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1z(n) } @ { Z(K) }

n, k=0,1,...,N-1
W =exp{-J2n/N }

1300, (D)3 1) Oye0 @ DFT 36y gwyils
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For N =4
- X(0) 1 1 1 1 |[x@0)
XD 1|1 W, W W x)
X2)| 2|1 W/ W, W7 x(?2)

X3 |1 W w2 W[ x(3)
= X =FX
( 1 1 —'2—”nk\
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N N |
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Fast Fourier Transform -

JG3aw Gy DFT plg3¢, T )ghws saluwg ay
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Y = fft(X,n) returns the n-point DFT
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L =ﬁexp(—j27z(ux/ N+vy/N)
t, :ﬁexp(jzn(ux/ N+vy/N)

. =t = unitary matrix
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0 0 0 0 1 O

5 6

Jol 1988 a5 )y @03 )98.8 AS) sy W )08.8 a5 )lsp @)lg 1988 a53 )y
N -1 N -1

F (K 19K 2) = Z Z f (nlanz)tK1’K2 (nlanz)
n,=0 n,=0

0<K ,K,<N —1
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SR D)0 @os N, g Ny pslbs aled Slp
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: . . . F(u,v
SID B SW)eS JIsy3 SID B SWYeS JIsy3 (U,V)

Mouw o ¢59) O ) (59)

F(u,v):NLNZII\IZIf (m,n)exp(—j2z7z(um /N +vn/N))

m=0 n=0

N -1 N -1
zNiZexp(—j 2zzum /N )Zf (m,n)exp(—)2z2vn /N )it
m=0 n=0

1 N —1 ’ _
=WZ;)F (m,v)exp(—j2zum /N )
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AU,V )=

WI\lIJ W u-+v W u+2v W u+(N —1)v
N N " N
2u 2U+v 2U+2v 2u+(N —1)v

N —1 _ _ _ _
Wl\f )uWI\fN 1)u+vW|\fN u+2v .WI\fN Du (N =1
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b pld o) cas 4y =—

I TR B Y R
F=zeros (N,N) ; \ﬁﬁ_ \ﬁq_

for n=1:N
for k=1:N
F(n,k)=exp(-j*2* (pi/N) * (n-1) * (k-1)) ;

end
end
A=cell (N,N) ;
for u=1:N
for v=1:N
A{u,v}=(F(:,u) *F(v,:));
end E’\?

end
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Fourier Spectrum

Fuv)|=[RPuv)+1*uv)]”

Phase Angle

Fuy)=|F@u,)e "

Power Spectrum

P(u,v):\F(u,v)\2 =R*U,V)+1°Uu,v)
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f=zeros(128,128) ;

£(:,60:70)=1;

imshow(£f, [ ]);title('Original');

F = £f£t2(£f);

S2=1og(l+abs(F)) ;

figure;imshow(S2,[ ]);title('Log of Abs of F');
Fc=fftshift (F) ;

figure;imshow(log(l+abs(Fc)),[ ]1);title('Log of Abs of
shifted version!');
Phase=atan2 (imag (F) ,real (F)) ;

figure; imshow(Phase, [ ]);title('Phase Angle');
f2=real (ifft2 (F)) ;

Feconstructed

Log of Abs of F Log of Abs of shifted version

Onglnal
csldwia s |‘|‘|||||||!‘|“|




f=zeros (128,128) ; CJtiD

£(60:70,:)=1;

imshow(f, [ ]);title('Original’');
F = £fft2(£f);

S2=1og(1l+abs (F)) ; Reconstructed
figure;imshow(S2,[ ]);title('Log of Abs of F');
Fc=fftshift (F);

figure;imshow(log(l+abs(Fc)),[ 1);title('Log of
Abs of shifted version');

f2=real (ifft2(F)) ;

figure;imshow(f2,[ ]);title('Reconstructed') ;

Original
felis Log of Abs of F

Log of Abs of shifted version
N

A}



f=zeros(128,128) ;
£f(58:68,58:68)=1;

imshow(£f, [ ]);title('Original');
F = £fft2(£f);

S2=1og(l+abs(F)) ;

figure;imshow(S2,[ ]);title('Log of Abs of F');
Fc=fftshift (F);

figure;imshow(log(l+abs(Fc)),[ ]1);title('Log of
shifted version!');

f2=real (ifft2 (F)) ;

figure;imshow(£f2, [ ]);title('Reconstructed!');

Original
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Log of Abs of F Log of Abs of shifted version

