ABSTRACT

We explore the statistical behavior of the brainstem in response to complex auditory stimuli using a pipeline including Multifractal
Detrended Moving Average Analysis (MFDMA) modified by Singular Value Decomposition (SVD). To evaluate multifractal
nature of speech Auditory Brainstem Response (sABR) to synthetic /da/ stimuli, we apply SVD algorithm as a pre-processor to
remove superimposed trends. The scaling exponent derived by SVD-MFDMA confirms that all normal sABR are classified into
the non-stationary process. The average Hurst exponent derived by SVD-MFDMA is H = 0.77±0.12 at 68% confidence interval
indicating long-range correlation behavior indicating first universality behavior of sABR. Our findings exhibit that fluctuations in
the sABR series are dictated by a mechanism associated with long-term memory of the dynamic of the auditory system in the
brainstem level. The q�dependency of h(q) demonstrate that underlying data sets have multifractal nature revealing second
universality behavior of normal sABR samples. The width of singularity spectrum which is a measure of signal complexity, on
average equates to Da = 0.36±0.22 at 1s confidence interval. Comparing Hurst exponent of original sABR with the results
of the corresponding shuffled and surrogate series, we conclude that its multifractality is almost due to long-range temporal
correlations which are devoted to the third universality.

Introduction

{W,F ,P}

f d : W ! RT

T ⇢ RN

f is a (d +N)�Dimensional Stochastic field

The scalp-recorded Auditory Bra Response (ABR) is the most common auditory evoked potential that reflects the dynamics of
the large populations of neurons along the auditory brainstem to simple acoustic sounds (e.g., tones, click)1, 2. This evoked
potential can be used for oto-neurological diagnosis, particularly possible lesions in the auditory nerve3–5. The complexities
and the effects of inter-subject variations on the encoding of sounds are features of the brainstem processing.

In the recent studies, more complex stimuli such as speech or music have been used to evaluate the behavior of the
brainstem to the more complex stimuli6, 7. The speech ABR (sABR) comprises transient and sustained responses. Transient and
non-periodic characteristics of the stimulus are seen in the transient responses, while sustained time-locked responses including
periodic characteristics are shown in the sustained responses7–9. The sABR signal is a non-invasive and objective tool that is
suited for evaluating individuals with developmental and learning problems and also for studying the role of the brainstem in
encoding complex sounds7, 8, 10–12.

The sABR signal is mostly contaminated by several types of external artifacts such as muscular movement, electroencephalo-
gram, trends, non-biological noises, etc. Over the past two decades, various methods in time and frequency domains have
been used to analyze sABR using peak latency and amplitude, cross-correlation, Fourier analysis, and cross-phasogram7, 10, 13.
However, these methods discard the intricate details of the sABR signals. Furthermore, most quantitative methods to evaluate
the temporal dynamics of sABR need the sABR series to be stationary in which the mean and variance of signal do not change
with time14. While, the recent studies have described non-linear and non-stationary dynamics of sABR signals, limiting the
utility of these methods for examining long-range temporal correlation15, 16. In addition, due to complex nature of sABR
signals and the presence of several types of noises, underlying signals are mimicked by noises and trends. Examining such
data based on linear analysis is not reliable encouraging taking into account non-linear methods which are effective ways of
explaining these complex relationships. Therefore, it is crucial to implement robust methods for analyzing sABR signals in
order to remove destructive effects of various trends and noises.
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Introduction

{W,F ,P}

f d : W ! RT

T ⇢ RN

f is a (d +N)�Dimensional Stochastic field

X(t,w) is stochastic variable

P{X(t1),X(t2), ...,X(tm)}

The scalp-recorded Auditory Bra Response (ABR) is the most common auditory evoked potential that reflects the dynamics of
the large populations of neurons along the auditory brainstem to simple acoustic sounds (e.g., tones, click)?, ?. This evoked
potential can be used for oto-neurological diagnosis, particularly possible lesions in the auditory nerve?, ?, ?. The complexities
and the effects of inter-subject variations on the encoding of sounds are features of the brainstem processing.

In the recent studies, more complex stimuli such as speech or music have been used to evaluate the behavior of the
brainstem to the more complex stimuli?, ?. The speech ABR (sABR) comprises transient and sustained responses. Transient and
non-periodic characteristics of the stimulus are seen in the transient responses, while sustained time-locked responses including
periodic characteristics are shown in the sustained responses?, ?, ?. The sABR signal is a non-invasive and objective tool that is
suited for evaluating individuals with developmental and learning problems and also for studying the role of the brainstem in
encoding complex sounds?, ?, ?, ?, ?.

The sABR signal is mostly contaminated by several types of external artifacts such as muscular movement, electroencephalo-
gram, trends, non-biological noises, etc. Over the past two decades, various methods in time and frequency domains have
been used to analyze sABR using peak latency and amplitude, cross-correlation, Fourier analysis, and cross-phasogram?, ?, ?.
However, these methods discard the intricate details of the sABR signals. Furthermore, most quantitative methods to evaluate
the temporal dynamics of sABR need the sABR series to be stationary in which the mean and variance of signal do not change
with time?. While, the recent studies have described non-linear and non-stationary dynamics of sABR signals, limiting the
utility of these methods for examining long-range temporal correlation?, ?. In addition, due to complex nature of sABR signals
and the presence of several types of noises, underlying signals are mimicked by noises and trends. Examining such data based
on linear analysis is not reliable encouraging taking into account non-linear methods which are effective ways of explaining
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Peak-Peak correlation function of CMB map in the presence of cosmic strings 3

Figure 1. A sketch for calculating two-point correlation of a
typical feature on a 2-Dimensional stochastic field. The filled cir-
cular symbols show the position of local maxima above a given
threshold value, ϑ. Two concentric circles have just been drawn
to show that in practice how the clustering of peaks is computed
(see text).

The number density of local extrema will be discussed
in section 2. In section 3 the simulation of a CMB map
using the most recent observation based on WMAP 7-year
mission+ Supernova type Ia + Large scale structures +
Baryonic acoustic oscillation will be explained. CMB map
making containing straight cosmic strings by means of
Kaiser-Stebbins phenomenon will be introduced in this
section. Section 4 will be devoted to our analysis and
discussion. Summary, conclusion and strategy of detecting
cosmic strings based on future surveys will be given in
section 5.

2 PEAK-PEAK CORRELATION FUNCTION

Generally, many systems on the nature behave in a stochas-
tic way. Therefore, to explore their relevant properties, we
have to rely on robust methods in statistical approaches. To
this end, there are many criteria proposed to discriminate
various stochastic fields from statistical point of view as well
as to quantify their nature.

The so-called two-point correlation function (TPCF) is
one of the powerful methods in statistical analysis of a de-
sired stochastic field. This method actually provides reliable
inference about clustering and excess probability of finding
typical features in the underlying stochastic field. Conse-
quently it became one of the most advantageous statistical
tools in cosmology and astronomy.

This quantity has been introduced in various references
from different approaches, so several estimators have been
provided (Peacock and Heavens 1985; Bardeen et al. 1986;
Peebles 1980; Bond and Efstathiou 1987; Lumsden et al.
1989; Davis and Peebles 1983; Hamilton 1993; Szapudi and

Szalay 1998; Hewett 1982; Landy and Szalay 1993; Fatemi-
Ghomi et al. 1999). This tool is also able to examine the
Non-Gaussianity of CMB (Tojeiro et al. 2006; Larson and
Wandelt 2005). Generally, estimators of TPCF is divided
in two main categories (Kerscher et al. 2000): I) estimators
based on counting pairs and II) geometric edge correction
approach. The central definition corresponding to the first
category which is used to define TPCF is as follows:

PDR(r) ≡
!

ri∈D

!

rj∈R

Φr(ri, rj) (1)

where ”D” means points coming from original data set. ”R”
stands for field in which the underlying features have been
distributed in completely random way with the same physi-
cal properties with respect to original one. Φr(ri, rj) ≡ [r !"

(xi − xj)2 + (yi − yj)2 + (zi − zj)2 < r+∆r]. In the case
of statistical isotropy and homogeneity violation, one should
write PDR(ri, rj). So the probability not only depends on
length scale of separation, r, but also on ri and rj as well. It
has been shown that all TPCF estimators give almost sim-
ilar results in small length scales and are encountered with
boundary effects at large scales (Kerscher et al. 2000). Here
to make it more obvious and for the sake of clarity, we are
going to present the mathematical frame work of TPCF and
then apply it to local maxima (peaks) of cosmic microwave
background fluctuations as a 2-Dimensional stochastic field.
According to probability of finding pair of desired features,
dP (r) in the underlaying field and that of in uniform or so-
called an un-clustered field distribution, dPR, one can define
TPCF as (Peacock and Heavens 1985):

dP (r) = [1 + ξ(r)]dPR (2)

In order to examine a 2-Dimensional feature space, consider
∆A to be an infinitesimal area element, consequently the
probability of finding a feature in this area is supposed to
be O(∆A). So we assume that the probability of finding a
feature (e.g. peak) in ∆A is ∆P = n∆A where n is the
surface number density of features. In addition ∆P12 is the
probability of finding a feature in ∆A1 and another in ∆A2

at a certain separation r and is written by:

∆P12(r) = n2∆A1∆A2[1 + ξ12(r)] (3)

If they are not spatially correlated, therefore ξ12(r) becomes
zero for all locations and separations. Therefore the mathe-
matical form of TPCF can be written as:

ξ(r) =
1

NpairsPR(r)

ND!

i=1

ND!

j>i

δDirac (r − |ri − rj |)− 1 (4)

where ND is the total number of features in underlying
stochastic field, Npairs is the total number of pairs. We note
that ri, i ∈ [1, ND] is the position of features and the double
summation over the Dirac delta here gives the number of
pairs Npairs(r) with separation r. Eq. (4) becomes:

ξ(r) =
Npairs(r)
nCrdr

− 1 (5)

where Cr is the circumference of the boundary of Ar and
dr is the bin size (see Fig. 1 to make more sense). Above
estimator is encountered with boundary effect in finite size
sample. One way to resolve the boundary effect problem is as
follows: one should use an extended window (see Fig. 2). To
this end, for each given map size, Θ1, an extended map with

Why stochastic field?
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To know more see: http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations

Self-similar process

Scale dependency 
(Multifractal) ??? 

Self-similarity and  
Self-affinity 
Complexity 
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Glossary

Scaling law: A power law function describing  
the behavior of a typical physical quantity.


Self-similar: Magnification of system’s parts in 
each directions has same scaling exponent for 
matching to whole of system. While self-
affinity is a generalization for anisotropic 
scaling behavior.  


Fractal and multifractal systems: A typical 
system characterized by a scaling law with 
non-integer exponent in all scaling ranges. On 
the other hand, multifractal has infinite 
number of different fractal exponents. Each of 
them are valid in proper scaling range.  
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General features and some proposed methods
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1204 D. Novikov, S. Colombi and O. Doré

Figure 2. Skeleton and its local approximation for the Gaussian field of Fig. 1. Upper-left panel: the skeleton is drawn as well as the critical points. Local

minima are in yellow, saddle points in orange and local maxima in red. As discussed in the text, the skeleton passes through all the maxima and the saddle

points. The local maxima are the nodes where several lines converge, while the saddles points have only one line passing through. Note as well that local

maxima are always connected to saddles and reciprocally, except in, for example, the lower left of the panel, where we can see three saddles connected to each

other. This configuration is theoretically forbidden (see discussion in Appendix A) unless there is some degeneracy in the field, which we suspect is because

of our numerical implementation (see Appendix C). Upper-right panel: the skeleton is superposed to the smoothed field. Middle-left panel: same as for the

upper-left panel, but for the local approximation of the skeleton. The dark plus light blue lines assume S = 0 (equation 8), while the light blue lines verify

the more constraining conditions given by equations (2) and (3). Middle-right panel: same as upper-right panel but for the local approximation of the skeleton.

Lower-left and lower-right panels: the local approximation and the real skeleton are again superposed to the smooth field, but restricted to overdense regions

ρ ! ⟨ρ⟩.

From the last argument, the skeleton can be seen as the ensem-

ble of pairs of stable fields lines departing from saddle points and

connecting them to local maxima.8 The skeleton field lines can thus

be drawn by going along the trajectory with the following motion

8 See, however, footnote 7.

equation

dr

dt
≡ v = ∇ρ, (1)

starting from the saddle points, and with initial velocity parallel to

the major axis of the local curvature (i.e. parallel to the eigenvector

of the Hessian corresponding to λ1). The trajectory is followed until

C⃝ 2006 The Authors. Journal compilation C⃝ 2006 RAS, MNRAS 366, 1201–1216

Mon. Not. R. Astron. Soc. 366, 1201–1216 (2006) doi:10.1111/j.1365-2966.2005.09925.x

Skeleton as a probe of the cosmic web: the two-dimensional case
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ABSTRACT

We discuss the skeleton as a probe of the filamentary structures of a two-dimensional random

field. It can be defined for a smooth field as the ensemble of pairs of field lines departing from

saddle points, initially aligned with the major axis of local curvature and connecting them to

local maxima. This definition is thus non-local and makes analytical predictions difficult, so

we propose a local approximation: the local skeleton is given by the set of points where the

gradient is aligned with the local curvature major axis and where the second component of the

local curvature is negative.

We perform a statistical analysis of the length of the total local skeleton, chosen for simplicity

as the set of all points of space where the gradient is either parallel or orthogonal to the main

curvature axis. In all our numerical experiments, which include Gaussian and various non-

Gaussian realizations such as χ2 fields and Zel’dovich maps, the differential length f of the

skeleton is found within a normalization factor to be very close to the probability distribution

function (pdf) of the smoothed field, as expected and explicitly demonstrated in the Gaussian

case where semi-analytical results are derived.

As a result of the special nature of the skeleton, the differences between f and the pdf

are small but noticeable. We find in the Gaussian case that they increase with the coherence

parameter 0 ! γ ! 1 of the field:

f (x, γ ) ≡
1

Ltot

∂L

∂x
≃

1
√

2π
e−x2/2[1 + 0.15γ 2(x2 − 1) − 0.015γ 4(x4 − 6x2 + 3)].

Here, Ltot is the total length of the skeleton and L(x) is the length of the skeleton in the

excursion ρ > σ x where σ is the variance of the density field. This result makes the skeleton

an interesting alternative probe of non-Gaussianity. Our analyses furthermore assume that the

total length of the skeleton is a free, adjustable parameter. This total length could in fact be

used to constrain cosmological models, in cosmic microwave background maps but also in

three-dimensional galaxy catalogues, where it estimates the total length of filaments in the

Universe.

Making the link with other works, we also show how the skeleton can be used to study the

dynamics of large-scale structure.

Key words: cosmology: theory – large-scale structure of Universe.

1 I N T RO D U C T I O N

The observed large-scale distribution of galaxies presents remark-

able structures, such as clusters of galaxies, filaments, sheets and

large voids. It is widely admitted that these structures grew from

⋆E-mail: d.novikov@imperial.ac.uk (DN); colombi@iap.fr (SC); olivier@

astro.princeton.edu (OD)

small initial fluctuations through gravitational instability. At very

large scale, the filamentary pattern seen in the cosmic web is

expected to be similar to that of the initial field (e.g. Bond,

Kofman & Pogosyan 1996). Because these primordial inhomo-

geneities also imprinted the temperature fluctuations seen now in

the cosmic microwave background (CMB), the characterization of

the observed large-scale structures both in galaxy catalogues and in

CMB maps can help to probe the nature of these primordial fluctua-

tions, in particular whether they have a Gaussian distribution or not.

C⃝ 2006 The Authors. Journal compilation C⃝ 2006 RAS

S.M.S.M., B. Javanmardi, R. K. Sheth, MNRAS, (2013)



11

Persistence Homology

- Under the banner of Big-Data, classifications, detections exotic features in 
extremely large and high dimensional data sets is a considerable challenge. 

- TDA is non-metric but topologically informative pre-analysis of cloud of data 
set.  

- Homology is an algebraic method for describing topological features of shapes 
and functions,  

- Persistent homology is an extension of this method for both enriching these 
descriptions and for describing how topology undergoes changes 

- Mathematical formalism for analyzing topological invariants such as 
connectedness, loops, or holes in various dimensions 

- The building block of topological space is called simplicial complex. 

- The convenient representation of Persistence Homology is Persistence 
diagram,  

Robert J. Adler, Sarit Agami, and Pratyush Pranav, arXiv:1704.08248 

Figure 2.1: Examples of a 0-simplex, a 1-simplex, a 2-simplex and a 3-simplex (from left to right)
[20].

a) b) c) d)

Figure 2.2: a), b) and c) are examples of simplicial complexes. The collection of simplices we show
in d) is not a simplicial complex. The colours are used to indicate 2-simplices.

Remark 4. We use the notation ⌧  � to denote a face of � and ⌧ < � to denote a

proper face of �.

Remembering the building blocks we described in the beginning of this Section, we

can ask ourselves whether it is only possible to build shapes using 2-simplices (i.e.

triangles) or whether we could also combine these with higher- or lower-dimensional

simplices. The result such a combination is called a simplicial complex :

Definition 2.1.16 (simplicial complex). A simplicial complex is a finite collection of

simplices ⌃ such that

i. If � 2 ⌃ and ⌧  �, it follows that ⌧ 2 ⌃.

ii. If �, �̃ 2 ⌃, it follows that the intersection of both simplices is either the empty

set or a face of both.

Examples 2.1.1. 1. The simplest example of a simplicial complex is a simplex.

2. In Figure 2.2 we show examples of simplicial complexes. Example a) illustrates

that simplicial complexes are not necessarily equal to simplices. The three

edges do not form a 2- simplex, but form a simplicial complex consisting of

1-simplices. In examples b) and c), all 1- and 2-simplices are connected by 0-

simplices. Example d) is a collection of simplices that violates the definition of

a simplicial complex because the intersection between the two triangles does not

consist of a complete edge. Note that any combination of the three simplicial

complexes a), b) and c) is again a simplicial complex.

9



EXAMPLES in (1+1)-D

Astrophysics and cosmology  
- Solar irradiance data sets  
- Climate indexes  
- Lyman-alpha irradiance  
- Pulsar  
- Quasar absorption line spectra  
- Gamma-ray burst afterglow  
- Cosmic rays 

4944 S. Hajian, M.S. Movahed / Physica A 389 (2010) 4942–4957

Fig. 1. Upper panel corresponds to the monthly sunspot number data set. The secular trend, obtained with a low-pass Fourier filter is shown as a thick
line in the upper panel. Lower panels indicate observed flux fluctuations of Daugava, French Broad, Nolichucky and Holston rivers, respectively. The inset
plot shows river flow for small scales.

an approach for analyzing correlation properties of a series by decomposing the original signal into its positive and
negative fluctuation components [62]. Based on the previous study, Podobnik et al. havemodified thementioned correlation
method and improved it to explore the cross-correlation between two non-stationary fluctuations, namedDetrended Cross-
Correlation Analysis (DCCA) [48] and its generalized, theMultifractal Detrended Cross-Correlation Analysis (MF-DXA)which
also examine higher orders detrended covariance [49].

As mentioned before, trends in data set may influence the accuracy of results. For reliable detection of the cross-
correlations, it is essential to distinguish trends from the intrinsic fluctuations in data. Generally, trends embedded in
measurements are of two types: Polynomial and Sinusoidal trends. Although the MF-DFA and MF-DXA methods eliminate
the polynomial trends, the sinusoidal trends remain [46,47]. There are several robust methods to eliminate the sinusoidal
one such as Fourier Detrended Fluctuations Analysis (F-DFA) [61,63], which is actually a high-pass filter, and Singular
Value Decomposition (SVD) [64,65]. One of the most disadvantage of the F-DFA method is the reduction of the size of

 S. Hajian, S.M.S.M,  2010
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Gaussian stochastic field
primordial quantum fluctuations

EXAMPLES in (1+2)-D

Lensed map 13

Weak lensing convergence map
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Excursion set theory 21

(a) Porous media. (b) Matrix-inclusion media.

Figure 1.9: Two excursion sets of the same realization with different level sets.

of porous media (see 4.2.1 in this chapter). By comparison, high values of κ lead to
meatball-like topology (FIG. (1.9(b))) where just several connected components remain.
These excursions, despite their very low volume fraction, could represent disconnected
media such as aggregates within a matrix. This last point raises the main issue of excur-
sion set modeling. In this chapter, solutions are proposed in order to yield high volume
fraction morphologies with disconnected topologies.

As the level set value has an impact on the kind of morphology obtained, both prob-
ability distribution of the RF and its covariance function have a major influence as well.
Among them, the correlation length Lc, fixing the length-scale of the excursion set, has a
key role. Playing with all these parameters gives a wild range of morphologies. But, in
order to manipulate these “objects”, tools that quantify them mathematically speaking are
needed.

In the next section functionals that measure both geometrical and topological quanti-
ties are defined. They provide global descriptors for excursion sets, giving a mathematical
basis for the main results presented in this chapter.

3.2 Measures of excursion set
3.2.1 General aspect

In order to specify a morphology both geometrical and topological properties have
to be considered. It has been proved that in a N-dimensional space, N + 1 descriptors
are enough to fully describe it. A large family of functionals aims to quantify those

Meso-scale FE and morphological modeling of heterogeneous media

Emmanuel Roubin Thesis, 2013

EXAMPLES in (1+3)-D

http://www.esa.int


Phase Transitions 
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6 LANDAU-GINSBURG THEORY AND MEAN FIELD THEORY 21

Hence the system passes from a second-order transition to a first-order transition
as A4 changes sign and becomes negative.

The stationary points are at M = 0 and at

M2 =

�A4 ±

⇣
A2

4 � 4A2A6

⌘ 1

2

�
/2A6 ⌘ M2

±.

The + sign gives the minima and the � sign the maxima.

