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Abstract 

In this research a quasi-two-dimensional integral surface method able to simulate the acoustic 

domains is evaluated. The Farassat integral surface model which needs three-dimensional da-

ta is used, but the data are generated by coherent replication of two-dimensional data along 

the third dimension. To evaluate the method, a two-dimensional monopole is employed as the 

acoustic source and its data is replicated. It is observed that the acoustic pressure wave simu-

lated by this method, converges to the results of two-dimensional monopole by the increase 

of replication length. Indeed, the pressure signal has on oscillatory behaviour by the increase 

of replication length while loses its amplitude during each cycle. The effects of acoustic 

source frequency, Mach number, location and distance of observer on the trend of conver-

gence are investigated. Based on the results, a method to specify a suitable replication length 

able to simulate the pressure waves with a very good accuracy is introduced. 

Keywords: Computational Aeroacoustics; Farassat method; Integral surface method; Two-

dimensional integral surface.  

1. Introduction 

Due to the advancement of technology there has been a widespread demand to reduce the 

generated sound of machinery and transportation systems in a way that European governments have 

stated a goal for 2050 to decrease noise emission of flying aircraft by 65% [1]. To fulfill this objec-

tive, a thorough understanding of the sound generation and propagation mechanisms in the atmos-

phere is required. Computational aeroacoustics (CAA) is a field of study which is developed to pro-

vide this understanding. Hybrid approaches are among the most used CAA methods in industry. In 

these methods, computational domain is divided into two separate regions. A near-field region in-

volving the distributed acoustic sources and a far-field region through which the acoustic waves 

propagate. The most challenging part in hybrid approaches is the coupling of sound propagation in 

these two regions. Several methods and analogies have been developed to handle this problem. 
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    Lighthill is one of the pioneers, who introduced an analogy [2] to model sound propagation of 

acoustic sources. He implemented his analogy to study the generated acoustic waves emission from 

a free stream jet. Further analogies such as Curle [3] and Ffowcs Williams and Hawkings (FW-H) 

[4] have been developed to complete the Lighthill's theory and extend it to include solid body and 

its movement. The FW-H formulation is the most complete form of Lighthill's analogy, which con-

sists of both surface and volume source terms. In this analogy, the computational cost is independ-

ent of the observer location. The drawback of FW-H is that it consists of volume source terms, 

which dramatically increases the computational cost. Therefore, aeroacoustics noise problem is ex-

pressed by scientists as a Kirchhoff problem, which its further developments lead to Kirchhoff inte-

gral surface method [5]. In this method, which is still under development [6] by defining an integral 

surface the quadrupole effects are taken into account without calculating any volume terms. How-

ever, the Kirchhoff method assumes that variables have a linear distribution on the integral surface. 

Therefore, the results of this approach are very sensitive to the selected surfaces [7]. The performed 

study by Singer et al. [8] reveals that the outcome of this approach may vary drastically for different 

integral surface locations. Another integral surface approach is Farassat method which, similar to 

the Kirchhoff approach, considers the quadrupole contribution on acoustic field [9]. Farassat used 

three-dimensional (3D) Green function to express the FW-H equation in the integral form. In this 

approach, Unlike the Kirchhoff method, in this approach the results are not deteriorated when non-

linearities pass through the integration surface [8]. Since the Farassat method employs 3D Green 

function, a 3D integral surface is needed. 

    In many cases, simulation of 2D acoustic field provides a reasonable estimation for the scattered 

acoustic waves in far-field. It is evident that the use of 2D instead of 3D simulation reduces the time 

and cost of computations, which makes it a suitable approach for the first design. This inspired sci-

entists to develop two-dimensional integral form of the FW-H method, which hereafter is called 

two-dimensional integral surface method (TDIS) for convenience. Lockard and Guo have individu-

ally introduced two-dimensional integral form of FW-H approach, which could be coupled with 2D 

simulation in order to obtain an acoustic far-field solution [10,11]. They have used two-dimensional 

Green function to solve the FW-H equation and transformed it to frequency domain. Moreover, 

Bozorgi et al [12] provided an improved version by calculating the noise of a moving source in both 

stationary and moving media. Since, their method is developed in frequency domain, it is more cost 

effective than the methods developed in time domain when dealing with the narrow band noise 

spectrum. However, it looses its advantage when it comes to broadband noises. 

