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J. Delabrouille, 2017“perfect” blackbody spectrum

observational status 
(full sky, satellites )

CMB anisotropy map
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data points (observations)

theory

CMB power spectrum

Unbelievable agreement 
between theory and observation
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How did it form?

and

What does it tell us?

The Cosmic Microwave Background Radiation
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the cosmic soup!
at early times (hi z)

neutrinos

metric

electrons

photons
dark  

matter

protons
Coulomb 
scattering

Compton 
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@ hi z 
photon-baryon plasma

� + e�  ! � + e�

e� + p+  ! � +H

 Thermal equilibrium
 blackbody distribution of photons 

scattering rate  >>  1/Hubble time scale

� =
c

�mfp
� 1

tH
⇠ H

mean free path << horizon 
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I(⌫, T ) =
2hc2⌫3

eh⌫/kT � 1

n(⌫, T ) =
8⇡⌫2

eh⌫/kT � 1

now 
temperature  T=2.726

number density of photons  410/cm^3

 blackbody distribution of photons 
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COBE
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e� + p+ �! � +H

universe expands and cools down
photons lose energy

recombination @ z ~1100

last scattering of photons off electrons!
CMB forms!

mean free path >> horizon 
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Our goal

How do these CMB photons look in the sky now?

need to know the evolution of the cosmic soup!
before and after recombination.

Boltzmann Equations

Df

Dt
= C[f ]

collision term
distribution function
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Boltzmann Equations

set of equations describing the evolution of 
perturbations in the Universe  

�b, �,�, ,⇥, v, vb

baryon density
dm density

gravitational potentials

photons

baryon 
velocity

dm velocity
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need to deal with super horizon perturbations and 
relativistic particles 

therefore 
general relativistic treatments.

in the newtonian limit, they reduce to

- mass conservation
- momentum conservation (Euler eqn)
  ...
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Boltzmann (+Einstein) Equations

SUMMARY 111 

3 

-0.5 h 

Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller 
scales than do the low-order ones. In general Vi crosses zero / times between —1 and 1. 

describes the change in the polarization field in space. Upon Fourier transforming, 
it too depends on /c, /x, and ry. 

We now collect the equations we have derived for the photons, dark matter, and 
baryons and supplement them with a trivial extension to massless neutrinos: 

9 + 2fc/i0 =: - $ - ifc/X^ - f 0 0 -

n = 02 + Gp2 -f Qpo 

Qp + ikjiQp = —f -Gp-f ~ (1 -P2 

S -\-ikv = —3$ 

a 

6h + ikv]:y = - 3 $ 

^ + -J [̂ b + 3201] 

0 + I^Vh -

[nW 

- \'P2Mn (4.100) 

(4.101) 

(4.102) 

(4.103) 

(4.104) 

(4.105) 

(4.106) 

M + ik^Af = - $ - z/c/x*. (4.107) 

Equation (4.100) is the Boltzmann equation for photons we have derived. The 
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for photons

⇥0(~x, t) =
1

4⇡

Z
d⌦0⇥(p̂0, ~x, t)
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⇥p
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monopole
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Z
d
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dµµ⇥(µ)dipole

⇥l ⇠
Z

dµPlµ⇥(µ)l-th multipole moment

polarization anisotropy
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for photons

SUMMARY 111 
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Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller 
scales than do the low-order ones. In general Vi crosses zero / times between —1 and 1. 

describes the change in the polarization field in space. Upon Fourier transforming, 
it too depends on /c, /x, and ry. 

We now collect the equations we have derived for the photons, dark matter, and 
baryons and supplement them with a trivial extension to massless neutrinos: 

9 + 2fc/i0 =: - $ - ifc/X^ - f 0 0 -

n = 02 + Gp2 -f Qpo 

Qp + ikjiQp = —f -Gp-f ~ (1 -P2 

S -\-ikv = —3$ 

a 

6h + ikv]:y = - 3 $ 

^ + -J [̂ b + 3201] 

0 + I^Vh -

[nW 

- \'P2Mn (4.100) 

(4.101) 
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(4.103) 

(4.104) 

(4.105) 

(4.106) 

M + ik^Af = - $ - z/c/x*. (4.107) 

Equation (4.100) is the Boltzmann equation for photons we have derived. The 

optical depth

Legendre 
polynomials

µ = k̂.p̂

modern cosmology, S. Dodelson 
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optical depth

THE BOLTZMANN EQUATION FOR PHOTONS 101. 

The largest scales today are still in the linear regime, so Fourier transforming is 
certainly useful for the matter perturbations as well. However, to completely char-
acterize the matter field today requires accounting for nonhnearities, and for this 
purpose, Fourier transforms lose much of their appeal. Different Fourier modes cou-
ple when nonlinear behavior becomes important, so the codes which follow matter 
perturbations all the way until today work in real space. Even these codes, however, 
start at 2 ~ 20 with the initial conditions set by linear evolution. 