T0 is determined by A(M) = 0 having a double root at M = ±M+ (note that A0

is set to zero so that A(0) = 0 is the minimum for T > T0). The solution is

A2 =
3

16

A2
4

A6
, (34)

and at the transition

⇣
�M2

⌘
= M2

+ = �3

4

A4

A6

Thus the point T = Tc, A4 = 0 separates the first-order line from the second-order
line: this is a tricritical point. To see the tricritical point these two parameters
have to take these special values and this requires tuning two external fields in
the phase diagram, although in the most general case, when odd powers of M are
included, up to four external fields must be tuned.

Using Eq. (34) we see that A2 = a2(T0(g) � Tc(g)) =
3
16

A2
4

A6
� 0 when A4(g)  0,

and so we find

T = T0(g) > Tc(g) : First order phase transition, A4 < 0
T = T0(g) = Tc(g) : Tricritical (TCP) phase transition, A4 = 0
T = Tc(g) : Continous phase transition, A4 > 0

where the space of external fields is denoted by T and g (e.g., g can be identified
with a chemical potential controlling the relative abundances in a two component
system). In terms of these variables the phase diagram has the form:

R R Horgan, www.damtp.cam.ac.uk/user/rrh  
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polyhedrons tilt in the 2! range of angles, resulting in a
Uð1Þ vacuum. We note also that the Landau free energy
derived in Ref. [27] already gives a signature of topological
protection as a 2! rotation of the trimerization angle around
the vortex core crosses a branch cut in the free energy.

For larger magnitudes of the K3 mode, obtained on
temperature decrease, a crossover to linear coupling with
the polar !#

2 mode occurs, and the polarization becomes
measurably large. This result lifts the degeneracy of the
angle of the K3 mode and fixes the polyhedrons into
discrete tilt angles of 0, 2!=3, or 4!=3, described by Z3

symmetry. The additional degeneracy provided by the
direction (in or out) of the polyhedral tilting gives an
additional Z2 symmetry reduction, resulting in Z2 $ Z3 ¼
Z6. It is an open experimental question whether the onset of
the !#

2 mode, which is observed approximately 300 K
below TC is an ‘‘emergence’’ or an additional isosymmetric
phase transition [19,25].

III. KIBBLE-ZUREK MECHANISM FOR RMnO3

In this section, we first show that the symmetry of
RMnO3 results in topologically protected vortex cores as
described by the Kibble mechanism. We then analyze the
vortex cores using the Zurek mechanism to determine the
density of topological defects that should be produced as a
function of the cooling rate through the phase transition.
We use first-principles density-functional theory to evalu-
ate the relevant parameters, and show that our predictions
are in agreement with literature data.

A. Kibble mechanism and the formation
of topological defects

The requirements for the formation of topological de-
fects at a phase transition within the Kibble mechanism [6]
are (i) a spontaneous symmetry breaking and (ii) a change
in symmetry across the phase transition that corresponds to
a nontrivial homotopy group. The trimerization transition
in RMnO3 clearly fulfills the first condition; next, we show
that it also fulfills the second.

As discussed earlier, in the temperature range just
below the phase transition, RMnO3 exhibits a continuous

symmetry. This fact allows us to use the methods and
results of homotopy theory—which have been developed
for continuous-symmetry groups—to assess the topology
of RMnO3. It is established within homotopy theory that
the symmetry characteristics of the order parameter, in
our case, Uð1Þ, can be used to assess the topological
characteristics of a phase transition. To make the assess-
ment, the order-parameter symmetry is first mapped onto
an n-dimensional sphere. In the case of Uð1Þ symmetry,
this map is a one-dimensional circle, S1. Next, we define a
function called the homotopy group, !k, which describes
the topological nature of the order-parameter symmetry. If
!k differs from the identity, then it is nontrivial and topo-
logical defects are formed. It has been known since the
1960s [28] that !kðS1Þ is indeed nontrivial and in fact
produces one-dimensional topological singularities, called
strings or vortex cores [29]. Therefore, the vortex cores in
RMnO3 are mathematically topologically protected, in
concordance with their physical topological protection—
their resistance to annihilation by an electric field—that we
discussed earlier [22,26]. We also note that within the
Kibble mechanism the topological defects are remnants
of the parent phase trapped within the lower symmetry
phase. For RMnO3, this observation implies that the high-
symmetry paraelectric phase is preserved at the meeting
point of the six domains defining a vortex core.

B. Zurek mechanism for RMnO3

Within the Zurek mechanism, the density of topological
defects formed during a spontaneous symmetry-breaking
phase transition described by the Kibble mechanism fol-
lows a power-law dependence on the rate at which the
transition is crossed [7,30]. In this section, we first relate
the material properties of RMnO3 to the parameters in the
Zurek mechanism. We then evaluate their magnitudes to
calculate quantitatively the temperature dependence of the
defect formation within the Kibble-Zurek mechanism.
Zurek’s approach relies on the notion of competing time

scales: The first relevant time scale is the time it takes for
one region of the system to communicate its choice of
vacuum state with another. This scale sets a ‘‘sonic hori-
zon’’ within which the order parameter chooses the same
vacuum state. This communication time becomes diver-
gently long as the critical temperature is approached and
the correlation length diverges, a phenomenon termed
‘‘critical slowing down.’’ The second relevant time scale
is the quench time "q that the system spends cooling
through the phase transition. The size of the domains is
set at the temperature Tf ¼ TC þ "Tf where the commu-
nication distance across which information can be trans-
ferred during the progressing phase transition becomes
equal to the correlation length #ðTÞ (Fig. 3). As the tem-
perature further approaches TC, the correlation length #ðTÞ
continues to diverge but the communication length remains
unchanged, and the system is unable to adapt to the

FIG. 2. Mexican-hat potential-energy surface of the hexagonal
manganites. At high energy (the peak of the hat), the energy is
independent of the angle of trimerization, and the system has
continuous Uð1Þ symmetry. At lower energy (in the brim of the
hat), six of the trimerization angles become favorable (white
circles), and the symmetry reduces to the sixfold discrete sym-
metry described by Z6.
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ABSTRACT
We propose a multi-scale edge-detection algorithm to search for the Gott-Kaiser-
Stebbins imprints of a cosmic string (CS) network on the Cosmic Microwave Back-
ground (CMB) anisotropies. Curvelet decomposition and extended Canny algorithm
are used to enhance the string detectability. Various statistical tools are then applied
to quantify the deviation of CMB maps having a cosmic string contribution with re-
spect to pure Gaussian anisotropies of inflationary origin. These statistical measures
include the one-point probability density function, the weighted two-point correlation
function (TPCF) of the anisotropies, the unweighted TPCF of the peaks and of the
up-crossing map, as well as their cross-correlation. We use this algorithm on a hundred
of simulated Nambu-Goto CMB flat sky maps, covering approximately 10% of the sky,
and for di↵erent string tensions Gµ. On noiseless sky maps with an angular resolution
of 0.90, we show that our pipeline detects CSs with Gµ as low as Gµ & 4.3⇥10�10. At
the same resolution, but with a noise level typical to a CMB-S4 phase II experiment,
the detection threshold would be to Gµ & 1.2⇥ 10�7.

Key words: cosmic background radiation - cosmology; theory - early Universe -
large-scale structure of Universe.

1 INTRODUCTION

The inflationary ⇤CDM model with nearly Gaussian and
scale-invariant primordial density perturbations has been
confirmed with high precision as a robust cosmological
model thanks in particular to the observations of the cos-
mic microwave background radiation (CMB) (Hinshaw et al.
2013; Ade et al. 2016). The initial conditions for the large-
scale structure of the Universe, determined by primordial
cosmological perturbations are seeded by quantum fluctua-
tions of a scalar field during the so-called inflationary epoch
(Guth 1981; Liddle & Lyth 1993; Steinhardt 1995; Liddle
1999). Despite the outstanding agreement between the stan-
dard model and the cosmic data, there is some limited room
for alternative scenarios as well. One such scenario is to con-
sider topological defects as minor contributors to the primor-
dial perturbations. Many quantum filed theories typically
predict these defects as a result of phase transition caused by
spontaneous breaking of their symmetries due to the expan-

? E-mail: m.s.movahed@ipm.ir

sion and cooling of the Universe (Kibble 1976, 1980; Hind-
marsh & Kibble 1995; Vilenkin & Shellard 2000; Copeland
& Kibble 2010; Polchinski 2005).

The line-like version of topological defects are called
cosmic strings (CSs) and are commonly present in theories
of hybrid inflation, brane-world models and superstring the-
ory (Kibble 1976; Zeldovich 1980; Vilenkin 1981a; Vachas-
pati & Vilenkin 1984; Vilenkin 1985; Shellard 1987; Hind-
marsh & Kibble 1995; Vilenkin & Shellard 2000; Sakellari-
adou 2007; Bevis et al. 2008; Depies 2009; Bevis et al. 2010;
Copeland et al. 1994; Sakellariadou 1997; Sarangi & Tye
2002; Copeland et al. 2004; Pogosian et al. 2003; Majum-
dar & Christine-Davis 2002; Dvali & Vilenkin 2004; Kibble
2004; Henry Tye 2008). They represent lines of trapped en-
ergy density parameterized by Gµ. G is Newton’s constant
and µ represents the mass per unit length of the string, also
equal to its tension. The string tension is closely related to
the energy of the symmetry breaking scale, $, as:

Gµ

c2
= O

✓
$2

M2
Planck

◆
. (1)

here MPlanck ⌘ p
~c/G represents the Planck’s mass and c

c� 0000 The Authors

2 Vafaei et al.

is the speed of light. In this paper we choose to work in nat-
ural units with ~ = c = 1. Symmetry breaking at energies
around the GUT scale would thus correspond to produc-
tion of CSs with Gµ ⇠ 10�6 (Kibble 1976; Zeldovich 1980;
Vilenkin 1981a; Vilenkin & Shellard 2000; Firouzjahi & Tye
2005). Therefore, CS studies provide a unique path to the
physics of extremely high energies far beyond the access of
our Earth-bound laboratories. The evolution of a network
of CSs, containing loops, long strings and their junctions,
depends not only on the string tension, but also on the
equation of motion of the strings, the initial conditions and
the string inter-commutation probability, that represents the
probability of their collisions (Vachaspati & Vilenkin 1984;
Ringeval et al. 2007; Blanco-Pillado et al. 2011).

The search for CSs takes di↵erent theoretical, statisti-
cal and observational routes, thanks to their diverse imprints
on cosmological data sets. These searches have led to con-
straints on Gµ, which is the main free parameter character-
izing CSs. For example, recent results from the gravitational
wave emission of Nambu-Goto cosmic string loops constrain
the CS tension to be 10�14  Gµ  1.5 ⇥ 10�10 depend-
ing on the string microstructure (Ringeval & Suyama 2017;
Blanco-Pillado & Olum 2017; Blanco-Pillado et al. 2017).

The fact that very strong bounds have recently been ob-
tained from gravitational wave (GW) relies entirely on the
fact that Nambu-Goto networks produce a large number of
cosmic string loops, as shown in the Numerical simulations
(Albrecht & Turok 1989; Bennett & Bouchet 1989; Allen
& Shellard 1990; Bennett & Bouchet 1990). Moreover, GW
emission by loops is quite sensitive to the string microstruc-
ture (Vilenkin 1981b; Ringeval & Suyama 2017). On the
contrary, CMB signatures are essentially generated by the
long strings such that both CMB and GW constraints are
complementary for probing all objects belonging to a string
network. For instance, GW bounds do not apply to global
strings (e.g. see Ade et al. 2014), and more importantly, the
possibility that Abelian Higgs string networks do not pro-
duce loop at all remains Vincent et al. (1998); Moore et al.
(2002); Hindmarsh et al. (2009a, 2017). For these, there is
no GW constraints and only their CMB signature would be
relevant. It is therefore more proper to compare the con-
straints based on long string models with each other, than
to those from string loops.

Pulsar timing and photometry, based on gravitational
microlensing, constrain CS’s tension to 10�15 < Gµ <
10�8 (Jenet et al. 2006; Pshirkov & Tuntsov 2010; Tuntsov
& Pshirkov 2010; Damour & Vilenkin 2005; Battye & Moss
2010; Oknyanskij 2002; Kuroyanagi et al. 2013; Sazhin
& Khlopov 1989; Gasilov & Khlopov 1985; Blinnikov &
Khlopov 1982). The upper bound of Gµ < 3⇥10�7 has also
been reported by the COSMOS survey (Christiansen et al.
2011). The 21-cm signature of CS wakes has also been theo-
retically explored in Brandenberger et al. (2010); Hernandez
et al. (2011); Hernandez & Brandenberger (2012); Pagano &
Brandenberger (2012); Hernandez (2014) and forecasts have
been made on how strongly these near-future surveys would
measure Gµ. On the other hand, Shlaer et al. (2012) have
studied signature of CSs on high-redshift large-scale struc-
ture surveys and on the ionization history of the Universe.

The CS network, if it exists, should have also left im-
prints, through di↵erent mechanisms, on CMB anisotropies.
These include contribution to the ordinary and integrated

Sachs-Wolfe e↵ect (Kaiser & Stebbins 1984; Gott III 1985;
Ringeval & Bouchet 2012), lensing (in particular, in the
small scale B-mode polarization (Benabed & Bernardeau
2000), extra polarization produced due the CS wakes (Danos
et al. 2010)), direct B-mode polarization due to a scale-
invariant spectrum of gravitational waves (Brandenberger
2011). Power spectrums of CMB temperature and polariza-
tion are proper measures to search imprint of CS (Bevis et al.
2007b). Probable dipole modulation by cosmic strings net-
work on CMB map is another topic (Ringeval et al. 2016).

The integrated Sachs-Wolfe (ISW) contribution from
the CS network, also known as the Gott-Kaiser-Stebbins ef-
fect (Kaiser & Stebbins 1984; Gott III 1985; Stebbins 1988;
Bouchet et al. 1988; Allen et al. 1997; Pen et al. 1997),
is primarily caused by the transverse motion of the CSs
with respect to the observer. The resulting energy shift of
CMB photons produces line-like discontinuities on CMB
anisotropies at the string location such that, in the light-
cone gauge, one has (Kaiser & Stebbins 1984; Gott III 1985;
Hindmarsh 1994; Stebbins & Veeraraghavan 1995)

�T

T
⇠ 8⇡Gµvs, (2)

where vs is the transverse velocity of the string.
Simulating the impact of the CS network on CMB

anisotropies requires various simplifying assumptions. The
models used in the literature generally fall in one of the fol-
lowings:
(i) Nambu-Goto simulations (Bennett & Bouchet 1988,
1989; Bouchet et al. 1988; Landriau & Shellard 2003, 2004;
Fraisse et al. 2008; Ringeval & Bouchet 2012), (ii) using
stochastic ensemble of unconnected segments (Allen et al.
1997; Albrecht et al. 1997; Contaldi et al. 1999; Pogosian &
Vachaspati 1999; Pogosian et al. 2006; Avgoustidis et al.
2012), (iii) Abelian-Higgs model on a lattice, with the
evolution of the network determined by the corresponding
fields (Vincent et al. 1998; Moore et al. 2002; Kasuya &
Kawasaki 2000; Bevis et al. 2007a; Hindmarsh et al. 2017),
and (iv) the so-called statistical approach, explained below
(Perivolaropoulos 1993a,b; Moessner et al. 1994; Jeong &
Smoot 2005; Amsel et al. 2008; Stewart & Brandenberger
2009; Danos & Brandenberger 2010; Movahed & Khosravi
2011).

The (i)� (iii) approaches solve the photon propagation
at linear order within a CS simulation network to get CMB
fluctuations. Previous results from these models showed that
at intermediate and small scales, topological defects and in-
flationary models lead to completely di↵erent results, while
at large enough scales both scenarios result in similar fea-
tures in the CMB power spectrum. The fourth method uses
the number of random kicks on photon trajectories by CSs
network between the time of recombination and the present
era. This approach requires dealing with analytical and nu-
merical tools and is explained in detail in Stewart & Bran-
denberger (2009); Danos & Brandenberger (2010); Movahed
& Khosravi (2011).

To measure the contribution of CSs to the CMB power
spectrum, the standard parameter estimation techniques are
extended to include a new parameter, usually denoted by
f10, quantifying the fraction of the power at ` = 10 due to
strings. The incoherency of the perturbations produced by
the strings as active sources leads to a significantly broad
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reaction on the network. Thus our CMB calculations for
strings are the first to include a consistent mechanism for
decay and backreaction.

A feature of field theory simulations is a very low den-
sity of string loops [15], in sharp distinction to Nambu-
Goto simulations on which the conventional cosmic string
scenario is based. Further work is needed to understand
the origin of the difference, on which bounds from cosmic
rays [15] or gravitational wave production [9] sensitively
depend, but CMB calculations depend on the large-scale
properties, about which there is broad agreement. In-
deed the USM has enough flexibility to approximate our
power spectrum: the left hand graph of Fig. 1 of the er-
ratum to [11] is similar to Fig. 13 of [5]. However, the
USM does not reproduce the detailed shape of the power
spectra, nor can it give limits on the string tension µ
without reference to simulations such as ours. Our cal-
culations represent a significant step forward in reliability
and accuracy, deserving careful comparison to the data.

Data fitting approach.— The form of the cosmic string
contribution to the temperature power spectrum is shown
in Fig. 1, where it is compared to observational data and
the best-fit standard inflation model. The normalization
of the inflation and string power spectra components are
free parameters, with that for strings being proportional
to (Gµ)2 (where G is the gravitational constant and µ is
the string tension). For Fig. 1 the normalization of the
string component has been set to match the data at mul-
tipole ℓ = 10, corresponding to Gµ = (2.04±0.13)×10−6,
a factor of 2-3 higher than the corresponding value from
previous work [10, 11, 16]. Clearly a string component
this large is ruled out and we hence introduce the param-
eter f10, the fractional contribution from cosmic strings
to the temperature power spectrum at ℓ = 10.

Recalculating the inflationary component at a particu-
lar cosmology takes only a few seconds, but for the string
contribution this takes many hours and it therefore ap-
pears that a full Markov chain Monte Carlo (MCMC)
multi-parameter fit is unfeasible. However, following [17],
we fix the form of the string component and vary only
its normalization, via Gµ. Given that any changes in the
cosmological parameters are small and that the strings
are sub-dominant, this amounts to a small error in the
total inflation plus strings prediction, below the uncer-
tainties in the CMB data [27] and the MCMC results
are unaffected. We hence use a version of the standard
CosmoMC [18] code, modified to incorporate the fixed-
form cosmic string component.

We primarily consider four different models: two pa-
rameterizations of the primordial power spectrum, both
with and without strings. We always allow for variations
in the Hubble parameter h, the physical baryon and total
matter densities Ωbh2 and Ωmh2, as well as the optical
depth to last scattering τ . We then either take Harrison-
Zeldovich (scale-invariant) adiabatic primordial pertur-
bations with amplitude As or add the additional freedom
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FIG. 1: The temperature power spectrum contribution from
cosmic strings, normalized to match the WMAP data at
ℓ = 10, as well as the best-fit cases from inflation only (model
PL) and inflation plus strings (PL+S). These are compared
to the WMAP and BOOMERANG data. The lower plot is
a repeat but with the best-fit inflation case subtracted, high-
lighting the deviations between the predictions and the data.
Note that the string contribution is identical to that shown in
Fig. 14 of [5], but here has a linear horizontal axis for ℓ > 100.

of a power-law tilt ns: A2
s → A2

s (k/k0)ns . This yields
the two zero-string models which we label as HZ and PL
respectively, with PL being the established inflationary
concordance model and HZ being a restriction of this:
ns = 1. We add strings to these two models yielding
models HZ+S and PL+S, which therefore have the ex-
tra parameter (Gµ)2. Then, in the later stages of our
discussion, we also consider primordial tensor perturba-
tions and a finite running of the scalar spectral index
dns/d ln k, but we will assume negligible neutrino mass
and flat space throughout.

Results using only CMB data.— The results when
using measurements from the WMAP, ACBAR,
BOOMERANG, CBI and VSA projects [7] are illustrated
in Fig. 2. This shows the marginalized 2D likelihood sur-
faces for f10 versus h, Ωbh2, A2

s and ns for both HZ+S
(points) and PL+S (contours). For PL+S, there is a
significant degeneracy, involving primarily these five pa-
rameters, that allows large values of f10 to fit the data
[28]. The result is f10 = 0.11 ± 0.05, which is a 2σ de-
tection of strings. It also yields ns = 1.01 ± 0.04 which
is significantly larger than in model PL, or the result of
ns = 0.964±0.019 found in [9] for PL+S using the USM.

Figure 1(lower) shows the deviations between the best-
fit PL+S case, the best-fit PL case and the CMB data.
Given that the best-fit PL+S case is given by f10 = 0.099
and ns = 1.00 (see endnote [29] for the other parameter
values), it is clear that not only is ns = 1 under no pres-
sure if cosmic strings are included, but it is able to fit the

Neil Bevis et.al., astro-ph/0702223 20



Methods to search CSs

• Gravitational radiation from string loops. 