    Quasi-two-dimensional integral surface (QTDIS) method which is introduced by Brentner et al. 

[13] can simply and effectively estimate 2D acoustic signals in far-field. In this technique, the two-

dimensional computational fluid dynamics (CFD) data on a curve is replicated in the third dimen-

sion in order to generate a 3D surface. Then, a 3D integral surface method is employed to estimate 

the radiated noise into the far-field. Brentner et al. applied this method to simulate the emission 

noise from a 2D circular cylinder. They used the 2D data from CFD simulation to create 3D surface 

data for implementing the Farassat's approach. They observed that by increasing the length of inte-

gral surface the intensity of pressure signal increases until a point, at which it starts to oscillate with 

decaying amplitude. Further, it is proposed that a replication length of 3 to 10 times of cylinder di-

ameter matches the estimated sound intensity to experimental results. These researchers also con-

cluded that the reason of having an oscillatory behaviour in sound intensity in terms of replication 

length is the fact that signals from each sequence of sources reach the observer point at different 

times [14]. Furthermore, it is proposed that the onset of this oscillation depends on the relative dis-

tance of observer and the vortex shedding frequency of the cylinder. They reported a good agree-

ment with experiments when a replication length equals 5 times the cylinder diameter was chosen. 

Singer et al. utilized the QTDIS technique to analyze the acoustic field of a slat trailing-edge [8]. 

They replicated the 2D data along the third dimension and by implementing the Farassat method, 

simulated the acoustic field. They compared the quasi-two-dimensional integral surface result with 
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the 2D integral surface method presented by Lockard [10] and observed that the results of the 

QTDIS in the idealized problems converge to two-dimensional integral surface method in suffi-

ciently long replication. Other researchers [1,16,17] reported this technique to reduce the cost of 3D 

simulation in the near-field. With the widespread use of this technique, based on the authors 

knowledge, no detailed investigation has been conducted in this regard. 

    From the literature, the motivations of researchers to employ QTDIS instead of TDIS method are 

different. Some of them used this method since it was implemented in commercial software 

[15,16,17]. Other tried to obtain 3D solution by adjusting the replication length [13,14]. Some knew 

that the two-dimensional results have greater amplitudes than those observed in the experiment but 

they used it as they expected to observe the same qualitative features of the acoustic waves [18]. In 

this research, the motivation to study QTDIS method is the fact that it provides 2D results for 

broadband noise more cost effective than the TDIS method, which has been developed in frequency 

domain. 

    The aim of this article is to present a methodology to specify the replication length in the quasi-

two-dimensional integral surface method. For this purpose, the results of QTDIS as it is applied to a 

standard test case are analyzed in details and the impact of different variables on the acoustic fea-

tures are investigated. A methodology based on the analyzed information from the standard test 

case is introduced to define the replication length value corresponding to the target convergence 

level. This paper is organized as follows. First, the 2D and 3D integral surface approaches which 

are implemented in the in-house code CAAC are described and standard benchmark tests are per-

formed to validate the CAAC code. Next, the test cases and computational setups are presented. 

Then, the results are analyzed and a methodology to specify the replication length for an appropriate 

accuracy is introduced. 

2. The 2D and 3D integral surface methods  

In this investigation, the integral surface method as presented by Lockard  [10] is implement-

ed to develop the 2D part of the CAAC code. Neglecting the volumetric acoustic sources represent-

ed by the Lighthill's stress tensor, the acoustic perturbation density '  in the Cartesian coordinates 

1 2( , )x x with orthonormal basis îe at the observer location is given by:  

 
(1) 

Which the definition of variable could be find in [10]. Fig. 1 indicates a comparison between the 

exact and predicted solutions for a 2D monopole at the origin of the coordinate. The comparison is 

conducted in two relative distances 50m and 150m between the observers and monopole. The angu-

lar frequency   is 300rad/s, free stream Mach number equals zero,  and the velocity potential am-

plitude A is 1m2/s. 