Our Fourier convention will be 

j^e^'-'Q{k). (4.59) 

We will often characterize a mode by the magnitude of its wavevector^ : k == yWk^. 
Before rewriting Eq. (4.56) in terms of Fourier modes, let us make two final 

definitions. First, define the cosine of the angle between the wavenumber k and the 
photon direction p to be 

/ x ^ ^ . (4.60) 

From now on, /i will be the variable describing the direction of photon propagation. 
A good way to think of /i is to go back to Figure 4.3. The wavevector k is pointing 
in the direction in which the temperature is changing, so it is perpendicular to the 
gradient {k is horizontal in the figure). When /x = 1 then the photon direction is 
aligned with k, so the photon is traveling in the direction along which the tem-
perature is changing. A photon traveling in a direction in which the temperature 
remains the same (vertically in the figure) has /x = 0. We will typically assume that 
the velocity points in the same direction as k (this is equivalent to saying that the 
velocity is irrotational), so v\^ - p = v\^/j.. Next, we define the optical depth 

r{r]) = / dr]' rieara. (4.61) 

At late times, the free electron density is small, so r <^ 1, while at early times, it 
is very large. Note that I have defined the limits of integration in such a way that 

f = ^ = -jieara. (4.62) 
dr] 

With these definitions, we are finally left with 

6 + ikfxQ 4- 4 + iki2^ = - f [GO - G + fid^] . (4.63) 

"^Note that k^ is a 3D vector in Eudclidean space so that ki — k^\ you do not need a factor of 
Qij to go back and forth. The same goes for the velocity vl^. 

http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations/74-talk-about-cmb-physics
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Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller 
scales than do the low-order ones. In general Vi crosses zero / times between —1 and 1. 

describes the change in the polarization field in space. Upon Fourier transforming, 
it too depends on /c, /x, and ry. 

We now collect the equations we have derived for the photons, dark matter, and 
baryons and supplement them with a trivial extension to massless neutrinos: 

9 + 2fc/i0 =: - $ - ifc/X^ - f 0 0 -

n = 02 + Gp2 -f Qpo 

Qp + ikjiQp = —f -Gp-f ~ (1 -P2 

S -\-ikv = —3$ 
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Equation (4.100) is the Boltzmann equation for photons we have derived. The 

for (dark) matter
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Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller 
scales than do the low-order ones. In general Vi crosses zero / times between —1 and 1. 

describes the change in the polarization field in space. Upon Fourier transforming, 
it too depends on /c, /x, and ry. 

We now collect the equations we have derived for the photons, dark matter, and 
baryons and supplement them with a trivial extension to massless neutrinos: 

9 + 2fc/i0 =: - $ - ifc/X^ - f 0 0 -
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Equation (4.100) is the Boltzmann equation for photons we have derived. The 
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Boltzmann (+GR) Equations

for baryons
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Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller 
scales than do the low-order ones. In general Vi crosses zero / times between —1 and 1. 

describes the change in the polarization field in space. Upon Fourier transforming, 
it too depends on /c, /x, and ry. 

We now collect the equations we have derived for the photons, dark matter, and 
baryons and supplement them with a trivial extension to massless neutrinos: 

9 + 2fc/i0 =: - $ - ifc/X^ - f 0 0 -

n = 02 + Gp2 -f Qpo 

Qp + ikjiQp = —f -Gp-f ~ (1 -P2 

S -\-ikv = —3$ 
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M + ik^Af = - $ - z/c/x*. (4.107) 

Equation (4.100) is the Boltzmann equation for photons we have derived. The 

Boltzmann (+GR) EquationsBoltzmann (+GR) Equations

for Neutrinos
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Figure 4.4. Some Legendre polynomials. Note that the higher order ones vary on smaller 
scales than do the low-order ones. In general Vi crosses zero / times between —1 and 1. 

describes the change in the polarization field in space. Upon Fourier transforming, 
it too depends on /c, /x, and ry. 

We now collect the equations we have derived for the photons, dark matter, and 
baryons and supplement them with a trivial extension to massless neutrinos: 

9 + 2fc/i0 =: - $ - ifc/X^ - f 0 0 -

n = 02 + Gp2 -f Qpo 

Qp + ikjiQp = —f -Gp-f ~ (1 -P2 

S -\-ikv = —3$ 

a 

6h + ikv]:y = - 3 $ 

^ + -J [̂ b + 3201] 

0 + I^Vh -
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Equation (4.100) is the Boltzmann equation for photons we have derived. The 
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but 

where do perturbations come from in the first place?

most popular scenario
inflation seeds them.

Boltzmann eqns. tell us how perturbations evolve, etc
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adiabatic iso-curvature

- relative perturbations in 
various components have the 
same ratios at different points.

- total matter/energy content 
different at different points

- same total matter/energy 
perturbations at different 
points

�b = �dm =
3

4
�⌫ =

3

4
��

�i =
�⇢i
⇢̄i

primordial perturbations
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primordial power spectrum

1- scalars 2- tensors
aka gravitational waves

Ps = As(k/kp)
ns�1

nt = �2✏

ns = 1� 4✏� 2�

Pt = At(k/kp)
nt

amplitudes

tilt 
(in terms of slow-roll parameters)
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Eqns can be solved numerically to get exact results. 
that is what is done by Boltzmann codes such as CAMB.