Reconstructed
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Ohnes) w5y golgd sl plind Cigs
oslaTwl aod Jass 1 (Read ) (lidg)
Qi (0
Mo gu35)s Olusy (I6iNg) b (813 —
010 QI5)S (;43)33 (300g) IS b (8lgs —
DG ouil5)8 (350 (libg) O3 b (8lg) —
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DL Py =—

ﬁy o

F (0,0) x( - ) =~ F(0,1)x(
4 IS

508068 -8732. 34 + 37028.8i °

F(L,0)x( i +5 )+ F@1)x( m +

331.5 - 19201.6i -26840.2 + 22678.2i

F(2,0)x( i += )+

-6749.5 - 3133.36i

F (3,00 E E F (32,32)%

-133. — 279.i
474.481 - 9085.3i
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F (32,32)x
-133. = 279.i

L

\(o,oPZ) ‘cl(o,\-DQ/) |oo(PZ) ‘coo(q:v./.)
wq
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f = imread('lena.gif');

imshow(f, [ ]);title('Original’');

F = ££ft2(f);

S2=1log(l+abs (F)) ;

figure;imshow(S2,[ 1);

title('Log of Abs of F');
Fc=fftshift (F);
figure;imshow(log(l+abs(Fc)),[ 1)
title('Log of Abs of shifted version');
f2=real (if£t2(F)) ;

figure;imshow(£f2, [ ]);title('Reconstructed') ;

oX)(8) i1 aslaiw) O Jasa3 (so)lail

Original




(...an)s)) cJUx

Log of Abs of F Log of Abs of shifted version

Reconstructed




f = imread('lena.gif');
imshow(f, [ ]);title('Original’');
F = £fft2(£f);

S2=log(l+abs(F)) ;
figure;imshow(S2,[ ]);title('Log of Abs of F');
Fc=fftshift (F);

figure;imshow(log(l+abs(Fc)),[ 1);title('Log of
Abs of shifted version');
Phase=atan2 (imag (F) ,real (F)) ;
figure;imshow(Phase, [ ]);title('Phase Angle');
f2=real (ifft2(F)) ;

figure;imshow(f2,[ 1);title('Reconstructed') ;

Reconstructed
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f = imread('lena.gif!');
figure,imshow(£f, [ ]);title('Original’') ;
F = £fft2(£f);

Fc=fftshift (F);

mask=zeros (size(F)) ;

MskWd=floor (size(F,1)*0.1/2);

mask (size(F,1l) /2-MskWd:size(F,1l) /2+MskWd,size (F,2)/2-
MskWd:size (F,2) /2+MskWwd) =1;

figure, imshow(mask, [ ]);title('mask');

figure, imshow(real (ifft2 (fftshift (mask) .*F)), []),title('Compre

csldwpiz cslahan



Original

mask
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Compressed Image




U

f imread('lena.gif');

F f£ft2 (£f) ;
mask=zeros (size(F)) ;
for k=1:2:floor(size(F,1)/2)

MskWd=k;
mask (size(F,1l) /2-MskWd:size(F,1l) /2+MskWd, size (F,2)/2-

MskWd:size (F,2) /2+MskWd) =1;
subplot (121) , imshow (mask) , title (num2str (k*2)) ;

subplot (122) ,imshow(real (ifft2 (fftshift (mask) .*F)), [1);

pause
end
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F{x(n—m)} = i x(n—m)e "

N=—c0

= > x(kemeif n-m

I
=~

N=—o0

= ™X (w)

2T

f (m-m,,n-n)<«——F@U,)exp(—j i — | Iz\l—ﬂnov)
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:Cubls e lod (WhE CLolas gulnly o

In spatial domain

m =rcosé
U=awcosg

N=rsmndfd _ ,
. In frequency domain
V = @sin @

f (m,n)«<——f (r,0)
f(r,0)«————>F(w,d) r
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Original Log of Abs of shifted version

Original Log of Abs of shifted version
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X (N)= i X (k)o(n—k)
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] I Hl x(m = x(k)3(n k)
2 40 1 2 =
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2




W JIs3 Ay @ 3Ol eI (539)9 X )31
30,0 QS Y (,80)8

X(n)——y (n)

1y Ol 1) Oy @ Plg3e 1) JESuw yo

X(N)= i X (k)o(n—k)

: bl eanlgd gy °

y(n)=T[x(n)]= Zx(k)&(n K]
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Linearity ax (n)+bx,(n) — ay,(n)+by,(n)

‘Time Invariance Xx(n-n,) — y(n-no)‘

y<n>=T[i X (K)S(n k)] = Z X (KT [5(n k)]

SQus T [d(n-k)] Awb s 0 Jbs
:Cabls @aslgd sl h(n) =T [6(n)] y3) —

h(in—-k)=T[o(n—-k)]