• Lensing 

• Pulsar timing 

• Parameters estimation by calculating 
power spectrum  

• Statistical analysis of  CMB map 
(Discontinuity in temperature fluctuations, 
Kaiser-Stebbins effect) 

• 21cm redshift survey
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Pulsar timing and photometry 

COSMOS survey:  

LIGO and VIRGO collaborations: 

Canny algorithm:  
New wavelet and curvet 1608.00004  
21 cm redshift survey JCAP, 2013  

Wavelet Bayesian analysis 

Planck (Planck collaboration and 
PHYSICAL REVIEW D 93, 123503 (2016)) 
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Recent constraints on upper
  and lower value of CS characteristic energy 
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Non-minimal Derivative Coupling Scalar Field as a Bulk-Viscous Dark Energy
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In this work, we consider vacuum energy as an imperfect fluid with viscosity and derive its equation
of state. This method can produce accelerating expansion of the Universe and due to viscosity, the
equation of state for the vacuum energy crosses the w = �1. According to dark energy point of
view, one can conclude that we have a transition from the Quintessence phase to the phantom phase.
We rely on scalar field model to construct a scalar field as a source of mentioned dark energy. We
show that this model can explain the transition. Potential and kinetic energies of mentioned field
are computed numerically. Using SNIa+CMB+SDSS+LSS the best fit values for free parameter of
our model at 1� confidence interval are ⌦0

⇤ = 0.50+0.05
�0.06 and � = 0.35+0.10

�0.10.
we find that the ten- sion between data and theory is alleviated

PACS numbers: 98.80.-k, 98.80.Es, 98.80.Jk, 98.65.Dx

I. INTRODUCTION

Accelerating expansion of the Universe has widely con-
firmed by increasing number of consequence resulting
from observational data [1, 2]. Strong energy condi-
tion indicates that gravity is an attractive force but ac-
celerating expansion of the Universe violets this energy
condition. Di↵erent observations such Supernova Type
Ia, Cosmic Microwave Background (CMB), and Bary-
onic Acoustic Oscillations (BAO) have confirmed that a
major part of energy density content of Universe has re-
pulsive force which is so-called Dark Energy (DE) [3–5].
There are many models proposed to make a repulsive
force to elucidate the current accelerating epoch, never-
theless, the origin of responsible for mentioned expansion
has remained unknown [6? , 7]. According to frame-work
of Einstein equations in principle two following class of
modifications are considered to get desired results: first
approach is supervised by notice to geometry modifica-
tions, on the contrary, energy-momentum tensor is gen-
eralized to reach specific fluids. The former approach
has been suggested in the pioneered works done by Th.
Kaluza and O. Klein [9, 10] (for more details see [11, 12]).

The simplest candidate for the late time acceleration
era is so-called cosmological constant (⇤) governed by
equation of state equates to �1 [13]. This energy content
of the Universe is encountered with sharp transition from
cold dark matter dominant to ⇤ and fine tuning prob-
lems [6, 13–16]. There are two approaches beyond cos-
mological constant [17, 19]: first approach corresponds

⇤
Electronic address: mostaghel@sbu.ac.ir

†
Electronic address: hosseinmoshafi@iasbs.ac.ir

‡
Electronic address: movahed@ipm.ac.ir

to dynamical dark energy including field theoretical ori-
entation and phenomenological dark fluids. Second cat-
egory is devoted to modified general relativity including
Horndeski’s types such as, Galileons, Chameleons, Brans-
Dicke, Symmetrons, and other possibilities [18–22]. It is
worth noting that there is no consensus on where to draw
the line between the two mentioned categories [19].

10�15 < Gµ < 10�8 (1)

Gµ < 3⇥ 10�7 (2)

7⇥ 10�9 < Gµ < 1.5⇥ 10�7 (3)

5.5⇥ 10�8 < Gµ (4)

5.0⇥ 10�8 < Gµ (5)

1.4⇥ 10�7 < Gµ (6)

10�10 < Gµ (7)

Gµ < 1.1⇥ 10�7 (8)

Gµ < 7.8⇥ 10�7 (9)

(10)

In cosmology, inspired by inflationary paradigm,
canonical scalar fields with minimal coupling to gravity
have been introduced for the origin of extraordinary mat-
ter [23–28]. To this end, Lagrangian of the scalar field,
�, can generally be written as:

S� =

Z p�gL (X,V ) d4x

=

Z p�g

✓
�1

2
✏X � V (�)

◆
d4x,

(11)

where X = 1

2

@µ�@µ�, ✏ = +1 is for Quintessence field
with w� > �1 [27] and ✏ = �1 corresponds to Phantom
field with w� < �1 [25, 26]. Also V (�) is the corre-
sponding potential for scalar field. In canonical minimal
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۴٣ استبینز کایزرـ اثر .۴.٣

ناظر به ریسمان چپ سمت از که پرتوهای مستقیم. ریسمان ی بر عمود زمان فضا- :۵.٣ ل ش

کرده�اند پیدا آب به انتقال �رسند م راست سمت از که نوری پرتوهای به نسبت �رسند م

١−١٠۵ < Gµ/c٢ < ٨−١٠ :[٣٧] گرانش رای هم ریز اساس بر نورسنج و اخترها تپ زمان�سنج

و LIGO های پروژه کردند[٣٨]، گزارش را Gµ/c٢ < ٣ × ٧−١٠ مقدار COSMOS پروژۀ ،

استفاده ،[٣٩] اند آورده دست به را ٧ × ٩−١٠ < Gµ/c٢ < ١/۵ × ٧−١٠ محدوده VIRGO

:[٣۵ ،٢٢] کَن اصطالح به وریتم ال ، Gµ/c٢ > ۶/٣ × ١٠−١٠ :[۴١ ،۴٠] موج تبدیل از

. Gµ/c٢ > ۴× ٩−١٠ وقوع[۴٢]: فرکانس تحلیل و Gµ/c٢ > ۵/۵× ٨−١٠

کیهان ریسمان�های که است �های ناپیوست و خیزها و افت اینجا، در ما بحث مورد اصل موضوع اما

واق در است معروف کایزر-استبینز١١ اثر به که موضوع این �کنند. م ایجاد کیهان زمینه تابش روی بر

که آنجا از است. کیهان زمینه تابش فوتون�های روی بر کیهان ریسمان از ناش گرانش رای هم نتیجه

با اجرام از ناش اثر این با آنها گرانش رای هم آثار بنابراین دارند نسبیت سرعت کیهان ریسمان�های

�دهد، م نشان تصویر٣.۵ که همانطور است. متفاوت بسیار شان که خوشه�های یعن کمتر بسیار سرعت
١١

The relative CMB temperature shift across the string is given by: 
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peak compared to the relatively sharp peak from the stan-
dard acoustic oscillations. The measurements of the CMB
power spectrum leave limited space for contribution from
CS-induced perturbations (Pen et al. 1997; Bevis et al.
2007a, 2010; Lazanu & Shellard 2015). The Planck data (Ade
et al. 2014) constrains this contribution to be f10 < 0.024
(corresponding toGµ < 3.0⇥10�7) for Abelian-Higgs strings
and f10 < 0.010 (corresponding to Gµ < 1.3 ⇥ 10�7) for
unconnected segments. Adding CMB polarization improves
the upper bound to Gµ < 1.1⇥10�7 (Charnock et al. 2016).
Latest results for Nambu-Goto strings give an upper bound
of Gµ < 1.5 ⇥ 10�7 from the Planck data with polariza-
tion (Lazanu & Shellard 2015). One should note though
that Planck 15 polarization data is preliminary at large mul-
tipoles due to residual systematics at the O(1µK2) level.
Lizarraga et al. (2016) got a revised constraint on the CS
tension for the Abelian Higgs model of Gµ = 2.0⇥ 10�7 at
95% level of confidence.

An alternative approach to constrain Gµ is based on
the non-Gaussianity of CS-induced fluctuations (Ringeval
2010; Ducout et al. 2013). For example, bispectrum mea-
surement of the observed CMB anisotropies, Wavelet-based
data analysis methods and measurements of the Minkowski
functionals of the CMB data have set the upper bounds of
Gµ < 8.8 ⇥ 10�7, Gµ < 7 ⇥ 10�7 and Gµ < 7.8 ⇥ 10�7,
respectively (Hindmarsh et al. 2009b, 2010; Ade et al. 2014;
Regan & Hindmarsh 2015).

On the other hand, the discontinuities on the CMB
anisotropy maps produced by the CS network most clearly
manifest themselves in the real-space approaches. These
methods are expected to be less time consuming compared
to Fourier-based approaches. Among the real-space methods
with strings modeled as random kicks (Movahed & Khos-
ravi 2011) used the crossing statistics of simulated ideal
CMB fluctuations and claimed detectability of CSs with
Gµ & 4.0 ⇥ 10�9. Using the unweighted Two-Point Cor-
relation Function (TPCF) of CMB peaks instead increases
the detectability threshold to Gµ & 1.2⇥ 10�8 for noiseless,
1’-resolution maps (Movahed et al. 2012).

Another potentially powerful method in real-space anal-
ysis is to exploit our knowledge of the anisotropy patterns
from CSs, i.e., the line-like edges. Stewart & Brandenberger
(2009) applied edge-detection algorithms on ideal random-
kick maps to get a detection threshold of Gµ & 5.5⇥10�8 for
a South Pole Telescope (SPT)-like scenario. Using wavelet
and curvelet methods, Hergt et al. (2016) found a sensi-
tivity of Gµ & 1.4 ⇥ 10�7 for the SPT third generation.
Recently, neural network-based approaches have been ap-
plied by Ciuca & Hernandez (2017) on noiseless arcminute-
resolution random-kick maps to reach a detection threshold
of Gµ & 2.3⇥10�9. According to a convolutional neural net-
work, the lower detectable tension is Gµ & 5⇥ 10�9 (Ciuca
et al. 2017).

The di↵erent values reported above are, in part, the re-
sults of the crude assumptions made to model the strings.
For this reason, in the following, we will be using small an-
gle CMB maps directly computed from Nambu-Goto simu-
lations (Ringeval et al. 2007; Fraisse et al. 2008; Ringeval &
Bouchet 2012). In particular, these maps are the flat version
of the ones recently used by McEwen et al. (2016) which re-
ported a Bayesian detection threshold of Gµ ⇠ 5⇥ 10�7 for
a Planck-like CMB experiment. This allows a fair compari-

son with our results for the Planck-like CMB maps (see sec-
tion 4). For forthcoming arcminute-resolution experiments
Hammond et al. (2009) used wavelet-domain Bayesian de-
noising on two of the maps we have used to obtain the de-
tection lower bound of Gµ � 1.0⇥ 10�7.

In this work, we develop a new pipeline to search for the
CS signals. Taking the CMB map as the input, the pipeline
follows several image processing steps to enhance the de-
tectability of the CS trace. More specifically, the CMB map
is decomposed into various curvelet components, with dif-
ferent scales, so that only components with the highest con-
tribution from CSs are kept for further analysis. These com-
ponents are then passed through certain filters to produce
gradient maps thereby boosting the CS-induced discontinu-
ities. At the last step of the pipeline, various statistical mea-
sures are applied on the gradient maps to quantify possible
deviations from inflation-induced anisotropies.

Our proposed pipeline has certain degrees of freedom
which set its adjustable parameters such as the curvelet com-
ponent to be used, the filter type in the edge-detection step,
and the kind of the statistical measure to be applied on the
gradient maps. For each experimental setup, the pipeline
automatically searches for the optimum sequence of param-
eters yielding the tightest constraint on the CS contribution.

The outline of this paper is as follows. In Section 2, we
introduce the di↵erent components of our CMB simulations.
Section 3 describes in details our proposed pipeline for CS
detection, and in Section 4, we present the performance of
the pipeline by applying it on simulated CMB data with
various noise levels. We conclude in Section 5.

2 SIMULATION OF CMB MAPS

In this section, we describe the details of our simulations
for making CMB sky maps, used in Section 4 to investi-
gate the detectability of the string contribution to the CMB
anisotropies. The simulations consist of three components:
(1) the Gaussian inflation-induced contribution denoted by
G, as well as the secondary lensing signal (Section 2.1), (2)
the CS contribution, Gµ⇥S, where S represents the normal-
ized simulated template for the string signal and Gµ sets its
amplitude (Section 2.2), and (3) the experimental noise in-
dicated by N (section 2.3). The full simulated map T (x, y),
with x and y representing pixel coordinates, would then be

T (x, y) = B [G(x, y) +Gµ⇥ S(x, y)] +N(x, y). (3)

where B characterizes the beam function (Section 2.4). In
the figures throughout this paper, we use G for Gaussian
simulated map, S for the CS-induced anisotropy map and N
for the noise map. For example, GSBN refers to simulations
with all components included, with B representing the beam
e↵ect. We work in the flat sky limit (Heavens & Sheth 1999)
with 100 square maps of side ⇥ = 7.2�, with 1024 ⇥ 1024
pixels. This corresponds to a resolution of R = 0.420 before
convolution with an experimental beam. We also assume
statistical isotropy in all our simulations.

2.1 Gaussian CMB simulation

The Gaussian component of CMB temperature anisotropies
is assumed to be seeded by adiabatic scale-invariant slow-
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Figure 1. The CMB power spectrum: the black solid line shows
the fiducial power spectrum for the ⇤CDMmodel compatible with
Planck 15 (Aghanim et al. 2016) (computed by CAMB). The red
filled circles represent the measured power spectrum of simulated
Gaussian maps seeded only by inflationary fluctuations, with pixel
resolution of R = 0.420 and map size of ⇥ = 7.2�. The red long-
dashed line shows the contribution to the power spectrum from
CS network characterized by Gµ = 2.0 ⇥ 10�7. The dashed-dot-
dot curve corresponds to the measured power spectrum of CMB
maps including both inflationary and CS-induced anisotropies.
The dotted curve corresponds to the measured power spectrum
of maps smeared by the beam (Section 2.4). One sees that, in the
absence of noise and other small scale contaminations, the CS
component is most easily detected at ` & 4000.

roll-inflationary fluctuations. The only secondary contribu-
tion considered here is due to lensing. To this end, we use
the CAMB software1 (Lewis et al. 2000) to calculate the
temperature power spectrum for the parameter set of the
⇤CDM model consistent with Planck 15, Supernova type Ia
(SNIa) and the Sloan Digital Sky Survey (SDSS) data sets
(Aghanim et al. 2016). The computed C

`

will be used to
generate 2D Gaussian random fields following Bond & Efs-
tathiou (1987). The maps G(x, y) are generated by Fourier-
transforming Gaussian random realizations G(k) of CMB
temperature power spectrum in the flat sky limit P

TT

(k),

G(k) =

r
P
TT

(k)
2

(R1 + iR2), (4)

where R1 and R2 are two mean-less unit variance normal
random fields, and k = |k|. For the flat power spectrum
P
TT

(k) one has h�
T

(k)�
T

⇤(k0)i = (2⇡)2P
TT

(k)�d(k � k0),
where �d denotes the Dirac delta function. P

TT

(k) is re-
lated to the full sky power spectrum through `(`+1)CTT

`

⇠
k2P

TT

(k) (White et al. 1999; Hindmarsh et al. 2009b; Fraisse
et al. 2008).

Figure 1 compares the fiducial power spectrum as pro-
duced by CAMB (the solid black line) with the measured
power spectrum from the simulated Gaussian maps (the

1
http://camb.info
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Figure 2. Di↵erent components of our simulated maps. The map
size is 7.2�⇥7.2� at resolution R = 0.420. The upper left plot is a
Gaussian CMB map, named by G in the text, simulated based on
Planck 15 ⇤CDM parameters. The upper right plot shows the CS-
induced anisotropies, i.e., the S component, with Gµ = 2.0⇥10�7.
The lower left panel is the combination of the two, i.e., the GS
map, smeared by the beam (Section 2.4) in the lower right panel,
making the GSB map.

filled circle symbols). Figure 2 illustrates various contribu-
tions to the simulations and their combinations.

2.2 Cosmic string simulation

For the CS-induced CMB anisotropies, we use 100 high-
resolution flat-sky CMB maps identical to the ones discussed
by Fraisse et al. (2008). They are obtained from numeri-
cal simulations of Nambu-Goto string networks using the
Bennett-Bouchet-Ringeval code (Bennett & Bouchet 1990;
Ringeval et al. 2007) together with a direct computation of
the ISW e↵ect generated by each string along the line of
sight. Unlike other numerical methods which are restricted
to a short redshift span, typically �z ⇡ 102, and are thus
only reliable on large angular scales, these simulations are
produced by stacking maps from various redshifts (outlined
in Bouchet et al. 1988; Ringeval & Bouchet 2012), a valid
approach for small scale simulations. Among the main sim-
plifying assumptions used in these simulations is the small-
angle approximation used in the computation of the ISW
e↵ect from CSs (Stebbins 1988; Hindmarsh 1994; Stebbins
& Veeraraghavan 1995).

The CS-induced anisotropies with the desired amplitude
and the inflationary Gaussian anisotropies are then com-
bined to form our CMB sky, without yet the instrumental
e↵ects being taken into account. The CS tensions used in this
work are in the range 2.6 ⇥ 10�11  Gµ  5.0 ⇥ 10�7. One
can therefore ignore the e↵ect of string contribution on the
CMB power spectrum in the scales of interest in our analysis,
without losing much precision. This can be seen from Figure
1. The long-dashed line represents the power spectrum Cs

`

of CS contribution to the fluctuations, expected to behave
as `(`+ 1)Cs

`

⇠ `�" with " = 0.90± 0.05 for ` � 1 (Fraisse
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Figure 1. The CMB power spectrum: the black solid line shows
the fiducial power spectrum for the ⇤CDMmodel compatible with
Planck 15 (Aghanim et al. 2016) (computed by CAMB). The red
filled circles represent the measured power spectrum of simulated
Gaussian maps seeded only by inflationary fluctuations, with pixel
resolution of R = 0.420 and map size of ⇥ = 7.2�. The red long-
dashed line shows the contribution to the power spectrum from
CS network characterized by Gµ = 2.0 ⇥ 10�7. The dashed-dot-
dot curve corresponds to the measured power spectrum of CMB
maps including both inflationary and CS-induced anisotropies.
The dotted curve corresponds to the measured power spectrum
of maps smeared by the beam (Section 2.4). One sees that, in the
absence of noise and other small scale contaminations, the CS
component is most easily detected at ` & 4000.

roll-inflationary fluctuations. The only secondary contribu-
tion considered here is due to lensing. To this end, we use
the CAMB software1 (Lewis et al. 2000) to calculate the
temperature power spectrum for the parameter set of the
⇤CDM model consistent with Planck 15, Supernova type Ia
(SNIa) and the Sloan Digital Sky Survey (SDSS) data sets
(Aghanim et al. 2016). The computed C
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will be used to
generate 2D Gaussian random fields following Bond & Efs-
tathiou (1987). The maps G(x, y) are generated by Fourier-
transforming Gaussian random realizations G(k) of CMB
temperature power spectrum in the flat sky limit P
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(k),
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where R1 and R2 are two mean-less unit variance normal
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Figure 1 compares the fiducial power spectrum as pro-
duced by CAMB (the solid black line) with the measured
power spectrum from the simulated Gaussian maps (the
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Figure 2. Di↵erent components of our simulated maps. The map
size is 7.2�⇥7.2� at resolution R = 0.420. The upper left plot is a
Gaussian CMB map, named by G in the text, simulated based on
Planck 15 ⇤CDM parameters. The upper right plot shows the CS-
induced anisotropies, i.e., the S component, with Gµ = 2.0⇥10�7.
The lower left panel is the combination of the two, i.e., the GS
map, smeared by the beam (Section 2.4) in the lower right panel,
making the GSB map.

filled circle symbols). Figure 2 illustrates various contribu-
tions to the simulations and their combinations.

2.2 Cosmic string simulation

For the CS-induced CMB anisotropies, we use 100 high-
resolution flat-sky CMB maps identical to the ones discussed
by Fraisse et al. (2008). They are obtained from numeri-
cal simulations of Nambu-Goto string networks using the
Bennett-Bouchet-Ringeval code (Bennett & Bouchet 1990;
Ringeval et al. 2007) together with a direct computation of
the ISW e↵ect generated by each string along the line of
sight. Unlike other numerical methods which are restricted
to a short redshift span, typically �z ⇡ 102, and are thus
only reliable on large angular scales, these simulations are
produced by stacking maps from various redshifts (outlined
in Bouchet et al. 1988; Ringeval & Bouchet 2012), a valid
approach for small scale simulations. Among the main sim-
plifying assumptions used in these simulations is the small-
angle approximation used in the computation of the ISW
e↵ect from CSs (Stebbins 1988; Hindmarsh 1994; Stebbins
& Veeraraghavan 1995).

The CS-induced anisotropies with the desired amplitude
and the inflationary Gaussian anisotropies are then com-
bined to form our CMB sky, without yet the instrumental
e↵ects being taken into account. The CS tensions used in this
work are in the range 2.6 ⇥ 10�11  Gµ  5.0 ⇥ 10�7. One
can therefore ignore the e↵ect of string contribution on the
CMB power spectrum in the scales of interest in our analysis,
without losing much precision. This can be seen from Figure
1. The long-dashed line represents the power spectrum Cs
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of CS contribution to the fluctuations, expected to behave
as `(`+ 1)Cs
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
PDF) of a distribution describes the statistical abundance
of the field values and can be calculated from the inverse
Fourier transform of the characteristic function. For the joint
probability density function (JPDF) of A we have

P(A) =
1

(2⇡)6

Z +1

�1
d6�Z(�)e�i�.A. (13)

Plugging Eq. (11) in Eq. (13) gives
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The anisotropies produced by the CS network are non-
Gaussian (Ringeval 2010). The perturbative form of the one-
point PDF of the temperature fluctuations, P
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
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1– The one-point PDF

The one-point probability density function (hereafter, the
PDF) of a distribution describes the statistical abundance
of the field values and can be calculated from the inverse
Fourier transform of the characteristic function. For the joint
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.
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Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
PDF) of a distribution describes the statistical abundance
of the field values and can be calculated from the inverse
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
PDF) of a distribution describes the statistical abundance
of the field values and can be calculated from the inverse
Fourier transform of the characteristic function. For the joint
probability density function (JPDF) of A we have
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
PDF) of a distribution describes the statistical abundance
of the field values and can be calculated from the inverse
Fourier transform of the characteristic function. For the joint
probability density function (JPDF) of A we have
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
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of the field values and can be calculated from the inverse
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Figure 5. Visual evaluation of the image-processing steps of the proposed CS-detection pipeline. The top, middle and bottom rows
correspond respectively to GB maps, GSB maps with Gµ = 1.0⇥ 10�7, and GSBN maps with Gµ = 1.0⇥ 10�7 and SNR = 20 (similar
to the noise level of a CMB-S4 phase II experiment). From left to right, the panels are the full maps, the fourth to the seventh curvelet
components and their edge maps produced by Scharr filter. The CS trace, not visually distinguishable in the map, is clearly detectable
in the last two components, with significantly boosted detectability after filtering.