But let us get a feeling of eqns and their solutions
 by quantitative exploration. 

Thursday, May 17, 18



perturbations

sub-horizon super-horizon

horizon crossing

� ⌧ dH

k⌘ � 1

� � dH

k⌘ ⌧ 1

http://facultymembers.sbu.ac.ir/movahed/index.php/talks-a-presentations/74-talk-about-cmb-physics
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Ṙ

1 +R

d

d⌘
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k2

3
[

1

1 +R
�� ]

@ hi z (b4 recombination)
photons and baryons were tightly coupled

photon-baryon fluid

oscillatory sourced by 
gravity

equation for monopole to solve

only monopole and dipole contribute 
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monopole contribution to photon at decoupling

⇥0(⌘) + �(⌘) = [⇥0(0) + �(0)] cos(krs)

+

kp
3

Z
d⌘0[�(⌘0)� (eta0)] sin[k(rs(⌘)� rs(⌘

0
))]

solution  

sound horizon

similar equation for dipole perturbation

location of acoustic peaks
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ACOUSTIC OSCILLATIONS 229 

^ 1.2 

^ 1 

0.8 

— 1 — I — I — I — I — 
|— Undamped 

Analytic 
^ ^ ^ Exact 

-1 1 1 I I 

0̂ 112 = 0.015 

0 500 1000 

Figure 8.6. The monopole at recombination in a standard CDM model. The exact solution is 
the heavily weighted solid line. The light dashed line is the undamped solution of Section 8.3, 
Eq. (8.24); the heavier curve in the middle accounts for damping using the treatment of 
Section 8.4. 

clearly overestimated by our solution, but we will shortly rectify this when we 
include damping due to diffusion in the next section. A second reason to respect the 
approximate solution is that it divides the problem neatly into first (i) a calculation 
of the external gravitional potentials generated by the dark matter and then (ii) the 
effect of these potentials on the anisotropics. Third, the solution clearly illustrates 
that the cosine mode is the one excited by inflationary models. This is important, 
because it is very hard to imagine this mode excited by any other mechanism. If 
causality is respected, then there should be no perturbations with krj <^1 early on. 
We know that inflation evades this constraint by changing the true horizon; it is 
tempting to say that if this mode is observed, we are seeing evidence for inflation. 
Fourth, we now have a more accurate expression for the frequency of oscillations 
and therefore for the locations of the acoustic peaks. In the limit that the first term 
in Eq. (8.24) dominates, the peaks should appear at the extrema of cos(A:rs), e.g., 
at 

/Cp ^ rni/rs n= 1,2,.. ^.25) 

And the final reason Eq. (8.24) is impressive is that the full set of Einstein-
Boltzmann equations involve literally thousands of coupled variables (e.g., the 9/'s). 
Reducing those thousands of differential equations to just one is a huge leap in 
knowledge. 
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perturbations to photon at decoupling

⇥0(⌘) + �(⌘) = [⇥0(0) + �(0)] cos(krs)

+

kp
3

Z
d⌘0[�(⌘0)� (eta0)] sin[k(rs(⌘)� rs(⌘

0
))]

+ diffusion damping

solution  

photons decouple then from electrons 
and free stream till now.
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free streaming maps inhomogeneities in photons at last 
scattering surface to anisotropies of the CMB sky today.

⇥
0

(⌘?) ! ⇥(✓,�)
now

! a`m ! C`

inhomogeneity 
@ recomb

anisotropy now in harmonics
 space

power 
spectrum
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77(Mpc) 
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®o_±_i!j 
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Figure 8.10. The three components of the integrand in the monopole term of Eq. (8.55). The 
visibility function is sharply peaked, so it changes rapidly compared with the monopole Bo + ^ 
and the Bessel function ji(k[r] - 770])- Figure is for / = 100,/c = 0.013/i Mpc~^. 

e/(/c, 770) ĉ  [eo(/c, T],) -h ^(/c, 7/*)] ji [k{rjo - T],)] 

+ : 
rvo 

Jo • 
+ / drje ''\^{k,rj)-^k,r])\ ji[k{r]o - r])]. (8.56) 

Here I have used the spherical Bessel function identity of Eq. (C.18) to rewrite the 
Bessel function derivative in the velocity term and also the fact that ^b — — 3z6i at 
77*. On scales much smaller than the one shown in Figure 8.10, 60 + ^ changes more 
rapidly because of the rapid change in the damping scale around recombination. 
However, this effect can be incorporated by modifying the damping function from 

.-k^/kD{r).? I drjg{r])e -k^/koivf (8.57) 

Equation (8.56) is the basis for semianafytic calculations (Seljak, 1994; Hu and 
Sugiyama, 1995) of Ci spectra which agree with the exact (numerical) solutions to 

Integrated Sachs Wolf-effect (ISW)

monopole @ recomb

perturbation with k contributes to angular scales l ~ k/eta_0

free-streaming 

236 ANISOTROPIES 

with the understanding that the derivative does not act on the oscillating part of 
the exponential, e^^^^'^~'^^\ The solution in Eq. (8.48) therefore becomes 

rm 
0z(fc, Tyo) = / dr]S{k, r])ji [k{r]o - rj)] 