S(n—-k)——h(n-k) oA
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Y (M =T[ Y x()5M -k)]= ¥ x (k)T [500-k)]| |

= 3 x(k)h(n—k)
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(anbd))esamgy Cubgdpls  =—

W h g awb MxN sa)ladl a f(m,N) guyils )51 o
so)Ia3l shls g(m, n) pwsyls AxB  (sa)lail
303 aalgd (M+A-1, N+B-1)

h(m,n) flm,n)

h(-m,n) hiki-mkz-n)




f=zeros(128,128) ;

f(64:end, :)=255;

figure,imshow(£f,[ ]),title('Original!');
F=fft2(£f) ;

sig=5;

H=1pfilter ('gaussian',128,128,sig);

figure,imshow(H, [ ]),title('LPF');
figure,imshow(fftshift (H), [
]1),title('centered LPF');

G=H.*F;

g=real (ifft2(G));

figure,imshow(g, [ ]),title('Filtered!');

Original LPF
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Filtered

centered LPF
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cSIR D Cbglpls  =—

OWeles  sabyly sxy Gy JGSuw  siles ¢
0olgd 15 19b @ g Quwl bd D)o @ (Sx@IY
Ll (5323 (WIS s (s323gs (IG5

«soR owelei5» )1 DET bulg) )s oslatwl (sly °
0,0 o3aTw)

1 Cuwl @)l soRbs § hd Ewgleils (sebwl sl °
«Wpd Al g ol JBSaw g)3ls 93 (sojladl skl

A0 JoywS ha obglgdls Jwols sojlsil ay ZU0E

SRS G0 Jao Jiulisl b sigTys oal *

Ol A (bglgis Jslazs (M+A-1)x(N+B-1) wgl3 b (sopls 0.\?)())93(5

\"A|
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pao ) =—

f(m,n) 0<mM<M -1, 0<n<N -1
f,(m,n)=
0 M<m<M,, N<n<N,
h(m,n) 0<m<A-1, 0<n<B-1
h,(m,n) =
0 A<m<M, B=<n<N,
M, =M+ A-1, N, =N+B-1

0 ‘sgfuc,,o Jacl h o f s Oolils (saus)s e ‘
13 A1 ) 2)9 (B o3d awlas LGBLs pbylyls

o0 36y i @

\'A
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(a0 )d)) po ) =—

f(m,n) 0<m<M -1, 0<n<N -1
f,(m,n)=
0 M<m<M,, N<n<N,
A
f M x N
h Ax B
AI

Vi
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(a0 )d)) po ) =—

h(im,n) 0<mMm<A-1, 0<n<B-1
h,(m,n) =
0 A<m<M, B<n<N,
A
f M x N
h AxB




WS csajg o HbPPlS csawlan =—
f(m,n)*h(m,n)={f . (m,n)®h,(m,n)}

M, -1 N, 1

f (k,Dh.(m-k,n—1)«>">F (u,v).H,_(u,v)

e

M

k=0 1=0

T X (@)= Fix(n)}, H(w)=F{h(n)
y(n) = Z x()h(n -i) = x(n) *h(n)

Ry = Z x(koh(n-Kk)} = Z [Z x(k)h(n -k~ " n-k =mle

N=—o Kk=-o

= I3 OhmE ™ = X (@)H (@)
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s csbiad =—

f (m,n)*h(m,n)={f . (m,n)&®h,(m,n)}

= f (k,Dh.(m-k,n—1)«2"—>F (u,v).H,_(u,v)

f_.(m,n)*h (m,n)«="—>F U,y)H_ U,\y)

f_(m,n).h, (m,n)«="—>{F uyv)*H_U,v)}

303 3lgd Unil5)d (5 0)98 ) Wb Jslas PlEs Ols) (58195 )3 HWYGILS

Gl Juil5)d (5 098 )3 pRlYS Jslas OlEs Ols) (50)98 )s LINo
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f=zeros (128,128) ;
f(64:end, :)=255;
PQ=paddedsize (size(f)) ;
F=fft2(£,PQ(1),PQ(2));
sig=5;

H=1pfilter ('gaussian',PQ(1l) ,PQ(2),2*sig
) ;

G=H.*F;

g=real (ifft2(G));

figure,imshow(g, [ ]),title('Filtered!');

Full Padded result Filtered
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Images taken from Gonzalez & Woods, Digital Image Processing (2002)

Frequency domain filtering operation

Fourier Filter Inverse
:,‘ A function
transform | H(u, v)
F(u,v) H(u,v)F(u,v)

phs Jlacl Cunl Gy Jo3 3)0.0 (50)033 a5 (53)lg0 )
P (15 ) Obwlas Bla) @ JuiB)s (saisls )

3wl )1s)0a 0
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Images taken from Gonzalez & Woods, Digital Image Processing (2002)

| —
Low Pass Filter

Hin, v)
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Padded Lowpass Filter
in the Spatial domain

Result of filtering with padding
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image. (¢) Filter radial cross section.