3.2.2 Statistical measures

Here we introduce the statistical tools used in this work
to quantify the detectability of the imprints left by the CS
network on CMB anisotropies.

1– The one-point PDF

The one-point probability density function (hereafter, the
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in the last two components, with significantly boosted detectability after filtering.
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peak compared to the relatively sharp peak from the stan-
dard acoustic oscillations. The measurements of the CMB
power spectrum leave limited space for contribution from
CS-induced perturbations (Pen et al. 1997; Bevis et al.
2007a, 2010; Lazanu & Shellard 2015). The Planck data (Ade
et al. 2014) constrains this contribution to be f10 < 0.024
(corresponding toGµ < 3.0⇥10�7) for Abelian-Higgs strings
and f10 < 0.010 (corresponding to Gµ < 1.3 ⇥ 10�7) for
unconnected segments. Adding CMB polarization improves
the upper bound to Gµ < 1.1⇥10�7 (Charnock et al. 2016).
Latest results for Nambu-Goto strings give an upper bound
of Gµ < 1.5 ⇥ 10�7 from the Planck data with polariza-
tion (Lazanu & Shellard 2015). One should note though
that Planck 15 polarization data is preliminary at large mul-
tipoles due to residual systematics at the O(1µK2) level.
Lizarraga et al. (2016) got a revised constraint on the CS
tension for the Abelian Higgs model of Gµ = 2.0⇥ 10�7 at
95% level of confidence.

An alternative approach to constrain Gµ is based on
the non-Gaussianity of CS-induced fluctuations (Ringeval
2010; Ducout et al. 2013). For example, bispectrum mea-
surement of the observed CMB anisotropies, Wavelet-based
data analysis methods and measurements of the Minkowski
functionals of the CMB data have set the upper bounds of
Gµ < 8.8 ⇥ 10�7, Gµ < 7 ⇥ 10�7 and Gµ < 7.8 ⇥ 10�7,
respectively (Hindmarsh et al. 2009b, 2010; Ade et al. 2014;
Regan & Hindmarsh 2015).

On the other hand, the discontinuities on the CMB
anisotropy maps produced by the CS network most clearly
manifest themselves in the real-space approaches. These
methods are expected to be less time consuming compared
to Fourier-based approaches. Among the real-space methods
with strings modeled as random kicks (Movahed & Khos-
ravi 2011) used the crossing statistics of simulated ideal
CMB fluctuations and claimed detectability of CSs with
Gµ & 4.0 ⇥ 10�9. Using the unweighted Two-Point Cor-
relation Function (TPCF) of CMB peaks instead increases
the detectability threshold to Gµ & 1.2⇥ 10�8 for noiseless,
1’-resolution maps (Movahed et al. 2012).

Another potentially powerful method in real-space anal-
ysis is to exploit our knowledge of the anisotropy patterns
from CSs, i.e., the line-like edges. Stewart & Brandenberger
(2009) applied edge-detection algorithms on ideal random-
kick maps to get a detection threshold of Gµ & 5.5⇥10�8 for
a South Pole Telescope (SPT)-like scenario. Using wavelet
and curvelet methods, Hergt et al. (2016) found a sensi-
tivity of Gµ & 1.4 ⇥ 10�7 for the SPT third generation.
Recently, neural network-based approaches have been ap-
plied by Ciuca & Hernandez (2017) on noiseless arcminute-
resolution random-kick maps to reach a detection threshold
of Gµ & 2.3⇥10�9. According to a convolutional neural net-
work, the lower detectable tension is Gµ & 5⇥ 10�9 (Ciuca
et al. 2017).

The di↵erent values reported above are, in part, the re-
sults of the crude assumptions made to model the strings.
For this reason, in the following, we will be using small an-
gle CMB maps directly computed from Nambu-Goto simu-
lations (Ringeval et al. 2007; Fraisse et al. 2008; Ringeval &
Bouchet 2012). In particular, these maps are the flat version
of the ones recently used by McEwen et al. (2016) which re-
ported a Bayesian detection threshold of Gµ ⇠ 5⇥ 10�7 for
a Planck-like CMB experiment. This allows a fair compari-

son with our results for the Planck-like CMB maps (see sec-
tion 4). For forthcoming arcminute-resolution experiments
Hammond et al. (2009) used wavelet-domain Bayesian de-
noising on two of the maps we have used to obtain the de-
tection lower bound of Gµ � 1.0⇥ 10�7.

In this work, we develop a new pipeline to search for the
CS signals. Taking the CMB map as the input, the pipeline
follows several image processing steps to enhance the de-
tectability of the CS trace. More specifically, the CMB map
is decomposed into various curvelet components, with dif-
ferent scales, so that only components with the highest con-
tribution from CSs are kept for further analysis. These com-
ponents are then passed through certain filters to produce
gradient maps thereby boosting the CS-induced discontinu-
ities. At the last step of the pipeline, various statistical mea-
sures are applied on the gradient maps to quantify possible
deviations from inflation-induced anisotropies.

Our proposed pipeline has certain degrees of freedom
which set its adjustable parameters such as the curvelet com-
ponent to be used, the filter type in the edge-detection step,
and the kind of the statistical measure to be applied on the
gradient maps. For each experimental setup, the pipeline
automatically searches for the optimum sequence of param-
eters yielding the tightest constraint on the CS contribution.

The outline of this paper is as follows. In Section 2, we
introduce the di↵erent components of our CMB simulations.
Section 3 describes in details our proposed pipeline for CS
detection, and in Section 4, we present the performance of
the pipeline by applying it on simulated CMB data with
various noise levels. We conclude in Section 5.

2 SIMULATION OF CMB MAPS

In this section, we describe the details of our simulations
for making CMB sky maps, used in Section 4 to investi-
gate the detectability of the string contribution to the CMB
anisotropies. The simulations consist of three components:
(1) the Gaussian inflation-induced contribution denoted by
G, as well as the secondary lensing signal (Section 2.1), (2)
the CS contribution, Gµ⇥S, where S represents the normal-
ized simulated template for the string signal and Gµ sets its
amplitude (Section 2.2), and (3) the experimental noise in-
dicated by N (section 2.3). The full simulated map T (x, y),
with x and y representing pixel coordinates, would then be

T (x, y) = B [G(x, y) +Gµ⇥ S(x, y)] +N(x, y). (3)

where B characterizes the beam function (Section 2.4). In
the figures throughout this paper, we use G for Gaussian
simulated map, S for the CS-induced anisotropy map and N
for the noise map. For example, GSBN refers to simulations
with all components included, with B representing the beam
e↵ect. We work in the flat sky limit (Heavens & Sheth 1999)
with 100 square maps of side ⇥ = 7.2�, with 1024 ⇥ 1024
pixels. This corresponds to a resolution of R = 0.420 before
convolution with an experimental beam. We also assume
statistical isotropy in all our simulations.

2.1 Gaussian CMB simulation

The Gaussian component of CMB temperature anisotropies
is assumed to be seeded by adiabatic scale-invariant slow-
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the instrumental noise and beam resolution of current and
future CMB experiments.

4.2 Realistic Case

In the previous section, we investigated the performance of
our proposed CS-detection pipeline for simulations of ideal
CMB observations. Now we take into account noise contam-
ination as explained in Section 2.3. It turns out that, unlike
the ideal case, the role of the curvelet decomposition be-
comes less significant as the noise level increases. Also, the
scale of the best curvelet component for CS detection de-
pends on the noise level. Table 1 summarizes the results
of our search for Gµmin in these experimental setups, and
presents the optimum pipeline settings for best CS signal
recovery using various statistical measures. One may note
that some experimental setups are not present in the table,
e.g., the ACT-like case with �TT. This is because for these
cases, and for a given beam, the minimum detectable value
of Gµ is weaker than the explored range. For an ACT-like
telescope, this corresponds to Gµmin & 5⇥ 10�7.

Our results are commented below according to the con-
sidered statistical measure.

1) Using the measure �PDF.
For an ACT-like instrumental noise level, CSs are de-

tectable with tensions Gµ & 1.3⇥ 10�7 with Scharr-filtered
maps. For CMB-S4 phase I- and II-like noise levels, the min-
imum detectability slightly improves to Gµ & 1.2 ⇥ 10�7

for the Scharr-filtered map and the Scharr-filtered fifth
component, respectively. For a Planck-like case one gets
Gµ & 4.8⇥ 10�7 with the Scharr-filtered sixth component.
2) Using �TT as the criterion.
For a CMB-S4 phase I-like noise level, we get the lower

bound Gµ & 5.0⇥ 10�7, from the Sobel-filtered fifth compo-
nents. For a CMB-S4 phase II-like noise level, the fifth com-
ponent itself (with no filtering) yields the best detectability
with Gµ & 4.9⇥10�7. The lower bound for a Planck-like ex-
periment would be Gµ & 9.4⇥10�7, using the Sobel-filtered
fifth component.
3) For �pk�pk, the results are as follows.
For CMB-S4 phase I- and II-like noise levels, using the

Sobel-filtered fifth and sixth components shows that CSs
with tensions Gµ & 5.0 ⇥ 10�7 and Gµ & 4.8 ⇥ 10�7 are
respectively detectable. While for a Planck-like experimen-
tal setup would reduce this string detectability to Gµ &
8.9⇥10�7 obtained through applying the Laplacian filter on
the map itself.
4) Using �up�up as the statistical criterion.
For an ACT-like noise level, the minimum detectability is

Gµ & 4.9⇥10�7, corresponding to Scharr-filtered fifth com-
ponent. With CMB-S4 phase I- and phase II-like noise levels,
using the Sobel-filters on the map and on the fifth compo-
nent yields the minimum detectability of Gµ & 4.9 ⇥ 10�7

and Gµ & 2.4⇥10�7, respectively. The minimum detectabil-
ity corresponding to the Planck-like observational scenario
in this case is provided by the Sobel-filtered fifth component
to be Gµ & 8.4⇥ 10�7.
5) Using the measure �up�pk.
For the CMB-S4 phase I-like noise level, using the Scharr-

filtered map gives Gµ & 5.0 ⇥ 10�7, improving to Gµ &

Table 1. Lowest detectable Gµ, labeled as Gµmin, of the CSs
network superimposed on the CMB map, using various statistical
measures. The first column, ”Measure”, contains the probability
density function (PDF), the correlation function of temperature
fluctuations versus angle separation (TT), the unweighted TPCF
of local maxima (pk-pk), the unweighted TPCF of up-crossings
(up-up) and the unweighted cross-correlation of up-crossings and
peaks (up-pk). The ”Method” corresponds to the sequence of
curvelet and ECA filters leading to the best CS detection for the
given statistical measure. The ”Map” and ”FWHM” characterize
the experimental setup. CMB-S4-like (I) and (II) represent the
phases I and II of a CMB-S4-like experiment, respectively.

Measure Method Map FWHM Gµmin

c7-lap No noise 0.9
0

4.3⇥ 10�10

c5-sch CMB-S4-like (II) 0.9
0

1.2⇥ 10�7

PDF map-sch CMB-S4-like (I) 0.9
0

1.2⇥ 10�7

map-sch ACT-like 0.9
0

1.3⇥ 10�7

c6-sch Planck 5
0

4.8⇥ 10�7

c7-sob No noise 0.9
0

2.3⇥ 10�9

c5-none CMB-S4-like (II) 0.9
0

4.9⇥ 10�7

TT c5-sob CMB-S4-like (I) 0.9
0

5.0⇥ 10�7

c5-sob Planck 5
0

9.4⇥ 10�7

c5-lap No noise 0.9
0

8.7⇥ 10�10

c6-sob CMB-S4-like (II) 0.9
0

4.8⇥ 10�7

pk-pk c5-sob CMB-S4-like (I) 0.9
0

5.0⇥ 10�7

map-lap Planck 5
0

8.9⇥ 10�7

c7-der No noise 0.9
0

8.5⇥ 10�10

c5-sob CMB-S4-like (II) 0.9
0

2.4⇥ 10�7

up-up map-sob CMB-S4-like (I) 0.9
0

4.9⇥ 10�7

c5-sch ACT-like 0.9
0

4.9⇥ 10�7

c5-sob Planck 5
0

8.4⇥ 10�7

c7-der No noise 0.9
0

8.7⇥ 10�10

up-pk c5-sob CMB-S4-like (II) 0.9
0

2.4⇥ 10�7

map-sch CMB-S4 (I)-like 0.9
0

5.0⇥ 10�7

2.4⇥ 10�7 for the CMB-S4 phase II-like noise level with the
use of the Sobel-filtered fifth component.

5 SUMMARY AND CONCLUSIONS

Increasing the quantity and quality of observational data
provides the opportunity to search for possible features
present in beyond-the-standard models. A well-motivated
example is the CS network, possibly produced in a series
of symmetry breaking phase transitions in the very early
Universe. If such a network exists, CMB anisotropies are
among the powerful observational data sets for their discov-
ery. However, finite instrumental noise and beam smearing
e↵ect greatly reduce the detectability of their trace.

Our purpose in this work was to exploit the specific
anisotropy patterns, especially the line-like discontinuities,
induced by the CSs on the CMB temperature maps, to en-
hance the string network detectability. Therefore, we have
tested a multi-step pipeline which employs image-processing
tools to amplify the string signal as well as statistical mea-
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n

scales

= 7 and n
angles

=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M
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to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n
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=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none
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stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
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3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
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2006). This package is the python-wrapped version of CurveLab,
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relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C
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and C
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, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
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either none (corresponding to the full map), der (or deriva-
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age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n
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Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C
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and C
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, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
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(iii) di↵erent statistical measures applied on the filtered,
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1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n
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Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
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For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.

MNRAS 000, 1–10 (0000)

Feature vectors 



44

Cosmic String Detection with Tree-Based Machine Learning 5

Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none
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Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
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and statistical measures used in this work.
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The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
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For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.
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Figure 3. A schematic view of the training process. The full input of simulations (composed of Nf = 275 features of N
class

= 19 classes,
each with N

sim

= 100 simulations) is divided into training and test sets, using K = 10-fold cross-validation. The model learns from
the training set and builds NL = 100 machine learning models (MLMs) which are grown from trees with di↵erent seeds. The trained
machines are then used to predict the test set, leading to a prediction (Gµ) from each MLM for every simulation of the test set, a total
of NL ⇥N

class

⇥ 10 (10 being the number of simulations per class in the test set, i.e., the 10% of N
sim

= 100). The distribution of these
predictions are used to quantify the prediction power of the machine, as explained in Section 5.

We divide the Gµ range used in this work (2.5⇥10�11 <
Gµ < 5⇥ 10�7) into N

class

= 18 classes, with equal separa-
tion in lnGµ. A null class with Gµ = 0 is also considered.
The machine is trained by applying the RF and GB algo-
rithms as MLMs to the feature vectors of N

train

= 1900
CMB maps, corresponding to N

sim

= 100 simulations for
each class. Our training unit has N

L

= 100 MLMs with dif-
ferent seeds, each with a K = 10-fold cross-validation. In
each folding 90 maps are used for training and the remain-
ing 10 maps of the class are used as the test set. The results
have been tested for robustness against various foldings. To
get a better control of the overfitting problem, we also gen-
erate a separate validation set with ten maps for each class.
This MLM can then be applied to any given CMB map
to estimate its level of CS contribution. This algorithm is
schematically shown in Figure 3.

Our classifiers su↵er from the limitation that the classes,
corresponding to the nineteen di↵erent Gµ’s, do not nec-
essarily include the underlying parameter of the observa-
tion, i.e., Gµ

fid

. We alleviate this problem by the following
(Bayesian) averaging of Gµ’s. Each trained MLM assigns
to any input map a probability vector PPP , corresponding to
the Gµ of the classes (GµGµGµ). The MLM, being a tree-based
algorithm, calculates the probability of each class, Pi, by
counting the number of votes from individual trees for that
class, Vi (followed by a final normalization), i.e.,

PPP =
1

N
votes

VVV , (7)

where N
votes

is the number of voting trees and PPP and VVV are

vectors, each with n
class

elements. We report the following
(Bayesian) weighted average of the GµGµGµ as the predicted Gµ:

Gµ
pre

= PPP .GµGµGµ. (8)

A perfectly confident prediction yields probability zero for
all classes but one class (with probability one), implying
that the observation or test case is drawn from one of the
classes used for training. The other extreme would be a rel-
atively flat PPP , reflecting the limited power of the trained
MLM in estimating the Gµ. In between, the averaging prac-
tically transforms the classifier to a regressor, opening up
the possibility of predicting Gµ’s not used in training.

In the next section, we clarify in detail how we report
the machine’s output and translate it to the language of CS
detection and measuring its contribution.

5 DETECTING STRINGS OR MEASURING
THEIR TENSION?

Applying the detection strategy of the previous section
yields a distribution of Gµ

pre

for any of the Gµ
fid

classes.
This distribution is ideally peaked around the Gµ

fid

, and
its dispersion is sourced by cosmic variance, as well as con-
tamination from primordial anisotropies and experimental
noise. There is also a subdominant contribution to the fluc-
tuations of Gµ

pre

caused by the random seed of the MLMs
which would decrease as the number of MLMs increases.

We define the minimum detectable Gµ, or Gµ
det

, as the
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Table 1. The minimum detectable Gµ, or Gµ
det

, for the two
tree-based algorithms, GB and RF, and for the five experimental
setups.

experiment Gµ
det

(GB) Gµ
det

(RF)

noise-free 4.3⇥ 10�10 2.1⇥ 10�10

CMB-S4-like (II) 1.2⇥ 10�7 3.0⇥ 10�8

CMB-S4-like (I) 1.2⇥ 10�7 1.2⇥ 10�7

ACT-like 1.2⇥ 10�7 1.2⇥ 10�7

Planck-like 7.0⇥ 10�7 5.0⇥ 10�7

Table 2. Similar to Table 1 but for minimum measurable Gµ’s,
or Gµ

mes

’s.

experiment Gµ
mes

(GB) Gµ
mes

(RF)

noise-free 3.6⇥ 10�9 3.6⇥ 10�9

CMB-S4-like (II) 1.2⇥ 10�7 1.2⇥ 10�7

CMB-S4-like (I) 1.2⇥ 10�7 2.5⇥ 10�7

ACT-like 2.5⇥ 10�7 2.5⇥ 10�7

Planck-like 1.0⇥ 10�6 1.0⇥ 10�6

Table 1 presents the predictions of our proposed tree-
based detection strategy for the minimum detectable Gµ

det

.
Similarly, Table 2 reports the predicted Gµ

mes

’s for the var-
ious experiments considered in this work. We find that for
a Planck-like experiment the detection limit is Gµ

det

⇡
5⇥ 10�7, while the Gµ

mes

is above the upper bound of Gµ
range considered in the simulations of the training process.
This means that our method is capable of detecting traces
of CS with high significance for a Gµ as low as 5 ⇥ 10�7.
However, this method, with its current Gµ range and fidu-
cial classes, can not make an unbiased measurement of such
small string tensions. For a noise-free observation of the sky,
the algorithm can distinguish the traces of CS networks
down to 2.1 ⇥ 10�10, and can correctly estimate the level
of CS contribution for Gµ above Gµ

mes

⇡ 3.6⇥ 10�9.
Note that Table 2 only reports the minimummeasurable

Gµ’s and not their associated errors. That is because the
uncertainties in our measurements are dominated by the bin
size of Gµ classes, and not the statistical error. Therefore,
for a class with Gµ

fid

, the uncertainty in the measurement
is �Gµ = � lnGµ⇥Gµ

fid

, irrespective of the experiment.

7 DISCUSSION

We proposed a tree-based machine learning algorithm for
detecting and measuring the trace of CS-induced signals on
CMB maps, simulated for various observational scenarios.
Our simulations consisted of 1900 maps, passed through the
pre-processing unit of the algorithm to form the feature vec-
tors, which are the inputs to the classifiers. The simulations
correspond to 18 classes of Gµ in the range Gµ = 2.5⇥10�11

to 5⇥ 10�7, with equal spacing in lnGµ, and one null class.
Out of these maps, 90% were used for training the classifiers
(here taken to be random forest and gradient boosting) and
the rest as test sets. We performed feature analysis on the
feature vectors to find the significance of the role of each fea-
ture for the classification. The results can be a major help
in reducing the computational cost of future analysis by de-
creasing the dimension of the feature space and limiting the

analysis to the most significant features. As general results
we can state that the scale of curvelet components should
be matched to the e↵ective resolution of experiments in the
presence of experimental noise, larger-scale curvelet compo-
nents are the more important decomposers. For filters it is
di�cult to make a definite recommendation, while the sec-
ond moment is the most important statistical measure in
the classification process.

We find that, for each experimental case, three Gµ
regimes can be distinguished, whose boundaries marked by
the Gµ

det

and Gµ
mes

. For Gµ’s greater than Gµ
mes

, the al-
gorithm is capable of measuring the CS contribution, with
no bias and with an error determined by the bin size of that
class. For Gµ’s smaller than Gµ

mes

but larger than Gµ
det

,
the algorithm can detect the signal, but cannot always make
an unbiased measurement of its level. For Gµ’s smaller than
Gµ

det

, the CS signals are not reliably detected by the al-
gorithm. The predicted Gµ

det

for a noise-free experiment is
2.1 ⇥ 10�10. This bound is, to the best of our knowledge,
below the claimed detectability levels by other methods on
noise-less maps. Compare, e.g., to the detectability bound of
Gµ & 4.0⇥ 10�9 from crossing statistics (Movahed & Khos-
ravi 2011), Gµ & 1.2⇥10�8 from the unweighted Two-Point
Correlation Function of CMB peaks (Movahed et al. 2012),
Gµ & 6.3⇥ 10�10 from Wavelet domain Bayesian denoising
algorithm (Hammond et al. 2009), Gµ & 2.3 ⇥ 10�9 from
the Neural network-based approaches (Ciuca & Hernández
2017) and Gµ & 4.3⇥ 10�10 from a multi-scale pipeline for
CS detection (Vafaei Sadr et al. 2017). The minimum de-
tectable tension in this work for a CMB-S4-like (II) exper-
iment, Gµ & 3.0 ⇥ 10�8, is a major improvement over the
claimed detectability level by the above multi-scale pipeline,
Gµ & 1.2⇥ 10�7.