Jo 
(8.51) 

with the source function now defined as 

S{k,v) $ - f(eo + ^n) 

'(*-¥)] - 4fc2 di]^ 
(8.52) 

In Eq. (8.51), I have also used the property of spherical Bessel functions: ji(x) = 
( - i ) ' i / ( - ^ ) -

At this stage, it is useful to introduce the visibility function 

g{r]) = -fe ^. (8.53) 

The visibility function has some interesting properties. The integral JĴ ° dr]g{r]) — 1, 
so we can think of it as a probability density. It is the probability that a photon 
last scattered at 77. In the standard recombination, since r is so large early on, 
this probability is essentially zero for 7/ earlier than the time of recombination. It 
also declines rapidly after recombination, because the prefactor —f, which is the 
scattering rate, is quite small. Figure 8.9 shows the visibility function for two values 
of the baryon density. 

The source function in Eq. (8.52) can now be expressed in terms of the visibility 
function. If we drop the polarization tensor 11 in the source since it is very small, 
then the source function becomes 

5(A:,7y):^^(ry)[eo(A:,77) + ^(A:,77)] 

^ d_ /ivh{k,rj)g{r]) 
drj \ k 

+ e" ^(/c,77)-$(A:,77) . (8.54) 

We can take our analytic solution one step further by performing the time integral 
in Eq. (8.51). The source term proportional to fb is best treated by integrating by 
parts. Then, 

Qiik.rjo) = / dr] g{rj) [Qoik^r]) + ^{k.rj)] ji [k{r]o - r])] 
Jo 

iv\,{k,r]) d 

- J o ' 
dr] g{rj) -^ji [Hm - r])] 

Spherical 
Bessel functions

dipole @ recomb
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is a simple matter to move back and forth between the 3D unit vector p and polar 
coordinates/ I'll stick with p in the ensuing derivation. 

We now expand the field in terms of spherical harmonics. That is, we write 

oo / 

e{x,p,r])^Y^ Y^ aim{x,r])Yim{p)- (8.60) 
1 = 1 rn= — l 

The subscripts /, m are conjugate to the real space unit vector p, just as the variable 
k is conjugate to the Fourier transform variable x. We are all familiar with Fourier 
transforms, so it is useful to think of the expansion in terms of spherical harmonics 
as a kind of generalized Fourier transform. Whereas the complete set of eigenfunc-
tions for the Fourier transform are e^ '̂̂ , here the complete set of eigenfunctions for 
expansion on the surface of a sphere are YimiP)- All of the information contained in 
the temperature field T is also contained in the space-time dependent amplitudes 
aim- As an example of this, consider an experiment which maps the full sky with an 
angular resolution of 7°. The full sky has An radians^ :^ 41,000 degrees^, so there 
are 840 pixels with area of (7°)^. Thus, such an experiment would have 840 inde-
pendent pieces of information. Were we to characterize this information with a/m's 
instead of temperatures in pixels, there would be some /max above which there is no 
information. One way to determine this /max is to set the total number of recover-
able aim^s as X /̂So'C^^ + l) = (/max + l)^ = 840. So the information could be equally 
well characterized by specifying all the aim's up to /max = 28. Incidentally, this is 
a fairly good caricature of the COBE experiment (Smoot et aL, 1992; Bennett et 
aL, 1996). They presented temperature data over many more pixels, but many of 
these pixels were overlapping. So, the independent information was contained in 
multipoles up to / ~ 30. Experiments currently under way or well along in the 
planning stage are capable of measuring the moments all the way up to / ~ 10^. 

We want to relate the observables, the a/m's, to the 6/ we have been dealing 
with. To do this, we can use the orthogonality property of the spherical harmonics. 
The Yim's are normalized via Eq. (C.ll) , 

/ 
(8.61) 

where Q. is the solid angle spanned by p. Therefore the expansion of O in terms 
of spherical harmonics, Eq. (8.60), can be inverted by multiplying both sides by 
yCm{p) and integrating: 

aim{S,v) = / -^e^^'-^^ JdnYr^{p)e{k,p,v). (8.62) 

Here I have written the right-hand side in terms of the Fourier transform {Q{k) 
instead of 0(x)), since that is the quantity for which we obtained solutions. 

7ri — Pz — COS ^, px = sin Q cos (/>, and py — sin Q sin (; 

INHOMOGENEITIES TO ANISOTROPIES 241 

Figure 8.11. The distribution from which the aim's are drawn. The distribution has expecta-
tion equal to zero and a width of C^ . 

