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. Primary :I
. Secondary I
 Qualitative |

Quantitative |

§ Independent
Dependent
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Correlation coefficients

Correlation functions
Linear correlation |

Non-linear correlation )

D Auto-correlation
Cross-correlation )

Correlation

Two-Point correlation

n-point correlation

| Weighted correlation

Un-weighted correlalion)
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Random Processes

Purely Random

Process  p(x .z |x, ¢ .ix,0)=p(x,.t)

Dependent Process

p('xn’ /1’ n l’fn—l;'”- 12 1)_

p("xn" n I xn 1>rn—l-’ ‘Xl’r )xp('xn 1° n -1 |'Xn ??fn ?’
X p(x,,t | X, 1) X p(xg,T)

f,<t,<..<t
Markov Process

p(.X?, n" nl’rnl’ 'Xl?r) p(‘xzﬁn‘lnlﬁ nl)

X p(ln—l 2 rn—l 2 'X'n—z ? rn_z 9"y

. X

3 Xy, 1)

1)



Probability distribution

Gzl ¢i(1), 6,(1), .o oy (ty) ]

(1) =x,8,(1) =x, ..., (Ty) =Xy
» Probability Density Function ( PDF)

P(x<{ <x+dx)= p(x)dx
 Joint Probability Density

p(x,, 15 x 1)
« Conditional Probability Density

p(x;, 1 5x;,1;)
p(x;.1))

p(x,.t; | x,,1,)=
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Classification of correlations

Correlation coefﬁcients]

Correlation functions]

Linear Correlation

‘Non-Linear Correlation]

Auto-correlation

Cross-correlation

Two-Point correlation

n-point correlation |

rWeighted correlation

‘Un-weighted correlation]
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Classification of correlations

Correlation coefficients |
// Correlation functions |

m
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e N 4
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(1 for T =1y
Pry = \/<§(i—<<f;;(>i(_<fz)>>)2> =4q 0 un — correlated data
® Y - 1 anti — correlated data

Cuy(tity) = ((x(t:) — (x(:))) (y(t5) — (y(t;))))

®
®
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Fluctuations

Fluctuations

S. Hajian, M.S. Movahed / Physica A 389 (2010) 4942-4957
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x(1)

Anti-correlated, Uncorrelated and
Correlated Gaussian noise
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Classification of correlations

Pearson’s coefficient
Spearman’s coefficient

Linear Correlation]

‘Non-Linear Correlation]

1 for x =1y
= )W) )

Py = — = un — correlated data
VA= @) =) \ —1 anti — correlated data
2
ps=1—6 ZZ’J ’
N(NZ2 —-1)

di;j = [Rank(x;) — Rank(x;)|[Rank(y;) — Rank(y;)]

{z} : {20,100, 30, 50, 160, 10}

Rank(z) : {5,2,4,3,1,6}
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Auto-correlation function

Cra(ti, t;) = ((x(ti) — (2(t:))) (x(t;) — (x(t5))))

Cuy(tis t5) = ((2(t:) — (@(t:))) (y(t5) — (W(E5))))

Cross-correlation function

Auto-correlation

Cross-correlation

1 for =1y

— ((z— () (y—(¥))) —

oy = = un — correlated data
YT V= @)2) (v—()2)

\ —1 anti — correlated data

Cross-correlation coefficient
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Classification of correlations

®

‘Two-Point correlation |

n-point correlation]
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Weighted Correlation function

For stationary processes
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Auto-correlation (Time averaging)

C(1,6) = ((X(1) = X)(X(6) - X)) = (X (k + DX(k)) =

1
N -5

E_ X(k + 5)X (k)




Classification of correlations

Weighted correlation |

'Un-weighted correlation |
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g(R) and its relation to thermodynamics