In the three-dimensional integral surface part of CAAC, the equations of Ghorbaniasl which are a 

modified version of Farassat equations are used. A suitable form of these equations and the home-

made validation are presented in Ref. [19] and [20], respectively. 

 (2) 

 

 
(3) 

 

 
(4) 
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2.1 Computational setups and Test cases 

    In this study, two-dimensional monopole is employed to investigate the performance of the 

QTDIS approach for various replication lengths. In this method a three dimensional surface is gen-

erated with continuous replication of 2D data in the third dimension. The data on a curve is provid-

ed by the analytical solution of the 2D monopole [10] in the x2x3-plane. The baseline simulation has 

an angular frequency of 300rad/sand receiver locates at a distance of 150m and an angle of 3 4 , 

respect to the direction of x2-axis. A list of 26 simulations is presented in Table 1. The simulations 

are categorized into 6 series R, ω , Mω , MR, 2M an Mθ . In the R-series the distance, ro, which is 

defined as the distance between the centroid of the 2D surface (center of square) and receiver, var-

ies between 100m to 250m and in the  -series the frequency ranges from 100rad/s to 500rad/s. The 

MR and Mω -series are the same as the R and ω -series, respectively, except that the flow Mach 

number in x2 direction is 0.5. In the M2-series, the x2 component of Mach number increases from 

0.1 to 0.7 and in the last series Mθ , the sound pressure is estimated at different relative angle. The 

ambient sound velocity and density are 347.47m/s and 1.1612 kg/m3 in all simulations, respectively.  

    According to the Fig. 2, the length of the surface in the x2 and x3 directions equals one wave 

length. For the 2D monopole, the flow Mach number and acoustic velocity in x1 direction are zero. 

Moreover, in all simulations which are listed in Table 1, the observers are located in the x2x3-plane. 

Based on the performed mesh sensitivity analyzes, a discretization of 54 points per wave length, 

which provides a mesh independent solution, is used. For time discretization, the acoustic wave 

period is divided by 54 time intervals. The results of the simulations are presented in the following 

section. 

3. Results and discussions 

As it was mentioned in the previous section, based on the Farassat method, a three-

dimensional integral surface is needed to estimate the acoustic signals in the far-field. In this sec-

tion, the obtained data from the 2D monopole [10] is replicated continuously in the third dimension 

in order to create a 3D data surface. Consequently, the pressure signals in the far-field are estimated 

in terms of the replicated length. The impact of different parameters on the estimated acoustic pres-

sure waves at various observation points are further analyzed and finally a correlation based on the 

replicated length to reach the required accuracy is introduced.  

 

 

Figure 1. Comparison between the root-mean-square of the acoustic pressure  Prms  of a 2D monopole with 

the the 2D part of the CAAC for two relative distances. The observers are located in the x1x2-plane, 

 =300rad/s, and (0,0,0)M


  . 
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Table 1. List of case studies 

 

3.1 Oscillatory behaviour and the need for 2π replication length steps 

The radiated acoustic waves from the baseline simulation, i.e. 2D monopole with the angular 

frequency of 300 rad/s and a distance of 150 m, are estimated. In this case, the flow Mach number is 

zero and the simulations are carried out for a range of replicated lengths using the 3D surface inte-

gral method of CAAC code. Figure 3 presents the root-mean-square pressure Prms of acoustic waves 

versus the replicated length. It can be seen that Prms shows an oscillatory behaviour with decaying 

amplitude as the replicated length increases. This oscillation in Prms is observed despite of all 

sources along the surface integral are synchronous. The oscillatory behaviour comes from the dis-

tances between the acoustic sources and the receiver. It is obvious that the travel time of emitted 

signals from the sources which are located at different distances, along the x1-axis are different. 