As with the density perturbations, we cannot make predictions about any par-
ticular aim, jtist about the distribution from which they are drawn, a distribution 
which traces its origin to the quantum fluctuations first laid down during inflation. 
Figure 8.11 illustrates this distribution. The mean value of all the a/^'s is zero, but 
they will have some nonzero variance. The variance of the a/^'s is called Q . Thus, 

(aim) = 0 {aimOl'^,) = 6ii'6mm'Cl. (8.63) 

It is very important to note that, for a given /, each aim has the same variance. 
For / — 100, say, ah 201 aioo,m's are drawn from the same distribution. When 
we measure these 201 coefficients, we are sampling the distribution. This much 
information will give us a good handle on the underlying variance of the distribution. 
On the other hand, if we measure the five components of the quadrupole (/ = 2), 
we do not get very much information about the underlying variance, €2- Thus, 
there is a fundamental uncertainty in the knowledge we may get about the Ci ^s. 
This uncertainty, which is most pronounced at low /, is called cosmic variance. 
Quantitatively, the uncertainty scales simply as the inverse of the square root of 
the number of possible samples, or 

AC/ 
Q 

cosmic variance 21 + 1 
(8.64) 

CMB power spectrum
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So far

it was all primordial anisotropies, 
generated before the last scattering and free-streamed
till now.

but ... the photons on their way to us, from  the last 
scattering, encounter other phenomena, known as 
secondaries.  

These include
    gravitational lensing
    tSZ 
    reionization
    ISW

Thursday, May 17, 18



1- gravitational lensing

CMB photons are deflected due to matter in between.

http://sci.esa.int/planck/51606-gravitational-lensing-of-the-cosmic-microwave-background/
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imprint:  remaps primordial anisotropy

A&A 594, A15 (2016)

1. Introduction

The cosmic microwave background (CMB) gives us a direct
measurement of the early Universe when it first became trans-
parent to radiation just 375 000 years after the Big Bang. It con-
tains distinct signatures of the later Universe as well, which were
imprinted by the process of gravitational lensing. The CMB pho-
tons that we observe today last scattered approximately 14 bil-
lion years ago, and have travelled most of the way across the ob-
servable Universe to reach us. During their journey, their paths
were distorted by the gravitational tug of intervening matter, a
subtle e↵ect that may be measured statistically with high angu-
lar resolution, low-noise observations of the CMB, such as those
provided by Planck. In this paper, we present lensing measure-
ments that are based on the full-mission 2015 data release. We
produce the most powerful measurement of CMB lensing to date
with a 2.5% constraint on the amplitude of the lensing poten-
tial power spectrum (or alternatively, a 40� detection of lensing
e↵ects).

The e↵ect of lensing is to remap the CMB fluctuations, so
that the observed anisotropy in direction n̂ is in fact the unlensed,
“primordial” anisotropy in the direction n̂ + r�(n̂), where �(n̂)
is the CMB lensing potential defined by (e.g. Lewis & Challinor
2006)

�(n̂) = �2
Z �⇤

0
d�

fK(�⇤ � �)
fK(�⇤) fK(�)

 (�n̂; ⌘0 � �). (1)

Here, � is conformal distance (with �⇤ ⇡ 14 000 Mpc denot-
ing the distance to the CMB last-scattering surface). The
angular-diameter distance fK(�) depends on the curvature of the
Universe, and is given by

fK(�) =

8>>>>>><
>>>>>>:

K�1/2 sin(K1/2�) for K > 0 (closed),

� for K = 0 (flat),

|K|�1/2 sinh(|K|1/2�) for K < 0 (open).

(2)

Finally,  (�n̂; ⌘) is the (Weyl) gravitational potential at confor-
mal distance � along the direction n̂ at conformal time ⌘ (the
conformal time today is denoted as ⌘0). The lensing potential is
an integrated measure of the mass distribution back to the last-
scattering surface. The power spectrum of the lensing potential
probes the matter power spectrum, which is sensitive to “late-
time” parameters that modify the growth of structure such as
neutrino mass (Smith et al. 2009). The amplitude of lensing ef-
fects is also a sensitive probe of geometrical parameters, such as
the curvature of the Universe.

The lens-induced remapping imprints distinctive statistical
signatures onto the observed CMB fluctuations, which can be
mined for cosmological information in a process known as
lens reconstruction (Okamoto & Hu 2003). The past several
years have been seen dramatic improvements in CMB lensing
measurements, moving from first detections in cross-correlation
(Smith et al. 2007; Hirata et al. 2008) to cosmologically use-
ful measurements of the lensing potential power spectrum (Das
et al. 2011; van Engelen et al. 2012; Planck Collaboration XVII
2014). Recently, ground-based experiments have been able to
detect the e↵ects of lensing in polarization data as well (Hanson
et al. 2013; POLARBEAR Collaboration 2014a,b; van Engelen
et al. 2015).

The results in this paper extend our earlier results in
Planck Collaboration XVII (2014). These were based on the

March 2013 Planck1 nominal-mission data release, which con-
tains approximately 15 months of temperature data alone.
The additional information in the full-mission dataset, with 30
months of Planck HFI temperature and polarization data (Planck
Collaboration VII 2016; Planck Collaboration VIII 2016), al-
lows us to improve our reconstruction noise levels by roughly
a factor of two. Approximately half of this improvement comes
from lower noise levels in temperature, and the other half from
inclusion of polarization data. The improved lensing map is in-
cluded as part of the Planck 2015 public data release (Planck
Collaboration I 2016), as well as an estimate of the lensing po-
tential power spectrum and associated likelihoods. In this paper
we describe the creation of these products, as well as first sci-
ence results based on them. We highlight the following science
results.