For a Planck-like case, the minimum detectable Gµ is
5 ⇥ 10�7, comparable to the current upper bounds from
Planck data (Ade et al. 2014). Both classification meth-
ods seem to perform at a similar level, with RF appearing
slightly more powerful based on the numbers in Tables 1 and
2. However, care should be taken in the comparison of the
results if they are based on di↵erent CS simulations, since
the detailed assumptions used in these simulations as well as
experimental specifications can largely impact the results.

An important and immediate improvement to this work
is to devise and apply debiasing techniques to remove the
gap between Gµ

mes

and Gµ
det

. Given the continuous na-
ture of the problem, one might also expect that using a
regressor would improve the results. That is because clas-
sifiers, by construction, are the method of choice in cat-
egorization problems while regressors in general are more
suited for parameter estimation with continuous parameter
ranges. It should be noted that using Bayesian averaging
(Eq. 8) in the parameter measurement step partially con-
verted the classifiers of this work into regressors. We leave
the full treatment of regressor-based algorithms for CS de-
tection to future work.
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the instrumental noise and beam resolution of current and
future CMB experiments.

4.2 Realistic Case

In the previous section, we investigated the performance of
our proposed CS-detection pipeline for simulations of ideal
CMB observations. Now we take into account noise contam-
ination as explained in Section 2.3. It turns out that, unlike
the ideal case, the role of the curvelet decomposition be-
comes less significant as the noise level increases. Also, the
scale of the best curvelet component for CS detection de-
pends on the noise level. Table 1 summarizes the results
of our search for Gµmin in these experimental setups, and
presents the optimum pipeline settings for best CS signal
recovery using various statistical measures. One may note
that some experimental setups are not present in the table,
e.g., the ACT-like case with �TT. This is because for these
cases, and for a given beam, the minimum detectable value
of Gµ is weaker than the explored range. For an ACT-like
telescope, this corresponds to Gµmin & 5⇥ 10�7.

Our results are commented below according to the con-
sidered statistical measure.

1) Using the measure �PDF.
For an ACT-like instrumental noise level, CSs are de-

tectable with tensions Gµ & 1.3⇥ 10�7 with Scharr-filtered
maps. For CMB-S4 phase I- and II-like noise levels, the min-
imum detectability slightly improves to Gµ & 1.2 ⇥ 10�7

for the Scharr-filtered map and the Scharr-filtered fifth
component, respectively. For a Planck-like case one gets
Gµ & 4.8⇥ 10�7 with the Scharr-filtered sixth component.
2) Using �TT as the criterion.
For a CMB-S4 phase I-like noise level, we get the lower

bound Gµ & 5.0⇥ 10�7, from the Sobel-filtered fifth compo-
nents. For a CMB-S4 phase II-like noise level, the fifth com-
ponent itself (with no filtering) yields the best detectability
with Gµ & 4.9⇥10�7. The lower bound for a Planck-like ex-
periment would be Gµ & 9.4⇥10�7, using the Sobel-filtered
fifth component.
3) For �pk�pk, the results are as follows.
For CMB-S4 phase I- and II-like noise levels, using the

Sobel-filtered fifth and sixth components shows that CSs
with tensions Gµ & 5.0 ⇥ 10�7 and Gµ & 4.8 ⇥ 10�7 are
respectively detectable. While for a Planck-like experimen-
tal setup would reduce this string detectability to Gµ &
8.9⇥10�7 obtained through applying the Laplacian filter on
the map itself.
4) Using �up�up as the statistical criterion.
For an ACT-like noise level, the minimum detectability is

Gµ & 4.9⇥10�7, corresponding to Scharr-filtered fifth com-
ponent. With CMB-S4 phase I- and phase II-like noise levels,
using the Sobel-filters on the map and on the fifth compo-
nent yields the minimum detectability of Gµ & 4.9 ⇥ 10�7

and Gµ & 2.4⇥10�7, respectively. The minimum detectabil-
ity corresponding to the Planck-like observational scenario
in this case is provided by the Sobel-filtered fifth component
to be Gµ & 8.4⇥ 10�7.
5) Using the measure �up�pk.
For the CMB-S4 phase I-like noise level, using the Scharr-

filtered map gives Gµ & 5.0 ⇥ 10�7, improving to Gµ &

Table 1. Lowest detectable Gµ, labeled as Gµmin, of the CSs
network superimposed on the CMB map, using various statistical
measures. The first column, ”Measure”, contains the probability
density function (PDF), the correlation function of temperature
fluctuations versus angle separation (TT), the unweighted TPCF
of local maxima (pk-pk), the unweighted TPCF of up-crossings
(up-up) and the unweighted cross-correlation of up-crossings and
peaks (up-pk). The ”Method” corresponds to the sequence of
curvelet and ECA filters leading to the best CS detection for the
given statistical measure. The ”Map” and ”FWHM” characterize
the experimental setup. CMB-S4-like (I) and (II) represent the
phases I and II of a CMB-S4-like experiment, respectively.

Measure Method Map FWHM Gµmin

c7-lap No noise 0.9
0

4.3⇥ 10�10

c5-sch CMB-S4-like (II) 0.9
0

1.2⇥ 10�7

PDF map-sch CMB-S4-like (I) 0.9
0

1.2⇥ 10�7

map-sch ACT-like 0.9
0

1.3⇥ 10�7

c6-sch Planck 5
0

4.8⇥ 10�7

c7-sob No noise 0.9
0

2.3⇥ 10�9

c5-none CMB-S4-like (II) 0.9
0

4.9⇥ 10�7

TT c5-sob CMB-S4-like (I) 0.9
0

5.0⇥ 10�7

c5-sob Planck 5
0

9.4⇥ 10�7

c5-lap No noise 0.9
0

8.7⇥ 10�10

c6-sob CMB-S4-like (II) 0.9
0

4.8⇥ 10�7

pk-pk c5-sob CMB-S4-like (I) 0.9
0

5.0⇥ 10�7

map-lap Planck 5
0

8.9⇥ 10�7

c7-der No noise 0.9
0

8.5⇥ 10�10

c5-sob CMB-S4-like (II) 0.9
0

2.4⇥ 10�7

up-up map-sob CMB-S4-like (I) 0.9
0

4.9⇥ 10�7

c5-sch ACT-like 0.9
0

4.9⇥ 10�7

c5-sob Planck 5
0

8.4⇥ 10�7

c7-der No noise 0.9
0

8.7⇥ 10�10

up-pk c5-sob CMB-S4-like (II) 0.9
0

2.4⇥ 10�7

map-sch CMB-S4 (I)-like 0.9
0

5.0⇥ 10�7

2.4⇥ 10�7 for the CMB-S4 phase II-like noise level with the
use of the Sobel-filtered fifth component.

5 SUMMARY AND CONCLUSIONS

Increasing the quantity and quality of observational data
provides the opportunity to search for possible features
present in beyond-the-standard models. A well-motivated
example is the CS network, possibly produced in a series
of symmetry breaking phase transitions in the very early
Universe. If such a network exists, CMB anisotropies are
among the powerful observational data sets for their discov-
ery. However, finite instrumental noise and beam smearing
e↵ect greatly reduce the detectability of their trace.

Our purpose in this work was to exploit the specific
anisotropy patterns, especially the line-like discontinuities,
induced by the CSs on the CMB temperature maps, to en-
hance the string network detectability. Therefore, we have
tested a multi-step pipeline which employs image-processing
tools to amplify the string signal as well as statistical mea-
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Figure 4. Feature importance report: the average number of times each pre-processing tool appeared among the top ten features, for
each layer of the pre-processor, for the RF (top) and GB (bottom) learner.

minimum Gµ whose distribution can be distinguished, with
a maximum two-tail P-value of 0.0054, from all other Gµ
classes, including the null class. This minimum detection
states there is a significant deviation in the map from the
null hypothesis (with no string input). Note that this does
not necessarily imply an unbiased measurement of the CS
tension.

We therefore define the minimum measurable Gµ, or
Gµ

mes

, as the minimum Gµ above which the Gµ
pre

’s are
unbiased. More precisely, Gµ

mes

is the minimum Gµ whose
bias, defined as Gµ

bf

�Gµ
fid

is smaller than one sigma. Here
Gµ

bf

is the best-fit Gµ in the distribution of Gµ
pre

.
The next section presents the results of applying the

proposed strategy to simulated CMB maps corresponding
to several experimental cases (Vafaei Sadr et al. 2017).

6 RESULTS

In this work, we simulate CMB maps for five experimen-
tal setups: an ideal noise-free case, two CMB S4-like exper-
iments, an ACT-like and a Planck-like case. The Planck-
like simulations are smoothed with a Gaussian beam with
FWHM = 50, while for the other four cases the e↵ective
beam is FWHM = 0.90. The details of the experimental
settings are given in Vafaei Sadr et al. (2017). The feature
vector for each map is generated through its pre-processing,
which is then passed to the tree-based learning unit of the
algorithm (Figure 3).

Figure 4 compares the feature importance of the most

significant features in each of the three pre-processing layers
for noise-free, ACT-like and Planck-like cases, and for the
two tree-based algorithms considered in this work, namely
RF and GB. Among the 275 features, we choose the ten
most significant ones by comparing the number of their oc-
currences as the splitting feature in all trees of a MLM.
The plot shows the number of occurrences, averaged over
all MLMs, of the pre-processing tools among these top ten
features, separated by their parent layer, i.e., decomposers,
filters and statistical measures.

We find that the sixth and seventh curvelet components
of the input maps have the dominant role in the first pre-
processing layer for the noise-free case. That is expected
since these components contain the small-scale information
which is important for CS detection. On the other hand,
the instrumental noise mainly contaminates the small scales,
making part of the CS signal in these higher modes inacces-
sible. That explains the more important roles of C

5

and WL
for ACT-like and Planck-like setups. The middle panels of
Figure 4 indicate that the classifiers have no significant pref-
erence for the filters. However, the ACT-like scenario should
be excepted where Sobel seems to have a major impact on
the results if the RF classifier is used. In the third layer,
the second moment of the filtered maps is clearly the main
player in both RF and GB algorithms (right panels of Fig-
ure 4). The results from feature analysis could enormously
decrease the computational cost of future analysis by help-
ing to limit the training process to the feature subspace with
most significant impact on the classification.
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Pulsar Observables 
Pulsars as Physics Laboratories 

1) Pulsar wind nebula (PWN)
2) Pulsar period: Pulsar timing is the regular monitoring of the rotation
3) Magnetic field
4) Evolution of Period
5) Pulse shape
6) Glitch in evolution of period
7) Time residual: Difference between TOA and theoretical model
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Pulsar’s Time of  Arrival

Pulsar timing is the regular monitoring of the rotation of  pulsar by 
tracking (nearly exactly) the times of arrival of the radio pulses

Measuring a Time of Arrival 

time 

si
gn

al
 

ΔT 

Fold the incoming signal at the pulse period to form a 
pulse profile (signal averaging).  Then calculate a time of 
arrival from the profile. 

Pulse Time of Arrival:    
TOA = scan start time + ΔT 

Introduction to Pulsar Timing 

David Nice 
Lafayette College 

International Pulsar Timing Array Workshop 
Morgantown, West Virginia 
8 June 2011 
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Pulsar’s Timing residual

Residual is difference between measured pulse’s time of arrival and 
expected time of arrival:
Residual=Observed ToA-Computed ToA or vise versa 

corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
Hajian & Movahed 2010).

(I) Construct a matrix whose elements are PTRs in the
following order,

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

# # # #

# # # #
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( )

( )

( )

( )

PTR PTR ... PTR

PTR PTR ... PTR
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N d

i i i N d

d d d N d

1 1 1 1 1

1 1

1 1

where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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PSR J0437-4715

١٧ نوترون ستاره های .١ فصل

م کنیم[١٩]: معرف را م شود انجام ١ns حدود در خطایی با زمان پسماند به رسیدن برای TEMPO٢

∆t = ∆c +∆A +∆E⊙ +∆R⊙ +∆S⊙ −D/f٢ +∆V P +∆B. (١ . ٢١)

:∆c ساعت تصحیح .١
۵۴ محل رصدخانه ای ساعت های بوسیله ی م شود اندازه گیری وپ ها تلس توسط که رسیدن زمان
قابل طور به سال) چند تا ماه (چند طوالن زمان مقیاس های در ساعت ها این شده اند. فراهم
ساعت ها همه ی نتیجه در نیستند. همزمان ر دی و م کنند پیدا اختالف ر دی ی با مالحظه ای

شوند. هم زمان سماوی۵۵ مرج سامانه ی با باید

:∆A جوی انتشار تاخیر .٢
جوی۵۶ انتشار تاخیر است. متفاوت خالء در نور سرعت با جو در رادیویی امواج گروه سرعت
نشود اصالح که صورت در و م افتد اتفاق تروپوسفر۵٩ و یونوسفر۵٨ در موج انکسار۵٧ اثر بر

کند. ایجاد زمان پسماند در ١٫۵ns حدود در خطایی م تواند

:∆E اینشتین تاخیر .٣
ناش گرانش سرخ به انتقال همچنین و رصدخانه و حرکت حال در تپ اخترِ بین زمان۶٠ اتساع

است. مشهور اینشتین تاخیر به دوتایی سامانه های و سیاره ها خورشید، از

:∆R⊙ رمر تاخیر .۴
زمین مدار در ترومغناطیس ال موج که است ( (کالسی غیرنسبیت زمان مدت رمر۶١ تاخیر
فاصله ی تغییر و خورشید دور به زمین حرکت دلیل به تاخیر این برسد. وپ تلس به تا م کند سفر

م آید. بوجود تپ اختر و رصدخانه بین

:∆S⊙ شاپیرو تاخیر .۵
به رسیدن برای موج مسیر و م شود ایجاد انحنا فضا‐زمان در ستاره ها و سیاره ها جرم اثر در

۵۴
۵۵
۵۶
۵٧
۵٨
۵٩
۶٠
۶١
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Synthetic Datasets 

corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
Hajian & Movahed 2010).

(I) Construct a matrix whose elements are PTRs in the
following order,
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where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
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where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
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et al. 1998), the Fourier-detrended (Fourier-based filtering)
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where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time
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Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr
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corresponding to presenting a scaling behavior must be
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where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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Generalized form of  Hellings & Downs (1983)
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and the Hölder exponent is ↵ ⌘ d⇠(q)/dq. In the case
of multifractality, a spectrum of Hölder exponent is ob-
tained instead of a single exponent. The domain of
Hölder spectrum, ↵ 2 [↵
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], becomes (Muzy et
al. 1994; Arneodo et al. 1995):
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Subsequently, the width �↵ ⌘ ↵
max

� ↵
min

is a reliable
measure for quantifying multifractal nature of the un-
derlying data. The higher value of �↵ is associated with
the higher multifractal nature reflecting the complexity
of the signal. As other complexity measures, one can
point to q-order Lyapunov exponent (Eckmann & Pro-
caccia 1986), Lempel-Ziv complexity (LZC) (Lempel &
Ziv 1976).
Inspired by common cross-correlation definition, rely-

ing on Eq. (7), we define new cross-correlation function
(Zebende 2011; Zebende et al. 2013):
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:

�̄⇥(⇥) =
1

4⇡

Z
d⌦�⇥(⇥ab) (18)

The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:

C⇥(⌧,⇥ab)= hPTRa(t)PTRb(t+ ⌧)it
= hPTRpure

a (t)PTRpure

b (t+ ⌧)it
+BbhPTRpure

a (t)R
GWB

(t+ ⌧)it
+BahRGWB

(t)PTRpure

b (t+ ⌧)it
+BaBbhRGWB

(t)R
GWB

(t+ ⌧)it (21)

The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):

�(⇥) =
3

2
 ln( )�  

4
+

1

2
, (23)

where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
nen et al. 1991; Duijndam & Schonewille 1999; Duijndam
et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy

Multifractal Analysis of Pulsar Timing Residuals 5

and the Hölder exponent is ↵ ⌘ d⇠(q)/dq. In the case
of multifractality, a spectrum of Hölder exponent is ob-
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:

�̄⇥(⇥) =
1
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Z
d⌦�⇥(⇥ab) (18)

The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:
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The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):
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where  ⌘ [1� cos(⇥)]/2. We should notice that, the
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separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.
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The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
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proposed a least-squares pipeline to resolve this prob-
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data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):
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where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:
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The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
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The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:
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The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):
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where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
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et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):
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where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
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The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)
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a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure
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represented by
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The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
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The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
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(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy
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and the Hölder exponent is ↵ ⌘ d⇠(q)/dq. In the case
of multifractality, a spectrum of Hölder exponent is ob-
tained instead of a single exponent. The domain of
Hölder spectrum, ↵ 2 [↵

min

,↵
max

], becomes (Muzy et
al. 1994; Arneodo et al. 1995):

↵
min

= lim
q!+1

@⇠(q)

@q
, ↵

max

= lim
q!�1

@⇠(q)

@q
(16)

Subsequently, the width �↵ ⌘ ↵
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is a reliable
measure for quantifying multifractal nature of the un-
derlying data. The higher value of �↵ is associated with
the higher multifractal nature reflecting the complexity
of the signal. As other complexity measures, one can
point to q-order Lyapunov exponent (Eckmann & Pro-
caccia 1986), Lempel-Ziv complexity (LZC) (Lempel &
Ziv 1976).
Inspired by common cross-correlation definition, rely-

ing on Eq. (7), we define new cross-correlation function
(Zebende 2011; Zebende et al. 2013):
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:

�̄⇥(⇥) =
1

4⇡

Z
d⌦�⇥(⇥ab) (18)

The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:
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(t)R
GWB

(t+ ⌧)it (21)

The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):

�(⇥) =
3

2
 ln( )�  

4
+

1

2
, (23)

where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
nen et al. 1991; Duijndam & Schonewille 1999; Duijndam
et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy
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Subsequently, the width �↵ ⌘ ↵
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is a reliable
measure for quantifying multifractal nature of the un-
derlying data. The higher value of �↵ is associated with
the higher multifractal nature reflecting the complexity
of the signal. As other complexity measures, one can
point to q-order Lyapunov exponent (Eckmann & Pro-
caccia 1986), Lempel-Ziv complexity (LZC) (Lempel &
Ziv 1976).
Inspired by common cross-correlation definition, rely-

ing on Eq. (7), we define new cross-correlation function
(Zebende 2011; Zebende et al. 2013):
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:

�̄⇥(⇥) =
1
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Z
d⌦�⇥(⇥ab) (18)

The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:

C⇥(⌧,⇥ab)= hPTRa(t)PTRb(t+ ⌧)it
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The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):
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where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
nen et al. 1991; Duijndam & Schonewille 1999; Duijndam
et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy
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and the Hölder exponent is ↵ ⌘ d⇠(q)/dq. In the case
of multifractality, a spectrum of Hölder exponent is ob-
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is a reliable
measure for quantifying multifractal nature of the un-
derlying data. The higher value of �↵ is associated with
the higher multifractal nature reflecting the complexity
of the signal. As other complexity measures, one can
point to q-order Lyapunov exponent (Eckmann & Pro-
caccia 1986), Lempel-Ziv complexity (LZC) (Lempel &
Ziv 1976).
Inspired by common cross-correlation definition, rely-

ing on Eq. (7), we define new cross-correlation function
(Zebende 2011; Zebende et al. 2013):
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:

�̄⇥(⇥) =
1
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Z
d⌦�⇥(⇥ab) (18)

The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:

C⇥(⌧,⇥ab)= hPTRa(t)PTRb(t+ ⌧)it
= hPTRpure

a (t)PTRpure
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The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):
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where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
nen et al. 1991; Duijndam & Schonewille 1999; Duijndam
et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy
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measure for quantifying multifractal nature of the un-
derlying data. The higher value of �↵ is associated with
the higher multifractal nature reflecting the complexity
of the signal. As other complexity measures, one can
point to q-order Lyapunov exponent (Eckmann & Pro-
caccia 1986), Lempel-Ziv complexity (LZC) (Lempel &
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Inspired by common cross-correlation definition, rely-
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:
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The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:
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The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:
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where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
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where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
nen et al. 1991; Duijndam & Schonewille 1999; Duijndam
et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy

Multifractal Analysis of Pulsar Timing Residuals 5

and the Hölder exponent is ↵ ⌘ d⇠(q)/dq. In the case
of multifractality, a spectrum of Hölder exponent is ob-
tained instead of a single exponent. The domain of
Hölder spectrum, ↵ 2 [↵

min

,↵
max

], becomes (Muzy et
al. 1994; Arneodo et al. 1995):

↵
min

= lim
q!+1

@⇠(q)

@q
, ↵

max

= lim
q!�1

@⇠(q)

@q
(16)

Subsequently, the width �↵ ⌘ ↵
max

� ↵
min

is a reliable
measure for quantifying multifractal nature of the un-
derlying data. The higher value of �↵ is associated with
the higher multifractal nature reflecting the complexity
of the signal. As other complexity measures, one can
point to q-order Lyapunov exponent (Eckmann & Pro-
caccia 1986), Lempel-Ziv complexity (LZC) (Lempel &
Ziv 1976).
Inspired by common cross-correlation definition, rely-

ing on Eq. (7), we define new cross-correlation function
(Zebende 2011; Zebende et al. 2013):
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For �⇥(⇥ab) = +1, a prefect cross-correlation can be rec-
ognized, �⇥(⇥ab) = �1 indicates anti-cross-correlation,
while in the case of no cross-correlation between under-
lying series, we find �⇥(⇥ab) = 0. Averaging on all avail-
able pairs separated by ⇥ leads to:

�̄⇥(⇥) =
1

4⇡

Z
d⌦�⇥(⇥ab) (18)

The �̄⇥ introduced in Eq. (18) based on fluctuations
functions computed in the context of detrended cross-
correlation contains the quadrupolar signature if PTRs
modified by GWB signal. Therefore this is a new crite-
rion enables us to assess footprint of GWs more precisely.
Now we turn to the spatial-temporal cross-correlation
function for PTRs taking into account stationarity as:

C⇥(⌧,⇥ab)= hPTRa(t, n̂a)PTRb(t+ ⌧, n̂b)it, (19)

here ⇥ab = arccos |n̂a.n̂b|. To clarify the spatial and
temporal parts of cross-correlation function, we suppose
that the modified PTRa and PTRb by isotropic GWB
are represented by PTRa(t) = PTRpure

a (t)+BaRGWB

(t)
and PTRb(t) = PTRpure

b (t) + BbRGWB

(t), respectively.
The PTRpure

⇧ is the pure fluctuations of a typical PTR
in the absence of any gravitational waves and R

GWB

is
common for pulsars. The Bi is angle factor of ith pulsar
represented by

Bi ⌘ �1

2
cos(2�i)(1� cos(✓i)) (20)

The ✓i is the angle of ith pulsar to the GWB propagation
direction and �i is the angle between the projection of
the pulsar position on the (x � y) plane and the GWB
principle polarization vector (Hellings & Downs 1983).
Computing spatial-temporal cross-correlation (Eq. (19))

yields:

C⇥(⌧,⇥ab)= hPTRa(t)PTRb(t+ ⌧)it
= hPTRpure

a (t)PTRpure

b (t+ ⌧)it
+BbhPTRpure

a (t)R
GWB

(t+ ⌧)it
+BahRGWB

(t)PTRpure

b (t+ ⌧)it
+BaBbhRGWB

(t)R
GWB

(t+ ⌧)it (21)

The first three terms are uncorrelated while the only
meaningful term is coming from GWB auto-correlation.
Taking into account statistical isotropy and stationary
regime, by averaging on all available pairs separated by
⇥, leads to:

C⇥(⌧,⇥)= h C⇥(⌧,⇥ab)ipairs ⇠ �(⇥)⇥ ⌧�⇥ (22)

where �⇥ = 2 � 2H⇥ = 2 � 2h⇥(q = 2). The �(⇥) is
given by (Hellings & Downs 1983; Jenet et al. 2005):

�(⇥) =
3

2
 ln( )�  

4
+

1

2
, (23)

where  ⌘ [1� cos(⇥)]/2. We should notice that, the
Hellings and Downs curve is only a function of angular
separation between pulsar pairs separated by ⇥ and it is
independent of the frequency (Romano & Cornish 2017).
Therefore, by applying MF-DXA, one can deduce the
value of temporal scaling exponent coming from GWB
signal. For the GWB, we expect to find constant h⇥(q)
with respect to di↵erent separation angle (⇥), while for
other local source of GWs, the h⇥(q) depends on ⇥ab
with arbitrary manner. The new cross-correlation coef-
ficient defined by Eq. (18) contains the angle factors of
pulsars in complicated functional form and we evaluate
its behavior numerically for simulation in the next sec-
tion.

2.2. Dealing with irregularly sampled data

The pulsar timing observations are unevenly sampled,
i.e. it is not a set of equidistant sampling values and the
underlying series is nonuniform requiring some sort of in-
terpolation techniques. The Lomb-Scargle periodogram
proposed a least-squares pipeline to resolve this prob-
lem (Lomb 1976; Scargle 1982). Radon transformations
have also been used for irregular sampling analysis (Ro-
nen et al. 1991; Duijndam & Schonewille 1999; Duijndam
et al. 1999) (see also (Gulati & Ferguson 2009) and ref-
erences therein). Extrapolation of irregularly recorded
data onto a regular grid has been introduced by Ferguson
(2006). For constructing Fourier expansion, nonuniform
discrete Fourier transform has been introduced by Gu-
lati & Ferguson (2009); Anholm et al. (2009). A trivial
but not necessarily optimum method with less compu-
tational burden is to interpolate between two successive
data points in recorded series. A more robust method
is to apply kernel functions on the irregular data as (see
also (Monaghan & Lattanzio 1985)):

PTRreg(t) =

Z
dt0PTRirre(t

0)W(t� t0) (24)

where PTRreg and PTRirre are regular and nonuniform
sampled data, respectively. W is a normalized window
function. A typical functional form for this window func-
tion can be Gaussian. In general, the choice of the win-
dow function, W, depends on the smoothness, accuracy
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موج اثر تنها م کنند، ایجاد هم بستگ تپ اخترها زمان پسماند در که عوامل تمام میان از زیرا بود.
این یافتن م شود. تپ اخترها داده های در چهارقطبی هم بستگ ی ایجاد باعث است زمینه گرانش
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4.3. Strategies for Searching GWs

According to the results presented in the previous sections,
the randomness of pure PTRs exhibits that deviations from
uncorrelated behavior can be considered as additional features
presented in the recorded data. Unfortunately, the observed
PTRs may include intrinsic fractal noise, interstellar plasma,
uncertainties in the Earth’s motion, master clocks, and receiver
signals. It has been demonstrated that the noise from some of
these sources is wavelength dependent and has spatial
correlation, either monopole or dipole in nature. Subsequently,
relying on multifractal analysis modified by preprocessing
algorithms such as the AD or SVD methods of individual PTRs
probably gives rise to spurious results in the framework of GW
searching. To get rid of the effect of undesired components, we
rely on the quadrupole structure of the GWB and carry out the
irregular MF-DXA approach.

Therefore, we begin with irregular MF-DXA on all available
PTRs distributed over all directions and then compute s Q´¯ ( ) as
a function of separation angle, Θ. The existence of a feature
similar to Figure 5 in observed PTRs would imply detection of
a GWB. Note that Figure 5 is the average of 50 realizations.
One observation with these parameters would have error bars
almost 7 times larger, so the GWB would be detected but the
significance would be much less. Thereafter, we will turn to the
multifractal behavior of the PTR series to determine the type
and amplitude of the GWB. In order to determine the type of
stochastic GWB with a strain spectrum modeled by
Equation (33), after preprocessing to remove noise and
foreground, we apply multifractal methods to compute a
reliable Hurst exponent. This exponent is related to the power-
spectrum exponent. Finally, the best-fit value of ζ and its
associated error bar are determined (Hobbs et al. 2009).
However, there are many complications in the real data sets,
making the inference procedure less straightforward to assess
GWs. We therefore introduce four criteria as follows.

(I) According to Equations (11) and (12), the intercept of
fluctuation function for PTRs contains the intensity of
superimposed GWs. Therefore, after recognizing a quadrupolar
signature in analyzing pairs of PTRs, the following quantity is

able to indicate the intensity of GWB: � zD º( )h ,1 yr
� � � �zå - ==

= ∣ ( ) ( )∣( ) ( ), 0q q
q q

h q h qyr yr
min
max . In practice, we find

a robust mathematical relation between � zD ( )h ,1 yr and �yr
for any given ζ (or, equivalently, H) and rms of white noise, as
follows. We do many simulations for a given value of ζ with
different �yr values. Then, we apply either SVD or AD to
make clean data. The clean data are used for further analysis.
According to our simulation for ζ=−2/3 and rms=100 ns,
the mathematical relation between �yr and Δh1 in the range of
� Î - -[ ]10 , 10yr

17 15 reads as

�
= D + D +

-

⎛
⎝⎜

⎞
⎠⎟ ( )a h b h c

10
, 34yr

17 1
2

1

where a=(−1.15±0.40)×1012, b=(2.84±0.54)×107,
and c=−74.45±16.88. This fitting function is not unique,
and here we select one with a high goodness of fit before going
further. Also, for any other rms dictated by experiment, the
above analysis should be repeated to find the corresponding
fitting function.
(II) For pure PTRs, we found that the Hurst exponent is almost

0.5, while there will be deviations in the generalized Hurst
exponent for PTR signals affected by GWs (Equation (33)) for a
given amplitude �yr and ζ. Therefore, another powerful measure
to quantify the intensity of the GWB would be � zD º( )h ,2 yr

� �z zå -= ∣ ( ) ( )∣h q h q; , ; ,q q
q

yr shuf yr
min

max ,where � z( )h q; ,shuf yr

is for completely randomized PTRs and “shuf ” refers to shuffled.
In practice, we find a robust mathematical relation between

� zD ( )h ,2 yr and �yr for any given ζ (or, equivalently, H) and
rms of white noise. The corresponding shuffled series are
produced using original series. Now, by calculating the general-
ized Hurst exponent for original and shuffled data, one can
compute Δh2. We find that the following function is a good fit to
our simulations for �yr in the range of � Î - -[ ]10 , 10yr

17 15

versus Δh2 for ζ=−2/3 and rms=100 ns:

�
= D + D + D

-

⎛
⎝⎜

⎞
⎠⎟ ( )a h b h c h

10
, 35yr

17 2
3

2
2

2

where a=0.19±0.06, b=−1.57±0.92, and c=7.40±
3.30. This fitting function is not unique, and here we select one
with a high goodness of fit. Before going further, it is worth
noting that the whitened noise generation is serious in many
simulations. An optimal algorithm to evaluate noise quality in
many simulations, especially in data generated by the TEMPO2
software, can be carried out by the shuffling procedure
explained here. Subsequently, our proposal in this regard can
be straightforwardly implemented as a new plug-in.
(III) Since GWs may induce non-Gaussianity in PTRs, it

is interesting to take into account � zD º å =( )h , q q
q

3 yr
min

max

� �z z-∣ ( ) ( )∣h q h q; , , ,yr sur yr . In the mentioned criterion,
� z( )h q; ,sur yr is the generalized Hurst exponents computed for

Gaussian data sets with the same correlation function as the
original series. Here “sur” represents surrogated data or phase-
randomized surrogated series, including the multiplication of
Fourier-transform data by a random phase with a uniform
distribution function (Prichard & Theiler 1994). We simulated
the PTR accompanying the GWB with different amplitudes, and
the following fitting function is determined for �yr in the same

Figure 5. The s Q´¯ ( ) vs. Θ for simulated pure (triangles) and induced by
stochastic GWB with ζ=−2/3 and � = ´ -50 10yr

17 (circles), as well as
� = ´ -100 10yr

17 (squares) PTRs. By definition, s̄́ is almost insensitive to
the value of �yr. The dashed line corresponds to the Hellings and Downs
curve.
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so-called forward moving average; finally, θ=0.5 is related to
the centered moving average (Xu et al. 2005; Gu & Zhou 2010).
Therefore, detrended data are constructed by subtracting the
calculated moving average function from the cumulative series,
X◊, as

e = -
~

à àà( ) ( ) ( ) ( )i X i X i , 6X

where s−s1�i�N−s1. Now e àX (i) values are divided into
Ns=int[N/s] nonoverlapping windows with the same size of
s, and we calculate the fluctuation function:

� ån e n e n= + - ´ + -´
=

( ) ( ( ) ) ( ( ) )

( )

s
s

i s i s,
1

1 1 .

7
i

s

X X
1

a b

(4) Using Equations (3) and (4) for the MF-DCCA (MF-
DFA) method (Peng et al. 1992, 1994; Buldyrev et al. 1995;
Kantelhardt et al. 2002; Shao et al. 2012) and Equation (7) for
the MF-DMA algorithm, the corresponding qth-order fluctua-
tion function can be computed by:
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For q=0, we have

� �å n=
n

´
=

´

⎛
⎝⎜

⎞
⎠⎟( ) ∣ ( ) ∣ ( )s

N
s0, exp

1
4

ln , . 9
s

N

1

2 s

(5) The scaling behavior of the fluctuation function
according to

� ~´ ´( ) ( )( )q s s, 10h q

gives the cross-correlation exponent h×(q). The q-parameter
enables us to quantify the contribution of different values of
fluctuation functions in Equations (8) and (9). The small
fluctuations play a major role in summation for q<1, while
large fluctuations become dominant for q�1. We emphasize
that for heteroskedastic data, the summation in Equations (8)
and (9) should incorporate variable error bars, and weighted
fitting polynomials must be considered. It turns out that for
a=b, the usual generalized Hurst exponent, h(q), is retrieved.
In this case we have
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h q
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and s = á ñPTR2 2 for zero mean data. Any q-dependency of h(q)
confirms that the underlying data set is a multifractal process. For
the class of the nonstationary series (corresponding to a fractional
Brownian motion; fBm), the exponent derived by using MF-DFA
is h(q=2)>1. Therefore, in this case, the Hurst exponent is
given by H=h(q=2)−1. In the stationary case, h(q=2)<1
(corresponding to a fractional Gaussian noise; fGn) and H=h

(q=2). For completely stationary random data, H=0.5, while
for a persistent data set, 0.5<H<1.0. For an anticorrelated data
set, H<0.5 (Ossadnik et al. 1994; Peng et al. 1994; Taqqu et al.
1995). When the Hurst exponent is determined, the scaling
exponents of autocorrelation for an fGn process read as
� t t t= á + ñ ~ g-( ) ( ) ( )x t x t for τ?0 with γ=2−2H,
while for a fBm signal, we have � = á ñ ~ +g-( ) ( ) ( )t t x t x t t,i j i j i

- -g g- -∣ ∣t t tj i j for - �∣ ∣t t 0i j with γ=−2H. The associated
power spectrum is S( f )∼f−β with β=2H−1 and β=
2H+1 for the fGn and fBm processes, respectively. The relation
between the generalized Hurst exponent and the scaling exponent
of the partition function known as the multifractal scaling exponent
based on the standard multifractal formalism becomes (Kantelhardt
et al. 2002)

x = -( ) ( ) ( )q qh q 1. 13

For a monofractal data set, ξ(q) is a linear function (Kantelhardt
et al. 2002). The generalized multifractal dimension is also
given by

x
=

-
=

-
-

( ) ( ) ( ) ( )D q
q

q
qh q

q1
1

1
, 14

where D(q=0)=Df is the fractal dimension of the time series
and D(q=1) is related to the so-called entropy of the
underlying system (Halsey et al. 1986). A more complete
quantitative measure of multifractality is the singularity
spectrum and indicates how the box probability of standard
multifractal formalism behaves at small scales. It is defined by
the Legendre transformation of ξ(q) as (Feder 2013)

a a x= -( ) ( ) ( )f q q , 15

and the Hölder exponent is α≡dξ(q)/dq. In the case of
multifractality, a spectrum of the Hölder exponent is obtained
instead of a single exponent. The domain of the Hölder
spectrum, a a aÎ [ ],min max , becomes (Muzy et al. 1994;
Arneodo et al. 1995)

a
x

a
x

=
¶
¶

=
¶
¶+¥ -¥
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q

q
q

lim , lim . 16
q q

min max

Subsequently, the width Δα≡αmax−αmin is a reliable
measure for quantifying the multifractal nature of the underlying
data. The higher value of Δα is associated with the higher
multifractal nature reflecting the complexity of the signal. As
other complexity measures, one can point to the q-order
Lyapunov exponent (Eckmann & Procaccia 1986) and the
Lempel–Ziv complexity (Lempel & Ziv 1976). Inspired by the
common cross-correlation definition, relying on Equation (7),
we define the new cross-correlation function (Zebende 2011;
Zebende et al. 2013),
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here Q = ∣ ˆ ˆ ∣n narccos .ab a b . Averaging on all available pairs
separated by Θ leads to

òs
p

sQ = W Q´ ´¯ ( ) ( ) ( )d
1

4
. 18ab

The s̄́ introduced by Equation (18) based on fluctuation
functions computed in the context of detrended cross-correlation
contains the quadrupolar signature if PTRs are modified by the
GWB signal. Therefore, this is a new criterion that enables us to
assess the footprint of GWs more precisely.

Now we turn to the spatial cross-correlation function for
PTRs taking into account stationarity as

� Q = á ñ(́ ) ( ˆ ) ( ˆ ) ( )t n t nPTR , PTR , . 19ab a a b b t

In the presence of an isotropic GWB, averaging the cross-
correlation on all available pairs separated by Θ leads to

� �Q = á Q ñ ~ G Q´ ´( ) ( ) ( ) ( ). 20ab pairs

The G Q( ) is given by the Hellings and Downs equation
(Hellings & Downs 1983; Jenet et al. 2005),

y y
y

G Q = - +( ) ( ) ( )3
2

ln
4

1
2

, 21

where ψ≡[1−cos(Θ)]/2. We should notice that the Hellings
and Downs curve is only a function of the angular separation
between pulsar pairs separated by Θ, and it is independent of
the frequency (Romano & Cornish 2017).

The new cross-correlation coefficient defined by Equation (18)
is related to the traditional cross-correlation �´ in a complex way,
the relation is not analytically tractable without any approximation,
and we will evaluate it numerically in the next section. However,
according to Equation (7), the mapping between �´ and σ× does
not change the sign of σ×. Thus, the quadrupolar signature of the
Hellings and Downs function is preserved. It is worth mentioning
that, besides the probable GW signal superimposed in the PTRs,
the following fluctuations can be existed in the recorded data: the
correlated red (fractal) noise; clock errors, which are the same in all
pulsars (i.e., monopolar); and ephemeris errors (which are dipolar).
There are no known noise sources other than GWs that are
quadrupolar (Tiburzi et al. 2015).

Applying MF-DXA on PTRs determines the value of the
temporal scaling exponent, h×. We expect to find constant
h×(q) with respect to different separation angles (Θ) for an
isotropic GWB, while for the other local source of GWs, the
h×(q) depends on Θab in an arbitrary manner.

2.2. Dealing with Irregularly Sampled Data

The pulsar timing observations are unevenly sampled; i.e., they
are not a set of equidistant sampling values, and the underlying
series is nonuniform, requiring some sort of interpolation
technique. The Lomb–Scargle periodogram proposed a least-
squares pipeline to resolve this problem (Lomb 1976; Scargle
1982). Radon transformations have also been used for irregular
sampling analysis (Ronen et al. 1991; Duijndam & Schonewille
1999; Duijndam et al. 1999; see also Gulati & Ferguson 2009 and
references therein). Extrapolation of irregularly recorded data onto
a regular grid was introduced by Ferguson (2006). For constructing
Fourier expansion, nonuniform discrete Fourier transform was
introduced by Gulati & Ferguson (2009) and Anholm et al. (2009).
A trivial but not necessarily optimum method with less

computational burden is to interpolate between two successive
data points in a recorded series. A more robust method is to apply
kernel functions on the irregular data, as see also (Monaghan &
Lattanzio 1985)

/ò= ¢ ¢ - ¢( ) ( ) ( ) ( )t dt t t tPTR PTR , 22reg irre

where PTRreg and PTRirre are regular and nonuniform sampled
data, respectively. Here/ is a normalized window function. A
typical functional form for this window function can be
Gaussian. In general, the choice of the window function, / ,
depends on the smoothness, accuracy requirements, and
computation efficiency (Monaghan & Lattanzio 1985).
Here we propose a new approach to find robust scaling

properties for irregular sampled data. If there is no a priori
information for the smoothing procedure, we suggest applying
a Gaussian kernel to the data followed by a linear interpolation
to regularize data sets. Subsequently, we can construct the
profile using such regular data (Equation (2)). To reduce the
contribution of artificial data points produced in this interpola-
tion, we introduce the irregular MF-DXA method. In this new
algorithm, we modify the fluctuation function procedure given
by Equations (3) and (4) for identical PTRs as
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where �s n( )s q, ,2 is the variance of � n[ ( )]s, q2 2. We similarly
replace the averaging procedure in any relevant parts with the
weighted averaging.
Recently, Ma et al. (2010) showed that the global scaling

exponents of long-correlated signals remain unchanged for up
to 90% of data loss, while for anticorrelated series, even less
than 10% of data loss creates a significant modification in the
original scaling exponents. This research shows that one can
compute the scaling exponents for long-range correlated
irregularly sampled data points if one regularizes the data set
through linear interpolation and then applies DFA. But for an
anticorrelated signal, the DFA method does not lead to
reasonable results. Our new proposal demonstrates that for
synthetic series with known Hurst exponents, our modification
leads to more reliable estimations for scaling exponents, not
only for correlated series but also for anticorrelated data sets.
Our simulations show that the PTR can be considered as long-
range correlated fluctuation. Therefore, our results are almost
not affected by the type of regularization.