The relative delay in time leads to a phase shift between the signals of each source along the repli-

cation axis, which causes a sinusoidal oscillation in Prms at observer. The analytical solution of 2D 

monopole at receiver is also presented in Fig. 3. It is observed that the estimated Prms converges to 

the 2D analytical solution as the surface is replicated along the third dimension. Moreover, It can be 

realized from this figure that for a small replication length, the estimated Prms deviates significantly 

from analytical solution. For example, the large error zone for the current test case is the first 10m 

of replication where the Prms is underestimated by more than 50% error. As indicated in the figure, 

in order to analyze and compare the convergence behaviour in different test cases, the replicated 

length should be selected as a length where an integer factor of  2 phase shift takes place. Here, 

this length is called a 2 replication length step which prevents results from oscillating. It should be 

pointed out that the 2 replication length step is not constant and it decreases along the replication 

axis. In the following, a relation to define the 2 replication length step is derived in terms of the 

frequency of acoustic wave and the distance between sources and observation point. 
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                                          (a) 

 
(b) 

Figure 2. (a) Description of  the front and right view of three-dimensional surface data used in the QTDIS 

method, (b) Description of relative position 

 

  Fig.2 indicates the relative position between an observer and two sources which are located 

in the x1-axis. According to this figure, 1r and 2r  are defined in Cartesian coordinates xi with or-

thonormal basis ei as 

 
(5) 

 
(6) 

The observer receives two sinusoidal waves emitted from the sources S1, and S2: 

 (7) 

 (8) 

 

where t1 and t2 are the wave traveling time between the sources S1 and S2 and the receiver, respec-

tively. The values of t1 and t2 are obtained from [19]. Thus, the delay time is: 

 
(9) 

By substituting t2 based on t1 in (7): 

 
(10) 

 
(11) 

Thus the phase shift between the emitted waves from S1 and S2 is: 

 
(12) 

This phase shift is due to the flow Mach number and the location of the sources. 

Since 2 3(0, , )M M M


  , the term 1 2( )M r r
  

    equals zero. Therefore, 

 
(13) 

By substituting 2R 
 and 1R 

 from Ref.[19]  into (13) and rewriting the equation, the location of 

source S2 with respect to S1 on the replication axis is obtained: 

 

(14) 

According to the Eq.(14) the 1x   is calculated recursively and in the first step the 1x equals zero. 

Figure 3 also presents the Prms versus replication length where the Prms is normalized by the analyti-
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cal solution. The 2  curve is the one obtained using 2  replication length step with 2   , 

which converges to the analytical solution. 
 

Figure 3. Oscillatory and non-oscillatory results of QTDIS with discrete error sections. Prms TDIS=4.33 Pa, 

 =300 rad/s  and ro = 150m 

3.2 Impact of various parameters on convergence trend 

In the previous section, it was shown that a surface data which is generated by the replication 

of a curve, can be used in the Farassat formulation to estimate the 2D acoustic emission at far-field. 

Based on Fig 3, the QTDIS results converge to TDIS by increase in the replication length. The con-

vergence behaviour of this result depends on various parameters which necessitates further investi-

gation. In this section, the impact of parameters such as frequency of acoustic wave, flow Mach 

number, location and distance to the observation point on the convergence behaviour are studied.  

    The effect of distance between the observation point and sources is investigated in Fig. 4 where 

the normalized Prms are plotted versus the replication length. Since the result of QTDIS approach 

converges to TDIS solution with exponential trend, and they match at infinity; thus, the simulation 

are continued for an affordable length scale, means 110 times of wave length. In order to have a 

better comparison, Prms is normalized with its maximum instead of estimated pressure of TDIS solu-

tion. The values of employed parameters in these simulations are presented in the MR-series of Ta-

ble. 1 in which the distance ranges from 100 to 250 meters. It can be observed from Fig. 4 that 

when receiver locates near the monopole source, estimated Prms by QTDIS converges faster to the 

analytical solution. In fact, when the observer goes further, the estimated acoustic pressure is influ-

enced by a longer replicated surface and the contribution of the sources which locate farther from 

the x2x3-plane becomes more effective. 