FIGURE 4.10 (a) Perspective plot of an ideal lowpass filter transfer function. (b) Filter displaved as an
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T = 1mread("cameraman.tif");
PQ=paddedsize(size(¥T));
F=Fft2(f,PQ(1),PQ(2));
si1g=50;

H=Ipfilter("i1deal " ,PQ(1),PQ(2),si10); |
imshow(Fftshife(H),[ D: |
G=H.*F;

g=real (ifft2(G));
g=g(l:size(f,1),1l:s1ze(fT,2));
figure;
imshow(g.[ 1);
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H (U,V) _ e—Dz(u,v)/Zaz

cwl j5Le jl alwls 15900 D(U,V)

o =D, )3l

H(u,V)

€

2
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(a) Perspective plot of a GLPF transfer function. (b) Filter displaved as an image. (c) Filte
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radial cross sections for various values of D,
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a0 loc

T = Imread("cameraman.tif");
imshow(f,[ D)
PQ=paddedsize(size(f));
F=Fft2(f,PQ(1).PQ(2));
s1g=50;
H=Ipfilter("gaussian”,PQ(1),PQ(2),s1Q9);
figure;

imshow(fftshiftt(H),[ 1)
G=H.*F;

g=real (ifft2(G));
g=g(1l:size(f,1),1:s1ze(f,2));

figure;
imshow(g.,[ 1);







Images taken from Gonzalez & Woods, Digital Image Processing (2002)

fax transmissions

Jio =

ab

(a) Sample text of
poor resolution
(note broken
characters in
magnified view).
(b) Result of
filtering with a
G LPF (broken
character
segments were
joined).

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year, Accordingly, the
company's software may
recognize a date using "00"

as 1900 rather than t!ﬁr
2000.

Historicaliy, certain computer

programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may

recognize a date using "00"
as 1900 rather than the y

2000.
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Images taken from Gonzalez & Woods, Digital Image Processing (2002)

ab c g
{a) Original image (L0285 = 732 pixels). (b} Result of filtering with a GLPEF with £, = 100,
() Result of filtering with a GLPF with 1, = 5 Note reduction in skin fine lines in the magnitied sections
af (h)yand [c).
[
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Images taken from Gonzalez & Woods, Digital Image Processing (2002)

ab c

(a) Image showing prominent scan lines. (b) Result of using a GLPF with D, = 30. (¢) Result
of using a GLPF with Dy, = 10, {Original image courtesy of NOA A
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Hiah Pass Filter
T = Imread("cameraman.tif");
imshow(Ff,[1);
PQ=paddedsize(size(T));
F=Fft2(f,PQ(1),PQ(2));

si1g=50;
H=Ipfilter("ideal”,PQ(1),PQ(2),sig);
Hh=1-H;

figure;

imshow(FFtshift(Hh), [1);

G=Hh.*F;

g=real (1 TFt2(06));
g=g(l:si1ze(f,1),1:si1ze(f,2));
Figure;imshow(g,[1):;
Figure;imshow(abs(g),[1):







High Pass Filter
T = Imread("cameraman.tif");
imshow(T,[1);

PQ=paddedsize(size(T));
F=Fft2(f,PQ(1).PQ(2));

si1g=50;
H=Ipfilter("gaussian®,PQ(1),PQ(2),si19);
Hh=1-H;

figure;

imshow(fftshitt(Hh),[]);

G=Hh_.*F;

g=real (ifft2(G));
g=g(1l:size(f,1),1:s1ze(f,2));
Figure;imshow(g,[1);

Figure; imshow(abs(g9).,[D);







——

clear all,clc;
T = Imread("cameraman.tif");
imshow(f,[ 1)

h=fspeciral ("sobel™)";
PQ=paddedsize(size(f));
F=Fft2(f,PQ(1).PQ(2));
H1=freqz2(h,PQ(1),PQ(2));
H=Fftshift(H1);

figure; imshow(abs(H1),[ 1)
figure;imshow(abs(H),[ D;
G=H.*F;

g=real (ifft2(G));
g=g(1l:size(f,1),1:s1ze(f,2));
figure; imshow(g,[ 1);
figure;imshow(abs(g),[ D;
gs=imFilter(double(f),h);
Figure; imshow(gs,[ 1);
Figure; imshow(abs(gs),[ 1);
d=abs(gs-0);

max(d(:))
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