2.3. SVD

It is important to find trends and noise sectors in data
analysis, especially in the astronomical data. When we use
MF-DFA, MF-DMA, and MF-DXA, an essential demand
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than 10% of data loss creates a significant modification in the
original scaling exponents. This research shows that one can
compute the scaling exponents for long-range correlated
irregularly sampled data points if one regularizes the data set
through linear interpolation and then applies DFA. But for an
anticorrelated signal, the DFA method does not lead to
reasonable results. Our new proposal demonstrates that for
synthetic series with known Hurst exponents, our modification
leads to more reliable estimations for scaling exponents, not
only for correlated series but also for anticorrelated data sets.
Our simulations show that the PTR can be considered as long-
range correlated fluctuation. Therefore, our results are almost
not affected by the type of regularization.
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FIG. 5.— The �̄⇥(⇥), versus ⇥ for simulated pure (triangles) and induced
by stochastic GWB with ⇣ =�2/3 and Ayr = 50⇥ 10�17 (circles), as well
as Ayr = 100⇥ 10�17 (squares) PT Rs. By definition, �̄⇥ is almost insen-
sitive to the value of Ayr . The dashed line corresponds to the Hellings and
Downs curve.

able PT Rs distributed over all directions and then compute
�̄⇥(⇥) as a function of separation angle, ⇥. The existence
of a feature similar to Fig. ?? in observed PT Rs would im-
ply detection of a GWB. Note that Fig. ?? is the average of
50 realizations. One observation with these parameters would
have error bars almost 7 times larger, so the GWB would be
detected but the significance would be much less. Thereafter,
we will turn to the multifractal behavior of the PT R series to
determine the type and amplitude of the GWB. In order to
determine the type of stochastic GWB with a strain spectrum
modeled by Eq. (??), after preprocessing to remove noise
and foreground, we apply multifractal methods to compute
a reliable Hurst exponent. This exponent is related to the
power-spectrum exponent. Finally, the best-fit value of ⇣ and
its associated error bar are determined (?). However, there are
many complications in the real data sets, making the inference
procedure less straightforward to assess GWs. We therefore
introduce four criteria as follows:

I) According to Eqs. (??) and (??), the intercept of fluctua-
tion function for PTRs contains the intensity of superimposed
GWs. Therefore, after recognizing a quadrupolar signature
in analyzing pairs of PTRs, the following quantity is able to
indicate the intensity of GWB:

�h1(Ayr,⇣)⌘
q=qmaxX

q=qmin

|Gh(q)(Ayr,⇣)�Gh(q)(Ayr = 0)|

. In practice, we find a robust mathematical relation between
�h1(Ayr,⇣) and Ayr for any given ⇣ (or, equivalently, H) and
rms of white noise, as follows. We do many simulations for
a given value of ⇣ with different Ayr values. Then, we apply
either SVD or AD to make clean data. The clean data are
used for further analysis. According to our simulation for ⇣ =
�2/3 and rms=100 ns, the mathematical relation between Ayr

and �h1 in the range of Ayr 2 [10�17,10�15] reads as:
✓ Ayr

10�17

◆
= a�h2

1 +b�h1 + c (34)

where a = (�1.15 ± 0.40)⇥ 1012, b = (2.84 ± 0.54)⇥ 107

and c = �74.45± 16.88. This fitting function is not unique,
and here we select one with a high goodness of fit before go-
ing further. Also, for any other rms dictated by experiment,
the above analysis should be repeated again to find the corre-
sponding fitting function.

II) For pure PTRs, we found that the Hurst exponent is al-
most 0.5, while there will be deviations in the generalized
Hurst exponent for PT R signals affected by GWs (Eq. (??))
for a given amplitude Ayr, and ⇣. Therefore, another power-
ful measure to quantify the intensity of the GWB would be
�h2(Ayr,⇣)⌘

Pqmax
q=qmin

|h(q;Ayr,⇣)�hshuf(q;Ayr,⇣)|. Where
hshuf(q;Ayr,⇣) is for completely randomized PT R and "shuf"
refers to shuffled. In practice, we find a robust mathemati-
cal relation between �h2(Ayr,⇣) and Ayr for any given ⇣ (or,
equivalently, H) and rms of white noise. The corresponding
shuffled series are produced using original series. Now by
calculating the generalized Hurst exponent for original and
shuffled data, one can compute �h2. We find that the fol-
lowing function is a good fit to our simulations for Ayr in the
range of Ayr 2 [10�17,10�15] versus �h2 for ⇣ = �2/3 and
rms=100 ns:

✓ Ayr

10�17

◆
= a�h3

2 +b�h2
2 + c�h2 (35)

where a= 0.19±0.06, b=�1.57±0.92, and c= 7.40±3.30.
This fitting function is not unique, and here we select a high
goodness of fit. Before going further, it is worth noting
that the whitened noise generation is serious in many simula-
tions. An optimal algorithm to evaluate noise quality in many
simulations, especially in data generation by the TEMPO2
software, can be carried out by the shuffling procedure ex-
plained here. Subsequently, our proposal in this regard can be
straightforwardly implemented as a new plug-in.

III) Since GWs may induce non-Gaussianity in PT R,
it is interesting to take into account �h3(Ayr,⇣) ⌘Pqmax

q=qmin
|h(q;Ayr,⇣)� hsur(q,Ayr,⇣)|. In the mentioned cri-

terion, hsur(q;Ayr,⇣) is the generalized Hurst exponents com-
puted for Gaussian datasets with the same correlation function
as the original series. Here "sur" represents surrogated data
or phase-randomized surrogated series, including the multi-
plication of Fourier-transform data by a random phase with
a uniform distribution function (?). We simulated the PT R
accompanying the GWB with different amplitudes, and the
following fitting function is determined for Ayr in the same
range as above versus �h3 for ⇣ =�2/3 and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3 +b (36)

where a = 68.03±11.73 and b =�321.50±65.10.
IV ) The width of the singularity spectrum, which quanti-

fies the nature of multifractality, is another benchmark for de-
termining the amplitude of GWs superimposed on the PT Rs.
This measure is defined by �h4(Ayr,⇣) ⌘ |�↵(Ayr,⇣) �
�↵(Ayr = 0)|. According to our simulations, we find:

✓ Ayr

10�17

◆
= a�hb

4 + c (37)
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able PT Rs distributed over all directions and then compute
�̄⇥(⇥) as a function of separation angle, ⇥. The existence
of a feature similar to Fig. ?? in observed PT Rs would im-
ply detection of a GWB. Note that Fig. ?? is the average of
50 realizations. One observation with these parameters would
have error bars almost 7 times larger, so the GWB would be
detected but the significance would be much less. Thereafter,
we will turn to the multifractal behavior of the PT R series to
determine the type and amplitude of the GWB. In order to
determine the type of stochastic GWB with a strain spectrum
modeled by Eq. (??), after preprocessing to remove noise
and foreground, we apply multifractal methods to compute
a reliable Hurst exponent. This exponent is related to the
power-spectrum exponent. Finally, the best-fit value of ⇣ and
its associated error bar are determined (?). However, there are
many complications in the real data sets, making the inference
procedure less straightforward to assess GWs. We therefore
introduce four criteria as follows:

I) According to Eqs. (??) and (??), the intercept of fluctua-
tion function for PTRs contains the intensity of superimposed
GWs. Therefore, after recognizing a quadrupolar signature
in analyzing pairs of PTRs, the following quantity is able to
indicate the intensity of GWB:

�h1(Ayr,⇣)⌘
q=qmaxX

q=qmin

|Gh(q)(Ayr,⇣)�Gh(q)(Ayr = 0)|

. In practice, we find a robust mathematical relation between
�h1(Ayr,⇣) and Ayr for any given ⇣ (or, equivalently, H) and
rms of white noise, as follows. We do many simulations for
a given value of ⇣ with different Ayr values. Then, we apply
either SVD or AD to make clean data. The clean data are
used for further analysis. According to our simulation for ⇣ =
�2/3 and rms=100 ns, the mathematical relation between Ayr

and �h1 in the range of Ayr 2 [10�17,10�15] reads as:
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where a = (�1.15 ± 0.40)⇥ 1012, b = (2.84 ± 0.54)⇥ 107

and c = �74.45± 16.88. This fitting function is not unique,
and here we select one with a high goodness of fit before go-
ing further. Also, for any other rms dictated by experiment,
the above analysis should be repeated again to find the corre-
sponding fitting function.

II) For pure PTRs, we found that the Hurst exponent is al-
most 0.5, while there will be deviations in the generalized
Hurst exponent for PT R signals affected by GWs (Eq. (??))
for a given amplitude Ayr, and ⇣. Therefore, another power-
ful measure to quantify the intensity of the GWB would be
�h2(Ayr,⇣)⌘

Pqmax
q=qmin

|h(q;Ayr,⇣)�hshuf(q;Ayr,⇣)|. Where
hshuf(q;Ayr,⇣) is for completely randomized PT R and "shuf"
refers to shuffled. In practice, we find a robust mathemati-
cal relation between �h2(Ayr,⇣) and Ayr for any given ⇣ (or,
equivalently, H) and rms of white noise. The corresponding
shuffled series are produced using original series. Now by
calculating the generalized Hurst exponent for original and
shuffled data, one can compute �h2. We find that the fol-
lowing function is a good fit to our simulations for Ayr in the
range of Ayr 2 [10�17,10�15] versus �h2 for ⇣ = �2/3 and
rms=100 ns:
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where a= 0.19±0.06, b=�1.57±0.92, and c= 7.40±3.30.
This fitting function is not unique, and here we select a high
goodness of fit. Before going further, it is worth noting
that the whitened noise generation is serious in many simula-
tions. An optimal algorithm to evaluate noise quality in many
simulations, especially in data generation by the TEMPO2
software, can be carried out by the shuffling procedure ex-
plained here. Subsequently, our proposal in this regard can be
straightforwardly implemented as a new plug-in.

III) Since GWs may induce non-Gaussianity in PT R,
it is interesting to take into account �h3(Ayr,⇣) ⌘Pqmax

q=qmin
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terion, hsur(q;Ayr,⇣) is the generalized Hurst exponents com-
puted for Gaussian datasets with the same correlation function
as the original series. Here "sur" represents surrogated data
or phase-randomized surrogated series, including the multi-
plication of Fourier-transform data by a random phase with
a uniform distribution function (?). We simulated the PT R
accompanying the GWB with different amplitudes, and the
following fitting function is determined for Ayr in the same
range as above versus �h3 for ⇣ =�2/3 and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3 +b (36)

where a = 68.03±11.73 and b =�321.50±65.10.
IV ) The width of the singularity spectrum, which quanti-

fies the nature of multifractality, is another benchmark for de-
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FIG. 6.— Value of Ayr determined by four strategies introduced in this paper only for ⇣ =�2/3 and rms=100 ns. The solid lines are typical fitting functions.

and �h1 in the range of Ayr 2 [10�17,10�15] reads as:
✓ Ayr

10�17

◆
= a�h2
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where a = (�1.15 ± 0.40)⇥ 1012, b = (2.84 ± 0.54)⇥ 107

and c = �74.45± 16.88. This fitting function is not unique,
and here we select one with a high goodness of fit before go-
ing further. Also, for any other rms dictated by experiment,
the above analysis should be repeated again to find the corre-
sponding fitting function.

II) For pure PTRs, we found that the Hurst exponent is al-
most 0.5, while there will be deviations in the generalized
Hurst exponent for PT R signals affected by GWs (Eq. (33))
for a given amplitude Ayr, and ⇣. Therefore, another powerful
measure to quantify the intensity of the GWB would be

�h2(Ayr,⇣)⌘
qmaxX

q=qmin

|h(q;Ayr,⇣)�hshuf(q;Ayr,⇣)|

. Where hshuf(q;Ayr,⇣) is for completely randomized PT R
and "shuf" refers to shuffled. In practice, we find a robust
mathematical relation between �h2(Ayr,⇣) and Ayr for any
given ⇣ (or, equivalently, H) and rms of white noise. The cor-
responding shuffled series are produced using original series.

Now by calculating the generalized Hurst exponent for origi-
nal and shuffled data, one can compute �h2. We find that the
following function is a good fit to our simulations for Ayr in
the range of Ayr 2 [10�17,10�15] versus �h2 for ⇣ = �2/3
and rms=100 ns:
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where a= 0.19±0.06, b=�1.57±0.92, and c= 7.40±3.30.
This fitting function is not unique, and here we select a high
goodness of fit. Before going further, it is worth noting
that the whitened noise generation is serious in many simula-
tions. An optimal algorithm to evaluate noise quality in many
simulations, especially in data generation by the TEMPO2
software, can be carried out by the shuffling procedure ex-
plained here. Subsequently, our proposal in this regard can be
straightforwardly implemented as a new plug-in.

III) Since GWs may induce non-Gaussianity in PT R,
it is interesting to take into account �h3(Ayr,⇣) ⌘Pqmax

q=qmin
|h(q;Ayr,⇣)� hsur(q,Ayr,⇣)|. In the mentioned cri-

terion, hsur(q;Ayr,⇣) is the generalized Hurst exponents com-
puted for Gaussian datasets with the same correlation function
as the original series. Here "sur" represents surrogated data
or phase-randomized surrogated series, including the multi-
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sponding fitting function.
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most 0.5, while there will be deviations in the generalized
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responding shuffled series are produced using original series.

Now by calculating the generalized Hurst exponent for origi-
nal and shuffled data, one can compute �h2. We find that the
following function is a good fit to our simulations for Ayr in
the range of Ayr 2 [10�17,10�15] versus �h2 for ⇣ = �2/3
and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3

2 +b�h2
2 + c�h2 (35)

where a= 0.19±0.06, b=�1.57±0.92, and c= 7.40±3.30.
This fitting function is not unique, and here we select a high
goodness of fit. Before going further, it is worth noting
that the whitened noise generation is serious in many simula-
tions. An optimal algorithm to evaluate noise quality in many
simulations, especially in data generation by the TEMPO2
software, can be carried out by the shuffling procedure ex-
plained here. Subsequently, our proposal in this regard can be
straightforwardly implemented as a new plug-in.

III) Since GWs may induce non-Gaussianity in PT R,
it is interesting to take into account �h3(Ayr,⇣) ⌘Pqmax

q=qmin
|h(q;Ayr,⇣)� hsur(q,Ayr,⇣)|. In the mentioned cri-

terion, hsur(q;Ayr,⇣) is the generalized Hurst exponents com-
puted for Gaussian datasets with the same correlation function
as the original series. Here "sur" represents surrogated data
or phase-randomized surrogated series, including the multi-
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FIG. 6.— Value of Ayr determined by four strategies introduced in this paper only for ⇣ =�2/3 and rms=100 ns. The solid lines are typical fitting functions.

and �h1 in the range of Ayr 2 [10�17,10�15] reads as:
✓ Ayr

10�17

◆
= a�h2

1 +b�h1 + c (34)

where a = (�1.15 ± 0.40)⇥ 1012, b = (2.84 ± 0.54)⇥ 107

and c = �74.45± 16.88. This fitting function is not unique,
and here we select one with a high goodness of fit before go-
ing further. Also, for any other rms dictated by experiment,
the above analysis should be repeated again to find the corre-
sponding fitting function.

II) For pure PTRs, we found that the Hurst exponent is al-
most 0.5, while there will be deviations in the generalized
Hurst exponent for PT R signals affected by GWs (Eq. (33))
for a given amplitude Ayr, and ⇣. Therefore, another powerful
measure to quantify the intensity of the GWB would be

�h2(Ayr,⇣)⌘
qmaxX

q=qmin

|h(q;Ayr,⇣)�hshuf(q;Ayr,⇣)|

. Where hshuf(q;Ayr,⇣) is for completely randomized PT R
and "shuf" refers to shuffled. In practice, we find a robust
mathematical relation between �h2(Ayr,⇣) and Ayr for any
given ⇣ (or, equivalently, H) and rms of white noise. The cor-
responding shuffled series are produced using original series.

Now by calculating the generalized Hurst exponent for origi-
nal and shuffled data, one can compute �h2. We find that the
following function is a good fit to our simulations for Ayr in
the range of Ayr 2 [10�17,10�15] versus �h2 for ⇣ = �2/3
and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3

2 +b�h2
2 + c�h2 (35)

where a= 0.19±0.06, b=�1.57±0.92, and c= 7.40±3.30.
This fitting function is not unique, and here we select a high
goodness of fit. Before going further, it is worth noting
that the whitened noise generation is serious in many simula-
tions. An optimal algorithm to evaluate noise quality in many
simulations, especially in data generation by the TEMPO2
software, can be carried out by the shuffling procedure ex-
plained here. Subsequently, our proposal in this regard can be
straightforwardly implemented as a new plug-in.

III) Since GWs may induce non-Gaussianity in PT R, it is
interesting to take into account

�h3(Ayr,⇣)⌘
qmaxX

q=qmin

|h(q;Ayr,⇣)�hsur(q,Ayr,⇣)|

. In the mentioned criterion, hsur(q;Ayr,⇣) is the general-
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FIG. 7.— Schematic representation of our pipeline for searching the footprint of GWB in the context of multifractal analysis of irregular PT Rs.

ized Hurst exponents computed for Gaussian datasets with
the same correlation function as the original series. Here
"sur" represents surrogated data or phase-randomized surro-
gated series, including the multiplication of Fourier-transform
data by a random phase with a uniform distribution function
(Prichard & Theiler 1994). We simulated the PT R accompa-
nying the GWB with different amplitudes, and the following
fitting function is determined for Ayr in the same range as
above versus �h3 for ⇣ =�2/3 and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3 +b (36)

where a = 68.03±11.73 and b =�321.50±65.10.
IV ) The width of the singularity spectrum, which quanti-

fies the nature of multifractality, is another benchmark for de-
termining the amplitude of GWs superimposed on the PT Rs.
This measure is defined by �h4(Ayr,⇣) ⌘ |�↵(Ayr,⇣) �
�↵(Ayr = 0)|. According to our simulations, we find:

✓ Ayr

10�17

◆
= a�hb

4 + c (37)

for ⇣ = �2/3 and rms=100 ns in the range of
Ayr 2 [10�17,10�15]. Here a = 106.30 ± 7.80,
b = 1.62±0.42, and c = 1.52±9.74.

Let us summarize our strategy based on the above criteria
for searching GWs in observation. As explained in section
2, in the case of the proper value of signal-to-noise (S/N) for
each observed PTR, we remove all known contributions from
foreground contamination. Therefore, we make regular series
according to methods explained in subsection 2.3. Now we
are ready to apply either AD or SVD method to extract the
dominant part of the signal (the trend part) from the noise.
Then, we apply the MF-DXA method to compute �̄⇥, and we
compute the spatial cross-correlation to identify the probable
quadrupolar signature. In the case of finding the mentioned
signature, we go through the detection of GWs. Otherwise,
we can only carry out the upper-limit approach. We also ap-
ply irregular MF-DXA on the proper part of the series for
all available pairs of observed PT Rs to examine the temporal
part of the cross-correlation function and deduce the tempo-
ral scaling exponent. In the case of the homogeneous and
isotropic source of the GWB, h⇥ is independent from the an-
gular separation of PT Rs, while for anisotropic or different
single sources of GWs, the scaling exponent of the tempo-
ral part of the cross-correlation gets various values for differ-
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FIG. 8.— Log-log plot of F2(s) versus s computed according to backward
DMA, namely ✓ = 0.0, for various observed datasets. To make more sense,
we shifted F2 vertically for different amplitudes

ent pairs. Utilizing either irregular MF-DFA or irregular MF-
DMA on cleaned data leads to computing h(q). The best-fit
value of ⇣ is then determined by using the power-spectrum
exponent. Following the benchmarks, we compute �h1, �h2,
�h3, and �h4 for the observed PT Rs. The GWB amplitude
can be conservatively read from the corresponding plots, as
indicated in Fig. 6 or stated by Eqs (34), (35), (36) and (37).
It is worth noting that the functional form of �h should be
determined for each value of ⇣ and given rms of white noise
associated with observed data. Finally, we are able to compute
the upper limit on Ayr using posterior analysis (see section 5).
Fig. 7 is a schematic representation of the pipeline.

Here we emphasize some important considerations for deal-
ing with observed PT Rs. First of all, we define a relative dif-
ference between the scaling exponent computed for the ob-
served PT Rs and that computed for the PT Rs without GWB
to reduce the contribution of noise and trends. Finally, in our
approach, the level of noise is almost no longer serious when
we focus on the scaling exponent.

5. IMPLEMENTATION OF MULTIFRACTAL METHODS
ON OBSERVED PTR DATA
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ized Hurst exponents computed for Gaussian datasets with
the same correlation function as the original series. Here
"sur" represents surrogated data or phase-randomized surro-
gated series, including the multiplication of Fourier-transform
data by a random phase with a uniform distribution function
(Prichard & Theiler 1994). We simulated the PT R accompa-
nying the GWB with different amplitudes, and the following
fitting function is determined for Ayr in the same range as
above versus �h3 for ⇣ =�2/3 and rms=100 ns:
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10�17

◆
= a�h3 +b (36)

where a = 68.03±11.73 and b =�321.50±65.10.
IV ) The width of the singularity spectrum, which quanti-

fies the nature of multifractality, is another benchmark for de-
termining the amplitude of GWs superimposed on the PT Rs.
This measure is defined by

�h4(Ayr,⇣)⌘ |�↵(Ayr,⇣)��↵(Ayr = 0)|
. According to our simulations, we find:
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for ⇣ = �2/3 and rms=100 ns in the range of
Ayr 2 [10�17,10�15]. Here a = 106.30 ± 7.80,
b = 1.62±0.42, and c = 1.52±9.74.

Let us summarize our strategy based on the above criteria
for searching GWs in observation. As explained in section
2, in the case of the proper value of signal-to-noise (S/N) for
each observed PTR, we remove all known contributions from
foreground contamination. Therefore, we make regular series
according to methods explained in subsection 2.3. Now we
are ready to apply either AD or SVD method to extract the
dominant part of the signal (the trend part) from the noise.
Then, we apply the MF-DXA method to compute �̄⇥, and we
compute the spatial cross-correlation to identify the probable
quadrupolar signature. In the case of finding the mentioned
signature, we go through the detection of GWs. Otherwise,
we can only carry out the upper-limit approach. We also ap-
ply irregular MF-DXA on the proper part of the series for
all available pairs of observed PT Rs to examine the temporal
part of the cross-correlation function and deduce the tempo-
ral scaling exponent. In the case of the homogeneous and
isotropic source of the GWB, h⇥ is independent from the an-
gular separation of PT Rs, while for anisotropic or different
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single sources of GWs, the scaling exponent of the tempo-
ral part of the cross-correlation gets various values for differ-
ent pairs. Utilizing either irregular MF-DFA or irregular MF-
DMA on cleaned data leads to computing h(q). The best-fit
value of ⇣ is then determined by using the power-spectrum
exponent. Following the benchmarks, we compute �h1, �h2,
�h3, and �h4 for the observed PT Rs. The GWB amplitude
can be conservatively read from the corresponding plots, as
indicated in Fig. 6 or stated by Eqs (34), (35), (36) and (37).
It is worth noting that the functional form of �h should be
determined for each value of ⇣ and given rms of white noise
associated with observed data. Finally, we are able to compute
the upper limit on Ayr using posterior analysis (see section 5).
Fig. 7 is a schematic representation of the pipeline.