– We detect lensing B-modes in the Planck data at a signifi-
cance of 10�, using both a cross-correlation approach with
the cosmic infrared background (CIB) as a tracer of the lens-
ing potential, as well as a CMB-only approach using the
TT EB trispectrum. This provides an important confirmation
that Planck is sensitive to this known source of B-modes on
intermediate and small scales.

– We make an improved measurement of the 3-point function
(bispectrum) that is induced in the CMB by the correlation
between lensing and the integrated Sachs-Wolfe (ISW) ef-
fect, the latter being sourced by late-time acceleration. The
lensing-ISW bispectrum is now detected at the 3� level.

– Using only lensing information (along with well-motivated
priors), we constrain the parameter combination �8⌦

0.25
m to

roughly 3%.

The organization of this paper is as follows. In Sect. 2 we give a
summary of our analysis pipeline for the full-mission data. Our
analysis is very similar to that presented in Planck Collaboration
XVII (2014), with straightforward extensions to polarization
data, as well as a few additional improvements, and so we have
deferred most technical details to appendices. In Sect. 3 we
present our main results, including the lensing potential map,
bandpower estimates of the lensing potential power spectrum,
and implications for cosmological parameters. In Sect. 4 we
present a suite of consistency and null tests to verify our band-
power estimates, and in Sect. 5 we conclude. A series of ap-
pendices provide more technical details of our analysis pipeline,
modeling of the CIB, and dependence of the lensing power spec-
trum on ⇤CDM parameters.

2. Data and methodology

Here we give a brief overview of the procedure that we use to
measure the CMB lensing potential and its power spectrum from
the Planck maps. We defer the detailed technical aspects of our
pipeline to Appendix A.

Our main results are based on a foreground-cleaned map of
the CMB synthesized from the raw Planck 2015 full-mission
frequency maps using the SMICA code (Planck Collaboration
IX 2016). This foreground-cleaned map combines all nine fre-
quency bands from 30 GHz to 857 GHz with scale-dependent
1 Planck (http://www.esa.int/Planck) is a project of the
European Space Agency (ESA) with instruments provided by two sci-
entific consortia funded by ESA member states and led by Principal
Investigators from France and Italy, telescope reflectors provided
through a collaboration between ESA and a scientific consortium led
and funded by Denmark, and additional contributions from NASA
(USA).
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lensing
 potential

gravitational 
potential 

conformal 
time

 measures projected/integrated mass distribution 
back to the last scattering surface

Gravitational Lensing
• Lensing is a surface brightness conserving remapping of source to
image planes by the gradient of the projected potential

�(n̂) = 2

Z
dz

H(z)

DA(Ds �D)

DA(D) DA(Ds)
�(DAn̂, D) ,

such that the fields are remapped as

x(n̂)! x(n̂ +r�) ,

where x 2 {T, Q, U} temperature and polarization.

• Taylor expansion leads to product of fields and Fourier
mode-coupling

• Appears in the power spectrum as a convolution kernel for T and
E and an E ! B.
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Seljak (1996) [see Challinor & Lewis (2006) for refinements]
http://background.uchicago.edu/~whu/Presentations/cmblens.pdf
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SunyaevZZeldovich(Effect(

=(integrated(gas(pressure((
(((along(the(line(of(sight(

2- thermal Sunyaev-Zeldovic effect 

inverse Compton scattering of CMB photons by hot 
electrons along the line of sight in galaxy clusters

SunyaevZZeldovich(Effect(

=(integrated(gas(pressure((
(((along(the(line(of(sight(
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3- reionization

matter (hydrogen) in the universe reionized 
after the dark ages.

electrons are free again!
 CMB photons re-scatter these free electrons!

re-scattering partially washes out 
the primordial anisotropies.
generates new polarization. 
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https://www.researchgate.net/publication/235909795_Power_Spectrum_and_the_Anisotropies_of_the_CMB
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Cosmological parameters
(standard model of Cosmology)

Planck Collaboration: Cosmological parameters

Table 1. Parameters of the base ⇤CDM cosmology (as defined in PCP13) determined from the publicly released nominal-mission
CamSpecDetSet likelihood [2013N(DS)] and the 2013 full-mission CamSpecDetSet and cross-yearly (Y1⇥Y2) likelihoods with the
extended sky coverage [2013F(DS) and 2013F(CY)]. These three likelihoods are combined with the WMAP polarization likelihood
to constrain ⌧. The column labelled 2015F(CHM) lists parameters for a CamSpec cross-half-mission likelihood constructed from
the 2015 maps using similar sky coverage to the 2013F(CY) likelihood (but greater sky coverage at 217 GHz and di↵erent point
source masks, as discussed in the text). The column labelled 2015F(CHM) (Plik) lists parameters for the Plik cross-half-mission
likelihood that uses identical sky coverage to the CamSpec likelihood. The 2015 temperature likelihoods are combined with the
Planck lowP likelihood to constrain ⌧. The last two columns list the deviations of the Plik parameters from those of the nominal-
mission and the CamSpec 2015(CHM) likelihoods. To help refer to specific columns, we have numbered the first six explicitly. The
high-` likelihoods used here include only TT spectra. H0 is given in the usual units of km s�1 Mpc�1.