2N g !
Pe L5 Uy
o g e g

Uln) = [,LU‘{:J') = <

Steric. pq_fm\ Sion

gm 1\/\—/\/\

' LR 2 4 r/D
r e oL b f/jﬂai ¢) 7o |
ANkKT niN 7 n du
UWN,V,T)=(H) = > + > /u(r)g(r)dr- P_nkT(l_deT drrg(r)dr)

Statistical Mechanics, R. K. Pathria, Paul D. Beale, 2011. 28



Cra (1) = ((2(t:) — (2(t:))) (2(ti +7) = (@(t: +7))))

Pjoint(Ti, Tj5;T) = p(xi, ta)p(xs, ts +7) [1 + VU (zs, 255 7)]

N (R))pair = Npair(1 + Vpair(R))

N (R))pair

Uouir(R) = ( 1

Npair
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Vouir(R) =0 forall R Uoair(R) >0 for R = Ry
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Clustering of features
Un-weighted correlation function

This is unweighted pixel correlations with particular conditions
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A challenge: Finite size effect:

0.3F ' ' ! | L BN LR IR~
()25- + ® Gaussian _f
Tk ++ + A Gaussian+String§
i bt ';
\'02__ + + + Iy 1+H =
M03§_ + L T+¢H
04‘— ? ¢ :b: A
: Ny 244 !
05.:- .:ﬂ ““44
0.6F .'.“'?
o7 2I0 - I4I0' - I6I0I B I8IOHI1IOO
0 / arcmin

not reliable part
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A challenge: Finite size effect: Solution

Do(r1,91)Do(ra,¥2)\ NH(NG — 1)
\IJN_ 19 19 _ o y ? — 1
o—o(r; U1, 02) (Ro(rl,ﬁ1)R<>(r2ﬂ92)> Np(Np —1)
O (ri 0y, 9y) — o0 9 Ra(rs, 92) Do(r1, 01) Do(rz,¥3)

(Do (r1,91) Ro(r2, ¥2)]°

+1

LS Do (r1,91)Do(r2,92) \ Ng(Ng —1) Do (r1,91)Ro(r2,¥2) \ Ng(Ng —1)
\PO—O(T;ﬁlvﬁz) —

Ro(r1,91)Ro(ra2,02) ) No(NS —1)  \ Ro(r1,91)Ro(ra, ¥2) N&N¢,
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Some examples
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Clustering of local extrema in Planck CMB maps

A. Vafaei Sadr! and S. M. S. Movahed>!*

ISchool of Physics, Institute for Research in Fundamental Sciences (IPM), PO Box 19395-5531, Tehran, Iran
2Department of Physics, Shahid Beheshti University, 1983969411, Tehran, Iran
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Probing cosmology via the clustering of critical points
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Figure 1. Two-point cross-correlation functions for pairs of positively and negatively biased critical points for the five different cosmologies as labeled.
Correlation functions for the W, FV, PV, and PW are shown clockwise from the upper-left panel. The adopted Gaussian smoothing scale Ry is 6 A~ 'Mpc.
Vertical lines represent the exclusion zone radii and shaded regions show the standard errors around the fiducial cosmology. Note that the correlation function for
the fiducial cosmology (red-solid) is nearly identical to those with the different equations of state dark energy models (blue). However, the two-point correlation
function depends on Qy,, see Fig. 2.
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Power spectrum
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How fast?

CPU Time Required at 10° Flops

N | Discrete Fourier Transform Fast Fourier Trasform
103 1.0 sec 0.01 sec

10° 10° sec = 12 days 20 sec

10 1012 sec = 32,000 vears 3.0 x 10° sec = 8.3 hours
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T Fast Fourier
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—_ ) @ - P — /) —
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Butterfly diagram for FFT




Sunspot number
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Wavelet versus FFT
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Analyzed Signal (length = 200
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Spectral Indices

2n + 2 for D=3
m = 2n + 1 for D=2
2n for D=1
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Computational Cosmology Group
Of Shahid Beheshti University
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