Here we emphasize some important considerations for deal-
ing with observed PT Rs. First of all, we define a relative dif-
ference between the scaling exponent computed for the ob-
served PT Rs and that computed for the PT Rs without GWB
to reduce the contribution of noise and trends. Finally, in our
approach, the level of noise is almost no longer serious when
we focus on the scaling exponent.
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ized Hurst exponents computed for Gaussian datasets with
the same correlation function as the original series. Here
"sur" represents surrogated data or phase-randomized surro-
gated series, including the multiplication of Fourier-transform
data by a random phase with a uniform distribution function
(Prichard & Theiler 1994). We simulated the PT R accompa-
nying the GWB with different amplitudes, and the following
fitting function is determined for Ayr in the same range as
above versus �h3 for ⇣ =�2/3 and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3 +b (36)

where a = 68.03±11.73 and b =�321.50±65.10.
IV ) The width of the singularity spectrum, which quanti-

fies the nature of multifractality, is another benchmark for de-
termining the amplitude of GWs superimposed on the PT Rs.
This measure is defined by

�h4(Ayr,⇣)⌘ |�↵(Ayr,⇣)��↵(Ayr = 0)|
. According to our simulations, we find:
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for ⇣ = �2/3 and rms=100 ns in the range of
Ayr 2 [10�17,10�15]. Here a = 106.30 ± 7.80,
b = 1.62±0.42, and c = 1.52±9.74.

Let us summarize our strategy based on the above criteria
for searching GWs in observation. As explained in section
2, in the case of the proper value of signal-to-noise (S/N) for
each observed PTR, we remove all known contributions from
foreground contamination. Therefore, we make regular series
according to methods explained in subsection 2.3. Now we
are ready to apply either AD or SVD method to extract the
dominant part of the signal (the trend part) from the noise.
Then, we apply the MF-DXA method to compute �̄⇥, and we
compute the spatial cross-correlation to identify the probable
quadrupolar signature. In the case of finding the mentioned
signature, we go through the detection of GWs. Otherwise,
we can only carry out the upper-limit approach. We also ap-
ply irregular MF-DXA on the proper part of the series for
all available pairs of observed PT Rs to examine the temporal
part of the cross-correlation function and deduce the tempo-
ral scaling exponent. In the case of the homogeneous and
isotropic source of the GWB, h⇥ is independent from the an-
gular separation of PT Rs, while for anisotropic or different
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FIG. 8.— Log-log plot of F2(s) versus s computed according to backward
DMA, namely ✓ = 0.0, for various observed datasets. To make more sense,
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single sources of GWs, the scaling exponent of the tempo-
ral part of the cross-correlation gets various values for differ-
ent pairs. Utilizing either irregular MF-DFA or irregular MF-
DMA on cleaned data leads to computing h(q). The best-fit
value of ⇣ is then determined by using the power-spectrum
exponent. Following the benchmarks, we compute �h1, �h2,
�h3, and �h4 for the observed PT Rs. The GWB amplitude
can be conservatively read from the corresponding plots, as
indicated in Fig. 6 or stated by Eqs (34), (35), (36) and (37).
It is worth noting that the functional form of �h should be
determined for each value of ⇣ and given rms of white noise
associated with observed data. Finally, we are able to compute
the upper limit on Ayr using posterior analysis (see section 5).
Fig. 7 is a schematic representation of the pipeline.

Here we emphasize some important considerations for deal-
ing with observed PT Rs. First of all, we define a relative dif-
ference between the scaling exponent computed for the ob-
served PT Rs and that computed for the PT Rs without GWB
to reduce the contribution of noise and trends. Finally, in our
approach, the level of noise is almost no longer serious when
we focus on the scaling exponent.
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FIG. 6.— Value of Ayr determined by four strategies introduced in this paper only for ⇣ =�2/3 and rms=100 ns. The solid lines are typical fitting functions.

and �h1 in the range of Ayr 2 [10�17,10�15] reads as:
✓ Ayr

10�17

◆
= a�h2

1 +b�h1 + c (34)

where a = (�1.15 ± 0.40)⇥ 1012, b = (2.84 ± 0.54)⇥ 107

and c = �74.45± 16.88. This fitting function is not unique,
and here we select one with a high goodness of fit before go-
ing further. Also, for any other rms dictated by experiment,
the above analysis should be repeated again to find the corre-
sponding fitting function.

II) For pure PTRs, we found that the Hurst exponent is al-
most 0.5, while there will be deviations in the generalized
Hurst exponent for PT R signals affected by GWs (Eq. (33))
for a given amplitude Ayr, and ⇣. Therefore, another powerful
measure to quantify the intensity of the GWB would be

�h2(Ayr,⇣)⌘
qmaxX

q=qmin

|h(q;Ayr,⇣)�hshuf(q;Ayr,⇣)|

. Where hshuf(q;Ayr,⇣) is for completely randomized PT R
and "shuf" refers to shuffled. In practice, we find a robust
mathematical relation between �h2(Ayr,⇣) and Ayr for any
given ⇣ (or, equivalently, H) and rms of white noise. The cor-
responding shuffled series are produced using original series.

Now by calculating the generalized Hurst exponent for origi-
nal and shuffled data, one can compute �h2. We find that the
following function is a good fit to our simulations for Ayr in
the range of Ayr 2 [10�17,10�15] versus �h2 for ⇣ = �2/3
and rms=100 ns:

✓ Ayr

10�17

◆
= a�h3

2 +b�h2
2 + c�h2 (35)

where a= 0.19±0.06, b=�1.57±0.92, and c= 7.40±3.30.
This fitting function is not unique, and here we select a high
goodness of fit. Before going further, it is worth noting
that the whitened noise generation is serious in many simula-
tions. An optimal algorithm to evaluate noise quality in many
simulations, especially in data generation by the TEMPO2
software, can be carried out by the shuffling procedure ex-
plained here. Subsequently, our proposal in this regard can be
straightforwardly implemented as a new plug-in.

III) Since GWs may induce non-Gaussianity in PT R, it is
interesting to take into account

�h3(Ayr,⇣)⌘
qmaxX

q=qmin

|h(q;Ayr,⇣)�hsur(q,Ayr,⇣)|

. In the mentioned criterion, hsur(q;Ayr,⇣) is the general-
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3)
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where f is the frequency of GWs, ºf1 yr
1

1 yr
; �yr is the

dimensionless amplitude of the GWB; and ζ is a scaling
exponent and for almost all expected GWs is z < 0. The
corresponding ζ exponent takes the following values for
different mechanisms: z = - 2

3
for coalescing black hole

binaries, ζ=−1 for cosmic strings, and z = - 7
6
for primordial

GWs from the Big Bang (Hobbs 2011). We should mention
that the power-law relation obtained in Equation (33) is not
unique and there is another framework represented by Sesana
et al. (2008) and Yardley (2011). The dimensionless amplitude
of GWs has been predicted by most authors in the range of
� Î - -[ ]10 , 10yr

15 14 ; however, according to Sesana et al.
(2008) and Yardley (2011), the expected range of �yr for a
stochastic GWB is � Î ´- -[ ]10 , 3 10yr

16 15 .

3.2. Synthetic Data Sets for GWB

To simulate synthetic series, we use the TEMPO2 software
package that carries out the fitting procedure of TOA (Hobbs
et al. 2006a). This package is used to simulate pure timing
residuals (Hobbs et al. 2009). To simulate the GWB, the
“GWbkgrd” plug-in of TEMPO2 will be used (Taylor &
Gair 2013). In the absence of GW signal, we have pure PTRs
represented by PTRpure, while signal induced by the GWB is
indicated by PTR(t).

In order to test the effect of GWs on the PTRs, we simulate
100 timing residuals with 1076 data points that are separated by
13 days with an rms of 100 ns. Then we add the effect of GWB
on the simulated pure PTR using different seeds for a given
�yr. The chosen accuracy for simulation has been used in other
work as a level at which a GWB might be detected (Jenet
et al. 2005); however, it should be noted that only two of the
PPTA pulsars (J0437–4715 and J1909–3744) have rms noise
of this order (Table 1).

The GWB introduces two terms for each polarization, one
set of which is referred to as the Earth terms. These Earth terms
are correlated. However, the other set, referred to as the pulsar
terms, has equal amplitude but a long and unknown time delay,
so these terms are effectively uncorrelated noise with the same
red spectrum as the Earth terms. Our simulations include both
the Earth and the pulsar terms. We simulate 20 pure PTRs for
pulsars separated in the sky according to the ephemeris of
20 MSPs observed in the PPTA project (Table 1). An isotropic
GWB induces a particular spatial cross-correlation in PTRs
leading to a quadrupolar signature (Hellings and Downs curve;
Hellings & Downs 1983; Jenet et al. 2005). Subsequently, to
examine the GWB, we will examine the cross-correlation
property of the simulated data.
The upper panel of Figure 1 indicates a typical pure timing

residual simulated by TEMPO2 with zero mean uncorrelated
series. We also depict the superposition of pure timing
residuals with the GW model introduced in Hobbs et al.
(2009) in the middle panel of Figure 1.

3.3. Observed Data

We use the timing residual data of 20 MSPs observed by the
PPTA project at three bandwidths, namely 10, 20, and 50 cm,
by implementing the Parkes 64 m radio telescope (PTA;
Manchester et al. 2013). The PTA telescope is located in
Australia at an altitude of −33° and can observe all of the inner
Galaxy. Due to the higher stability of the short-period MSPs,
the observed pulsars have short periods and are selected from
bright ones. Also, these MSPs have narrow pulse widths in
order to reduce uncertainties in the corresponding TOA.
Finally, isolated wide-binary MSPs have been selected to
avoid the effects of the companion star.
The PTR series for these MSPs as observed data sets are

publicly available.5 We have used the TEMPO2 software to

Table 1
Hurst Exponent, H, Width of Singularity Spectrum, Δα, Scaling Exponent of Temporal Autocorrelation, γ, rms, Total Time Span (TTS) of Post-fit Timing Residuals,

and Upper Limit on Dimensionless Amplitude of GWB of 20 MSPs Observed in PPTA Project

PSR Number PSR Name H Δα γ rms (μs) TTS (yr) � ( )95%yr
up

1 J0437–4715 0.78±0.03 0.89±0.06 −1.56±0.06 0.08 4.76 5.0×10−15

2 J0613–0200 0.68±0.06 1.22±0.04 −1.37±0.11 1.07 5.99 7.0×10−15

3 J0711–6830 0.56±0.10 1.40±0.08 −1.13±0.19 0.89 5.99 6.0×10−15

4 J1022+1001 0.65±0.06 1.04±0.04 −1.30±0.13 1.72 5.88 8.5×10−15

5 J1024–0719 0.87±0.03 1.60±0.03 −1.74±0.07 1.13 5.99 L
6 J1045–4509 0.84±0.02 1.29±0.04 −1.68±0.05 2.77 5.94 L
7 J1600–3053 0.75±0.05 1.34±0.04 −1.50±0.09 0.68 5.93 L
8 J1603–7202 0.68±0.04 1.29±0.05 −1.37±0.07 2.14 5.99 2.5×10−15

9 J1643–1224 0.83±0.04 0.89±0.02 −1.66±0.08 1.64 5.87 L
10 J1713+0747 0.74±0.04 1.20±0.05 −1.48±0.09 0.31 5.71 2.0×10−15

11 J1730–2304 0.60±0.11 1.79±0.04 −1.21±0.23 1.47 5.93 L
12 J1732–5049 0.81±0.03 1.56±0.03 −1.62±0.07 2.22 5.08 2.0×10−15

13 J1744–1134 0.85±0.04 1.52±0.03 −1.70±0.09 0.32 5.87 L
14 J1824–2452A 0.70±0.03 1.26±0.05 −1.40±0.07 2.44 5.75 10.0×10−15

15 J1857+0943 0.71±0.05 1.45±0.02 −1.42±0.10 0.84 5.93 L
16 J1909–3744 0.76±0.06 1.32±0.06 −1.52±0.11 0.13 5.75 6.0×10−15

17 J1939+2134 0.80±0.02 1.25±0.02 −1.61±0.04 0.68 5.88 L
18 J2124–3358 0.65±0.07 1.23±0.04 −1.30±0.13 1.90 5.99 6.0×10−15

19 J2129–5721 0.66±0.07 1.54±0.04 −1.32±0.13 0.80 5.86 7.0×10−15

20 J2145–0750 0.69±0.06 1.29±0.05 −1.38±0.11 0.78 5.99 L

Note. The error bar corresponds to a 1σ confidence interval.

5 https://data.csiro.au/dap/home?execution=e1s1
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What the next?  
1) Based on Machine Learning, we look for 

optimum pipeline for GW detection  

2) Applying Topological and geometrical 
measures on PTRs for further analysis  

3) q-moments can manipulate the 
contribution of  noises  
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Feature vectors 

Encoder
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Figure 1. A schematic view of the feature vector generation. For
a CMB map (input on left side) it produces a 275-dimensional
feature vector, here presented as a 25⇥ 11 array (right side). The
vector includes all possible combinations of decomposers, filters
and statistical measures used in this work.

4 DETECTION STRATEGY

The CS detection algorithm of this work has two main steps.
The pre-processing step compresses information from maps
into feature vectors (each with 275 elements). The feature
vectors are then passed to the classifier unit for classification.
These two steps are briefly explained in the following.

4.1 I) Pre-processing unit

The feature extraction step employs three layers of image
processors and statistical measures to produce a feature vec-
tor as the input for the learning unit (Figure 1). The first two
layers aim at producing maps with enhanced CS detectabil-
ity (Figure 2), and the third layer quantifies the deviation
of certain statistical measures of the map from those of the
baseline model corresponding to null simulations with no CS
imprints. These layers can be briefly described as:
(i) decomposers to disintegrate maps into scales relevant to
the signal of interest. The output is labeled as either none

(corresponding to the full map), WL (or wavelet2), or one of
the three curvelet components C

5

, C
6

and C
7

, correspond-
ing to the three smallest scales3(Vafaei Sadr et al. 2017).
(ii) various filters to enhance edges. The output is labeled as
either none (corresponding to the full map), der (or deriva-
tive), lap (or Laplacian), sob (or Sobel) or sch (or Scharr).
(iii) di↵erent statistical measures applied on the filtered,
scale-decomposed maps. The measures are pdf (the prob-
ability distribution function), M

2

to M
7

(the second to sev-
enth statistical moments), cor (the map correlation func-
tion),  pp (the autocorrelation of peaks),  cc (the autocor-

2 The wavelet used here is the Daubechies db12 (Daubechies
1990) with the mother function provided by the PyWavelets pack-
age, https://github.com/PyWavelets, and with the coe�cients
low-pass filtered with a threshold of 3.
3 We used the Pycurvelet package (Vafaei Sadr et al. 2017) as
our 2D, discrete version of the curvelet transform (Candes et al.
2006). This package is the python-wrapped version of CurveLab,
http://www.curvelet.org/. We chose n

scales

= 7 and n
angles

=
10 as the curvelet transformation parameters.

Figure 2. All of the 25 outputs of the image processing layers of
the algorithm applied to a map with Gµ = 1.0⇥ 10�7. The color
scale is logarithmic. These are then passed to the 11 statistical
measures, yielding the full set of 275 features.

relation of upcrossings) and  cp (the peak-upcrossing cross-
correlation). For a thorough description see Vafaei Sadr et al.
(2017). See also Rice 1944; Bardeen et al. 1986; Bond & Ef-
stathiou 1987; Ryden et al. 1989; Ryden 1988; Landy &
Szalay 1993; Matsubara 1996, 2003; Ducout et al. 2013;
Pogosyan et al. 2009; Gay et al. 2012; Codis et al. 2013.
For any given map, the final output of the pre-processor
is a feature vector with 275 elements, corresponding to all
combinations of processors from each layer (Figure 1). The
feature vector is then passed to the learning unit for classi-
fication, i.e. to RF and GB, to learn from simulations and
to estimate Gµ for new maps.

4.2 II) Learning unit

In this section we develop a machine-based algorithm to
estimate the Gµ’s of given CMB maps using their feature
vectors generated by the pre-processors. We use supervised
classifiers to build the data-driven model which maps the
feature vector XXX to the predictor Y . More specifically, we
use the two powerful tree-based ensemble methods intro-
duced in sections 3.2.1 and 3.2.2: random forest or RF and
gradient boosting or GB.

As pointed out in Section 3, using classifiers as the
learning algorithm would discretize the allowed ranges of
the continues parameter Gµ and limit the prediction power
of the method. To bypass its limitation, we propose to use
the Bayesian average of classes as the prediction for the ob-
servation (discussed below), thus expanding the prediction
power of the classifier to intra-class Gµ’s.

To avoid overfitting, we use a K-fold cross-validation
strategy (Section 3.4) where the original dataset is randomly
divided into K equal subsets where K � 1 subsets form the
training sets and one is the validation set. The process is
repeated K times to guarantee each subset is validated once.

MNRAS 000, 1–10 (0000)

corresponding to presenting a scaling behavior must be
satisfied, as represented by Equations (10) and (11). In some
cases, there exist one or more crossovers corresponding to
different correlation behaviors of the pattern in various scales
(Hu et al. 2001; Kantelhardt et al. 2001; Chen et al. 2002;
Nagarajan & Kavasseri 2005a, 2005b, 2005c). The MF-DFA
and MF-DXA methods cannot remove the effect of all
undesired parts of the underlying signal; therefore, we
implement complementary tasks to properly recover the scaling
behavior of fluctuation functions and obtain the reliable scaling
exponents. There are some preprocessing methods for denois-
ing in the literature; for instance, the EMD method (Huang
et al. 1998), the Fourier-detrended (Fourier-based filtering)
method (Chianca et al. 2005; Nagarajan & Kavasseri 2005b),
the SVD method (Golub & Van Loan 1996; Nagarajan &
Kavasseri 2005a, 2005c), and the AD algorithm (Hu et al.
2009). In this paper, we utilize the SVD method and AD
algorithm. The main part of the SVD method can be described
in the following steps (Nagarajan & Kavasseri 2005a, 2005c;
Hajian & Movahed 2010).

(I) Construct a matrix whose elements are PTRs in the
following order,

G º

t t

t t

t t

+ + - - -

+ + - - -

+ + - - -

# # # #

# # # #

⎛

⎝

⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟
( )

( )

( )

( )

PTR PTR ... PTR

PTR PTR ... PTR

PTR PTR ... PTR

, 25

N d

i i i N d

d d d N d

1 1 1 1 1

1 1

1 1

where d is the embedding dimension, τ is the time delay, and
1�i�d. Considering a time series of size N, the maximum
value of the embedding dimension d is equal to d�N−
(d−1)τ+1 (Nagarajan & Kavasseri 2005b, 2005c; Shang
et al. 2009).

(II) Decompose the matrix G to left ( ´Ud d) and right
( t t- - ´ - -( ( ) ) ( ( ) )VN d N d1 1 ) orthogonal matrices,

G = ( )†USV , 26

where t´ - -( ( ) )Sd N d 1 is a diagonal matrix and its elements are
the desired singular values. If we are interested in examining
the fluctuations with high frequency, we should remove
dominant wavelengths. In this case, for removing trends
containing p-dominant wavelengths, we set the 2p+1 largest
eigenvalues of matrix S to zero; therefore, long periods or short
frequencies are eliminated. In other words, the p dominant
eigenvalues and associated eigenvectors correspond to long-
wavelength (short-frequency part) subspace, while d−p
eigenvalues and the corresponding eigen-decomposed vectors
represent short-wavelength (high-frequency part) subspace.

In this paper, we look for the footprint of GWs superimposed
on the PTR signals. As shown in Figure 1, the GW part
behaves as a dominant trend in PTRs; consequently, we
essentially need to do denoising using the SVD method to
magnify the contribution of superimposed GWs. To this end,
we should remove small eigenvalues corresponding to a low-
pass filter. In this paper, we eliminate the high-frequency part
of the signal by keeping the 2p+1 largest eigenvalues of the
matrix S.

Finally, the new eigenvalues matrix, S̃, is determined.
According to the filtered matrix, G =˜ ˜ †USV , the cleaned time

series is constructed by

= G~
+ - ˜ ( )PTR . 27i j ij1

Figure 1. The upper panel corresponds to a pure simulated timing residual. The
middle panel shows a synthetic pure timing residual induced by the GWB with
a dimensionless amplitude of� = -10yr

15. Here we take ζ=−2/3. The lower
panel shows the observed PTRs of PSR J0437–4715 from the PPTA project.
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1) Making a pipeline to generate cosmological field based on Generative 
Adversarial Networks (GANs) method. (In contrast to discriminative 
algorithm trying to find a label for feature values, the generative 
approach  tries to find the probability of features given a class).

2) Inspired by self-similar process, it is also useful to examine Pulsar Timing 
residual in order to recognize the footprint of Gravitational Waves 

3) Geometrical phase transition provides useful framework for searching 
probably phase transition in the late universe. 

Further comments

59



Take-home message

1- Data and various observations provide opportunity to 
evaluate our models to explain our cosmos  
  
2- Pipelines may help compared to doing single tools. 

3- Machines may help as well 

 Vafaei Sadr, A., et al., MNRAS, 478.1 (2018): 1132-1140; 
Eghdami, I., et al., APJ, 864:162 (18 pp), 2018
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It is impossible to increase the sensitivity of detection compared 
to what we found, if we consider mentioned measures 



Summary 

  
1) An overview on Observables   

2) Cosmological Random fields  

3) Self-similar and self-affine Processes 

4) Pulsars Timing Residuals and GWB    

5) Our Pipeline for detection GWB 
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Thank you
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http://physics.sbu.ac.ir
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