[1] Parameter [2] 2013N(DS) [3] 2013F(DS) [4] 2013F(CY) [5] 2015F(CHM) [6] 2015F(CHM) (Plik) ([2] � [6])/�[6] ([5] � [6])/�[5]

100✓MC . . . . . . . . . 1.04131 ± 0.00063 1.04126 ± 0.00047 1.04121 ± 0.00048 1.04094 ± 0.00048 1.04086 ± 0.00048 0.71 0.17
⌦bh2 . . . . . . . . . . . 0.02205 ± 0.00028 0.02234 ± 0.00023 0.02230 ± 0.00023 0.02225 ± 0.00023 0.02222 ± 0.00023 �0.61 0.13
⌦ch2 . . . . . . . . . . . 0.1199 ± 0.0027 0.1189 ± 0.0022 0.1188 ± 0.0022 0.1194 ± 0.0022 0.1199 ± 0.0022 0.00 �0.23
H0 . . . . . . . . . . . . 67.3 ± 1.2 67.8 ± 1.0 67.8 ± 1.0 67.48 ± 0.98 67.26 ± 0.98 0.03 0.22
ns . . . . . . . . . . . . 0.9603 ± 0.0073 0.9665 ± 0.0062 0.9655 ± 0.0062 0.9682 ± 0.0062 0.9652 ± 0.0062 �0.67 0.48
⌦m . . . . . . . . . . . . 0.315 ± 0.017 0.308 ± 0.013 0.308 ± 0.013 0.313 ± 0.013 0.316 ± 0.014 �0.06 �0.23
�8 . . . . . . . . . . . . 0.829 ± 0.012 0.831 ± 0.011 0.828 ± 0.012 0.829 ± 0.015 0.830 ± 0.015 �0.08 �0.07
⌧ . . . . . . . . . . . . . 0.089 ± 0.013 0.096 ± 0.013 0.094 ± 0.013 0.079 ± 0.019 0.078 ± 0.019 0.85 0.05
109Ase�2⌧ . . . . . . . . 1.836 ± 0.013 1.833 ± 0.011 1.831 ± 0.011 1.875 ± 0.014 1.881 ± 0.014 �3.46 �0.42

low-resolution maps of Q and U polarization measured by LFI at
70 GHz, foreground cleaned using the LFI 30-GHz and HFI 353-
GHz maps as polarized synchrotron and dust templates, respec-
tively, as described in Planck Collaboration XI (2016). After a
comprehensive analysis of survey-to-survey null tests, we found
possible low-level residual systematics in Surveys 2 and 4,
likely related to the unfavourable alignment of the CMB dipole
in those two surveys (for details see Planck Collaboration II
2016). We therefore conservatively use only six of the eight
LFI 70-GHz full-sky surveys, excluding Surveys 2 and 4, The
foreground-cleaned LFI 70-GHz polarization maps are used over
46 % of the sky, together with the temperature map from the
Commander component-separation algorithm over 94 % of the
sky (see Planck Collaboration IX 2016, for further details), to
form a low-` Planck temperature+polarization pixel-based like-
lihood that extends up to multipole ` = 29. Use of the polariza-
tion information in this likelihood is denoted as “lowP” in this
paper The optical depth inferred from the lowP likelihood com-
bined with the Planck TT likelihood is typically ⌧ ⇡ 0.07, and
is about 1� lower than the typical values of ⌧ ⇡ 0.09 inferred
from the WMAP polarization likelihood (see Sect. 3.4) used in
the 2013 papers. As discussed in Sect. 3.4 (and in more detail
in Planck Collaboration XI 2016) the LFI 70-GHz and WMAP
polarization maps are consistent when both are cleaned with the
HFI 353-GHz polarization maps.7

(3) In the 2013 papers, the Planck temperature likelihood was
a hybrid: over the multipole range `= 2–49, the likelihood
was based on the Commander algorithm applied to 87 % of

7Throughout this paper, we adopt the following labels for likeli-
hoods: (i) Planck TT denotes the combination of the TT likelihood at
multipoles ` � 30 and a low-` temperature-only likelihood based on
the CMB map recovered with Commander; (ii) Planck TT+lowP fur-
ther includes the Planck polarization data in the low-` likelihood, as de-
scribed in the main text; (iii) labels such as Planck TE+lowP denote the
T E likelihood at ` � 30 plus the polarization-only component of the
map-based low-` Planck likelihood; and (iv) Planck TT,TE,EE+lowP
denotes the combination of the likelihood at ` � 30 using TT , T E,
and EE spectra and the low-` temperature+polarization likelihood. We
make occasional use of combinations of the polarization likelihoods at
` � 30 and the temperature+polarization data at low-`, which we denote
with labels such as Planck TE+lowT,P.