  
Figure 4. Comparison of convergence behaviour for o =300rad/s, ro=150m, M2=0.5, and  =3 /4. (a) the 

effects of observation distances variation , (b) the effect of source frequencies variation 

    Another effective parameter is frequency that its contribution to convergence behaviour is shown 

in Fig. 4. The presented results are corresponding to the M  -series in Table 1 in which the angular 

frequencies are ranging from 100rad/s to 500rad/s. It can be seen from Fig. 4 that the convergence 

rate increases for higher frequencies. To find the reason, the rate of decay in amplitude per cycle of 

oscillation is presented in Fig. 6. The vertical axis is the decay rate between two successive peaks of 



The 10th International Conference on Acoustics & Vibration (ISAV2020),  

Iran University of Tehran, Iran, February 2021 

 

 

8 

oscillatory results and the horizontal axis is the number of oscillation cycle. The presented results 

are corresponding to the cases M 100, M 500, MR100, and MR250 in Table 1. It can be ob-

served that the oscillations are exponentially attenuated and the trends are similar for all cases. 

Therefore, the reason of fast convergence for higher frequency signals is that the number of oscilla-

tions in terms of replication length increases. 

The effect of free stream Mach number and location of observer which are corresponding to the 

M2-series and M -series are evaluated too. According to the results, the trend of convergence is 

not influenced by the variation of free stream Mach number and location of observer. In this sec-

tion, it is shown that the replication length which is needed to reach the desired accuracy is correlat-

ed with the frequency of acoustic waves and also the distance between observation point and the 

source. Therefore, to specify the replication length, the frequency of waves and the distance to re-

ceiver should be taken into account. 

3.3 Specifying the replication length 

In order to specify the replication length, the non-dimensional parameter x* based on the 

aforementioned effective parameters, i.e. frequency of waves and the distance is introduced, 

 
(15) 

where ro is the distance between the receiver and the centroid of the 2D square in the x2x3-plane and 

the term 
2 2

1 1( ) or x x r   is the distance between the receiver and a source located at x1 on the 

replicated axis.   is the wave length, which represents the frequency effect.  The results presented 

in Figs. 4 are replotted in Figs. 5, while the horizontal axis is scaled by x*. 

It is observed that all curves are almost coincided with each other and have the same convergence 

behaviour. Figure 5 shows estimated Prms of all cases presented in Table 1. It can be seen; the pa-

rameter x* is a good representative for replication length. Furthermore, the replication length corre-

sponding to an appropriate accuracy can be extracted from this figure. Indeed, the results would be 

acceptably accurate if the x* is chosen equal to 15 or more. However, the length of replication, 

which is calculated based on the x*, is just an approximation of correct length. In fact, the exact 

length must be selected as a nearest point to the 2π replication length steps which is presented in 

Sec. 3.1. 

  

Figure 5. Comparison of convergence behaviour for o =300rad/s, ro=150m, M2=0.5, and  =3 /4. (a) the 

effects of observation distances variation , (b) the effect of source frequencies variation 

4. Summary and Conclusions 

In this paper, a quasi-two-dimensional integral surface method was used to simulate the radi-

ated acoustic waves from a two dimensional monopole into the far-field. The analytical solution of 

a 2D monopole on a selected curve is replicated in the third dimension to generate a three-

dimensional surface data. The Farassat integral surface method is then applied on the generated 
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surface data to estimate the acoustic pressure signal at the observation points. A detailed study was 

carried out to investigate the correlation between the replication length and the solutions accuracy. 

    The calculated sound pressure shows an oscillatory characteristic, when it is plotted versus repli-

cated length. A primary zone along the replication axis is recognized, where a large error takes 

place. Also a periodic 2π phase shift is observed, when the replication length increases. This in-

spires to introduce a 2π replication length step, which provides a non-oscillatory curve converging 

to a 2D solution. The performed parametric study showed that the frequency and distance have sig-

nificant contributions to the convergence behaviour of the estimated sound pressure in contrast to 

the observer location and the free stream Mach number. Moreover, a non-dimensional replication 

length in terms of frequency and relative distance was proposed, which makes an acceptable match-

ing between the convergence trends. 
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