the sky computed using a Blackwell-Rao estimatorl the likeli-
hood at higher multipoles (`=50–2500) was constructed from
cross-spectra over the frequency range 100–217 GHz using the
CamSpec software (Planck Collaboration XV 2014), which is
based on the methodology developed in Efstathiou (2004) and
Efstathiou (2006). At each of the Planck HFI frequencies, the
sky is observed by a number of detectors. For example, at
217 GHz the sky is observed by four unpolarized spider-web
bolometers (SWBs) and eight polarization sensitive bolometers
(PSBs). The TOD from the 12 bolometers can be combined to
produce a single map at 217 GHz for any given period of time.
Thus, we can produce 217-GHz maps for individual sky surveys
(denoted S1, S2, S3, etc.), or by year (Y1, Y2), or split by half-
mission (HM1, HM2). We can also produce a temperature map
from each SWB and a temperature and polarization map from
quadruplets of PSBs. For example, at 217 GHz we produce four
temperature and two temperature+polarization maps. We refer
to these maps as detectors-set maps (or “DetSets” for short);
note that the DetSet maps can also be produced for any arbitrary
time period. The high multipole likelihood used in the 2013 pa-
pers was computed by cross-correlating HFI DetSet maps for
the “nominal” Planck mission extending over 15.5 months.8 For
the 2015 papers we use the full-mission Planck data, extending
over 29 months for the HFI and 48 months for the LFI. In the
Planck 2015 analysis, we have produced cross-year and cross-
half-mission likelihoods in addition to a DetSet likelihood. The
baseline 2015 Planck temperature-polarization likelihood is also
a hybrid, matching the high-multipole likelihood at ` = 30 to the
Planck pixel-based likelihood at lower multipoles.

(4) The sky coverage used in the 2013 CamSpec likelihood was
intentionally conservative, retaining e↵ectively 49 % of the sky
at 100 GHz and 31 % of the sky at 143 and 217 GHz.9 This was
done to ensure that on the first exposure of Planck cosmological
results to the community, corrections for Galactic dust emission
were demonstrably small and had negligible impact on cosmo-

8Although we analysed a Planck full-mission temperature likeli-
hood extensively, prior to the release of the 2013 papers.

9These quantities are explicitly the apodized e↵ective f e↵
sky, calcu-

lated as the average of the square of the apodized mask values (see
Eq. 10).
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comparing the predictions of theory with observations
aka

finding the best fit
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Polarization Anisotropies

Thomson scattering
of photons off free electrons

 --> linear polarization

described by Q and U

so far :  temperature anisotropies 
but 

CMB photons are also linearly polarized.
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Q and U maps
 (coordinate dependent)

E and B modes 

their power spectra
CE

`

CB
`
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B modes ?

large scales 
  - direct probe of early universe
  - can only be produced by primordial GWs, 
     predicted by inflation.
  - those early times: extremely high energy physics
    inaccessible to terrestrial accelerators.

small scales
 - gravitational lensing turns E mode to B mode
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The&CMB:&state&of&the&art&
CMB7S4(collabora:on(arXiv:1610.02743(

7&

CMB anisotropy power spectrum
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 fluctuations compatible with predictions of 
simplest inflationary models. 
   (Planck 2015 results XVII)

results in a nutshell
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preferred direction? 
violation of isotropy?

power deficit at large angular scales?
large-scale dipolar power asymmetry? 

cold spot?
hemispherical asymmetry?

lack of large angle correlations?
multipole alignment?

Anomalies ?
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largely consistent with isotropy
with a few possible mild anomalies 

Planck 2015 results XVI

serious challenge:
look-elsewhere effect /posterior correction

take-home note:
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extensions to the standard model of Cosmology

model zoo

topological defects, dm annihilation, 
perturbed recombination history, 
extended models of inflations, 

constraints on BBN, DE scenarios,
 modified gravity, background

 geometry/topology
...,
...

data agrees extremely well with the standard model.
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CMB has been great!
precision cosmology would be non-existing without it!

but 
does it have anything more to offer? 
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Every&small&step&can&yield&the&first&
detec:on&of&infla:onary&B5modes.&

&
Lo?ery&:cket&for&a&major&discovery&
(which&could&happen&tomorrow,&or&

in&20&years,&or&never&!)&

CMB&is&unique.&GeÜng&the&best&&
of&it&is&a&scien:fic&impera:ve.&

&
A&comprehensive,&sensi:ve&and&
accurate&space&mission&is&needed&

for&precision&cosmology&

DILEMMA$
THE(B(RACE( THE(CMB(TASK(

32&

J. Delabrouille, 2017

sure!
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 - physics of inflation 
(r, n_s, running, n_t, non-Gaussianity, ...?)
- nature of dark matter?
- dark energy? 
- neutrino physics? 
- cluster physics?
...

besides, we have this treasure box and 
would love to see all there is in it.
there could always be surprises. 

and more :

Neff ,⌃m⌫

a lot from polarization and secondaries
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What is coming next?
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